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ABSTRACT: Assuming K is a ring, the present study introduces original algebraic structures termed higher reverse
left (resp. right) centralizerhomo and Jordan higher reverse left (resp. right) centralizerhomo. In this work investigates
the interconnection between these concepts, as well as their fundamental properties.
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1. INTRODUCTION

Throughout this paper K is a ring, K is called prime if rKd = 0 impliesr = 0or d = 0withr,d € K and K is
called simeprime if rKr = 0 implies r = 0, K is called 2-torsion free if 2r = 0 then r = 0 with r € K [1]. A left (resp.
right) centralizer of a ring K is an additive mapping £ K — K which satisfies €(rd) = €(r)d (resp.f(rd) =
r€(d)), for each r,d € K, t is called left (resp. right) Jordan centralizer of K if €(r2) = £(r)r (resp.t(r?) = r€(r)) [2]
and f is called higher left centralizer of K if Vn € N, £,(rd) = Y-, t;(")t;_1(d), for all r,d € K and f is called Jordan
higher left centralizer of K if for Vn € N, €,(r?) = XL, §;(r)€;_1(r), for each r € K, and f is called Jordan triple left
centralizer of K if vn € N, £, (rdr) = X7 €, (r)Ei_1(d)f;_1(r), for all r,d € K [3] and { is called higher reverse left
(resp. right) centralizer of K if €,(rd) =YL, (@A)t () (resp.t,(rd) =X i1 () (), forallr,d €
Kandn €N, and f is called Jordan higher reverse left (resp. right) centralizer of K if €,(r?) =
YL EME_ () (resp.€,(r?) =X, 6 (ME(), forallr e Kandn € N, and f is called homomorphism if
satisfied the following f(rd) = €(r)t(d)for eachr,d € K, and f is called Jordan homomorphism if €(r?) =
€(r)t(») [3]. Then f is called an anti-homomorphism, we have that £(rd) = €(d)€(r) for eachr,d € K [4], and f is
called higher homomorphism of K £, (rd) = Yi-; t;(r)t;(d), for all ,d € K and n € N, and f is called Jordan higher
homomorphism of K if €,(r%) = ¥, €;(r);(r), for allr € K and n € N [6]. In this paper whether there is a relation
between a concept of higher reverse left (resp. right) centralizerhomo and Jordan of this.

2. HIGHER REVERSE LEFT (RESPECTIVELY RIGHT) CENTRALIZERHOMO ON
PRIME RING

Definition (2.1): Let € = ( £;);cy be a family of additive mappings of a ring K into itself. Then f is called a higherreverse

left (resp. right) centralizerhomo for shortcut (Hig. Rev. L. (resp. right) CH.) for all ,d € K and n € N £,(rd) =
i=1 6(d) §_1(r) + €(d) () (resp. right) €,(rd) = Xz, €1(d) &) + &(d) () ..(1)

t is called a Jordan higher reverse left (resp. right) centralizerhomo for shortcut (Jor. Hig. Rev. L. (resp. right) CH.)

£.(r2) = B0y 60 €is (1) + 6() 6(r) (resp. right) €,() = Ty €61() 60) + G 6@ . (2)

t is called a Jordan triple higher reverse left (resp. right) centralizerhomo for shortcut (Jor. Tri. Hig. Rev. L. (resp. right)

CH.)
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6. (rdr) = XL, 60 61 () -1 (r) + &(r) €(d) €;(r) (resp. right) €,(rdr) = ¥iL; €1 () £ (D) € () +
& (r) ti(d) () 3)

0 r O
Example (2.2): Let K be a ring of 3 X 3 matrices s.t K = (0 0 0) 1Vr € Z] and f,: K — K be an additive
0 r O
0 r O 0 nr O 0 r O
mapping of ring K into itself, defined by €, (O 0 0) = (0 0 0>,for all (0 0 0) EK,n€N,
0 r O 0 nr O 0 r O

therefore £, is Hig. Rev. L. (resp. right) CH. of K.

Lemma (2.3): Let £ = (£;);cy be aJor. Hig. Rev. L. (resp. right) CH. of a ring K. Then for all ,d,p € K and n € N
Lo Grd+dr) =%, G(d) 6, (n) + 6(d) &) + 60) G (d) + 6() Gi(d)
ii. €.(rdp + pdr) = X1t (@) 61 (@) 61 () + () 6(d) &) + 6(r) €1 (d) &1 (p) + &) €(d) E:(p)
iil. In particular, if K is a 2-torsion free commutative ring then
€, (rdp) = Xizq () €i-1(d) €1 (1) + €(p) &i(d) &:(r)
Poof:
i. GLOr+Dr+d) =YL, o+t +d)+ @ +d) T +4d)
= Z?:l(fi(r) + fi(d))(fi—1(7”) + fi—1(d)) + (fi(T) + fi(d))(fi(r) + fi(d))
=2 B G () + 60 G (D) + 6(d) 61 () + §(d) Gy (D) + &) () + &) Gi(D) +

t(d) () + §(d) t;(d) 4)
Alternatively:

tL.(r+d)(r+d) = €,0?+rd +dr+d?)

= Yo G G () + §() () + (D) -1 (d) + (D) (D) + €, (rd + dr) (5)

From (4) and (5), we obtain:
E.(rd +dr) =X, G(d) 6, (1) + 6(d) &) + 6() G-, (D) + 6 () £(d)

il. Substituting r + p for r in Definition (2.1) (3) we obtain:
E((r +p)d(r +p)) =X G0 +p) 61(d) G (r+p) + G +p) (D) &(r +p)
=YL, (60 + 6®) G (@ (G (M) + €1 (@) + (6 + €6@)) G (&) + &)
=Yie1 G (@) 6 () + () £i1(d) £ () + §(P) G- (D) G- () + §(P) i1 (D) £ (p) +
£(r) 6(d) () + §(r) §(d) t(p) + £ (p) 6(d) & () + €(p) t:(d) E:(p) (6)
Alternatively:
£.((r + p)d(r +p)) = £,(rdr + rdp + pdr + pdp)
=Yieq G i (d) G () + 6() 6(D) 6() + §(p) £i-1(d) £ (p) + £:(P) () £ (p) +
£, (rdp + pdr) ™
From (6) and (7), we obtain:
€. (rdp + pdr) = YL, () 61 (D) 61 () + €() 6(d) () + §() §i_1(d) £i_1 () + &) £(d) € (p)

iii. By (ii) and since K is commutative 2-torsion free ring we have the require result.

Remark (2.4): Let £ = (;);cy be Jor. Hig. Rev. L. (resp. right) CH. of a ring K. Then for r,d € K and n € N, we
define2,: K XK - K o,(r,d) = £,(rd) — %=, t:(d) t;i_.(r) + €;(d) £;(r) (resp. right)e,(r,d) = €,(rd) —
i=1 G (@) & () + €(d) §(r)
Lemma (2.5): Let £ = (£;);cy be aJor. Hig. Rev. L. (resp. right) CH. of a ring K. Then for all r,d,p € K and n € N
i. o,(r,d)=—o,(,1)
ii.  o,(r+dp) =2, p)+ae,0dp)
iii. @, d+p)=20,0,4d) +ao,rp)

Proof
1. By lemma (2.3) (i). we obtain:

Ea(rd +dr) = X, €(d) 6,1 () + €(d) () + €(r) €1 (D) + &) €:(d) 8)
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Alternatively

£, (rd) + €,(dr) = Xz 6(d) 61 () + 6(d) () + Xizy 60 Gy (d) + &) () 9)
From (8) and (9), we obtain:

£, (rd) — Xz, 6(d) €1 () + €(d) () = - ,(dr) + XiL, 6() G_1(d) + 6() €i(d)

€, (rd) — Xiy G(d) G, (1) + () () = —(E,(dr) — Xiky 6 () Gy (@) + () 6:(d))
on(r,d) = —2,(d,7)

i eu(r+dp)= 6((r+dp) - X G@) G (r+d) + G(@) G+ d)
2(rp +dp) = Xy 6@ (61 () + 61(d) + G (E() + ()

£
£,0p) — X, 6@ 6 () + () () + £,(dp) — XL, E(p) ti_1(d) + £(p) £:(d)
2,(r,p) + 2,(d,p)

iii.  o,(d+p)=td+p) -2 Gd+p) i)+ Gd+p) ()

= t,(rd +1p) — Z?:l( t;(d) + fi(P)) tio. () + (fi(d) + fi(P)) ()
=£,0rd) - XL, 6@ 61 () + §(d) §0) + £,0p) — X1, G() 6. () + G(p) £i(r)
=0y (1", d) + o, (T‘, p)

Remark (2.6): Note that £ = (f;);ey be a Hig. Rev. L. (resp. right) CH. of a ring K iff @,,(r,d) = 0, for allr,d €
KandneN

Lemma (2.7): Let £ = (£;);cy be aJor. Hig. Rev. L. (resp. right) CH. of a 2-torsion free ring K. Then for all r,d,p €
KandneN

2 (1, d) 1 ([ €1 (7), £ (d)] =0

Proof: Let w = r(dpd)r + d(rpr)d
& (w) = 6, (r(dpd)r + d(rpr)d)
=2ieq G G (dpd) €1 () + () §(dpd) €;(r) + Xi, £(d) G, Grpr) €1 (d) + £(@) € (rpr) €i(D)

=Yz G() €1 (d) G (p) i1 () 61 (M) + §() £(d) &(p) Ei(D) €(r) +

o1 (@) i () 621 () G () £y (D) + §(D) &) & (p) &) €(d) (10)
Alternatively:
& (w) = 6 (rd)p(dr) + (dr)p(rd))

= £,(dr) t,_1(p) 61 (rd) + €,(dr) &, (p) £, (rd) + €, (rd) €,_1(p) 61 (dr) + £, (rd) £, (p) £,(dr)

= t.(dr) 61 (p) 6 1(d) 61 () + £,(dr) €, (p) €(d) €, (1) + €, (rd) 61 (p) €y () Ea (D) +
£,(rd) £,(p) €. (r) £, (d) .. (11)
From (10) and (11), we obtain:
(Ea(rd) = Xy €(d) €1 () + €(d) G (Eam i (@) Eroa (1) Eumi (d) + €,(0) E,(7) £,(d)) + (E,(dr) —

Ly 60 6@ + 60 G(@) (a1 (@) Eaor(d) By (1) + €,(0) €,(d) £,()) = 0
2, (1, d)( £ (@) 6o () 61 (d) + E,(p) £,(7) fn(d)) + 2,(d, 7’)( t-1 (@) £ (d) €1 () +
2, (1, d)( t1(p) 6o () €1 (D) + E,(p) €,(1) fn(d)) — 9, (1, d)( t-1 () o (d) £, () +
£,(p) £, (d) €,(1)) = 0
2 (r, ) (Eo s @[ €1 (1), G (D] + G E(), E(D])
2 (r, ) (£o1 (@) + 6.0))([Eaci (), Eoma (@] + [E,(1), £(d)]) = 0
Replacing €,_,(p) + €,(p) by €,_1(p)
2 (r,d) €1 (D) ([£r-1(r), Eaq (D] + [ (), € (D)]) =0
Replacing [ £,(r), €,(d)] by [€,_1(r), £,_1(d)]
20,(r,d) £ ([ 6-1(r), £ (D] =0
Since K is 2-torsion free
o, (r,d) G () 6o (), €,-1(d)] =0 forallr,d,p € K,n €N

Lemma (2.8): Let £ = (f;);cy be aJor. Hig. Rev. L. (resp. right) CH. of a prime ring K. Then for all r,d, p, L, f €
KandneN

2,(r,d) £ (@[ 61 (D, 61 ()] =0

Proof: Substituting r + I for r in lemma (2.7), we obtain:
Qn(r+1,d) 6 ([ Ea (r + 1), £y (d)] =0
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2, (r,d) G (P 61 (1), G (D] + 2,(r, d) G (P [Eo1 (D), G (D] + 2, (L) G (P 6t (1), Eoma (D] +
2, (L, d) G (@[ 61 (D), Gy (D] =0
By lemma (2.7), we obtain:
-Qn(r' d) fn—l(p)[ fn—l(l)' fn—l(d)] + Qn(l' d) fn—l(p)[ fn—l(r)' fn—l(d)] =0
Therefore, we obtain:
Qn(r' d) fn—l(p)[ fn—l(l): fn—l(d)] fn—l(p)gn(rﬂ d) fn—l(p)[fn—l(l)l fn—l(d)] =0
0=—0,(rd)t_ 1Pt t_1( D] t_1(P)2r (L, d) -1 (p)
[€1(r), £1(d)]
Since K is prime ring, we obtain:
o, (r,d) G (P 61 (D, ()] =0 (12)
Now, substituting d + f for d in lemma (2.7), we obtain:
-Qn(r' d+ f) fn—1(P)[fn—1(7’)’ fn—1(d + f)] =0
-Qn(r' d) fn—l(p)[ fn—l(r)' fn—l(d)] + -Qn(r: d) fn—l(p)[ fn—l(r)l fn—l(f)] + _Qn(‘)", f) fn—l(p)[ fn—l(r): fn—1(d)] +
2, () Lo @[ G (1), 61 ()] =0
By lemma (2.7), we obtain:
2 (r,d) G @[ 61 (1), Ea (D] + 20 (r, ) G () [ 61 (), 61 ()] =0
Therefore, we obtain:
(1, d) G (P 61 (1), G (] i (P)2n(r, d) G () [Eoa (1), Ea (F)] =0
0= _Qn(r' d) fn—l(p)[ fn—l(r)' fn—l(f)] fn—l(p)ﬂn(rr f) fn—l(p)
[€r-1(r), t_1(d)]
Since K is prime ring, we obtain:
2y (r,d) G (P [ 61 (1), 6 (] =0 (13)
Finally, 2,(r,d) t,_1 (@) [ 61 (r + D), £,_1(d + )] =0
2 (r,d) G (@[ 61 (1), Ga (D] + 2 (r, d) Gy (P €1 (1), G r ()] + 2, d) B (P [ 61 (D), Eooa (D] +
2n(r,d) 6 (@[ 61 (D), 61 ()] =0
By (12), (13) and lemma (2.7), we obtain:
2 (r,d) £ (@[ 61 (D), €1 ()] =0

Theorem (2.9): Every Jor. Hig. Rev. L. (r) CH. of a 2-torsion free prime ring is a Hig. Rev. L. (resp. right) CH. of K.

Proof: Let £ = (f;);cy be aJor. Hig. Rev. L. (resp. right) CH. of a 2-torsion free prime ring K
Then by lemma (2.8), K is a prime ring, therefore either

o, (r,d)=0o0r[t_i(D), t_1()1 =0 forallr,d,l,f EKandn €N
Ifl§_ 1), t§_1(f)] #0 foralll,f €K

Then e,(r,d) =0 forallr,d e K,n € N

Hance by Remark (2.6), we get £ is a Hig. Rev. L. (resp. right) CH. of K
Butif [§;_;(D), ti_1(f)]=00f alll,f EKandn €N

Then K is a commutative ring

By lemma (2.3) (i), we obtain

26,(rd) = 231, €(d) €1 (1) + €(d) &)

Since K is a 2-torsion free ring

We get fisaHig. Rev. L. (r) CH. of K

Proposition (2.10): Let £ = ( £;);cy be aJor. Hig. Rev. L. (resp. right) CH. of a 2-torsion free ring K. Then € is a Jor.
Tri. Hig. Rev. L. (resp. right) CH. of K.

Proof: Substituting rd + dr for d in lemma (2.3) (i), we obtain:

6, r@rd+dr)+ (rd +dr)r) =Y, td +dr) §_,(r) + € (rd +dr) §;(r) + () €G- (rd + dr) +

t(r) t(rd + dr)

=Y 6@ G (M) G () + 260 £ (D) 61 () + G(D) &) 60 + 2 6,() §(D) £:() +

6(r) 61 () €1 (d) + &) G:(r) £(d) - (14)
Alternatively:

€, (r(rd + dr) + (rd + dr)r) = £,(r*d + rdr + rdr + dr?)

= ?:1( £(d) £ () €21 () + G(D) &) §0) + E() G- () £ (D) + §0) () fi(d)) +2€(dr) ..(15)
From (14) and (15), we obtain:

28,(rdr) =237, () 6_1(d) G, () + G(r) Gi(d) ()

Since a K is a 2-torsion free ring, we got the require result.
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Corollary (2.11): Every Hig. Rev. L. (resp. right) CH. of a 2-torsion free ring K is a Jor. Tri. Hig. Rev. L. (resp. right)
CH. of K.

Proof: Suppose that £ = (£;);cy be Hig. Rev. L. (resp. right) CH., then by definition (2.1), we have  is Jor. Hig. Rev.
L. (resp. right) CH., hance by Proposition (2.10), we obtain £ is Jor. Tri. Hig. Rev. L. (resp. right) CH.

3. CONCLUSION

We have investigated the properties of Hig. Rev. L. (resp. right) CH. on 2-torsion free prime rings. The main theorems
of this paper two key results: first, that every Jor. Hig. Rev. L. (resp. right) CH. is a Hig. Rev. L. (resp. right) CH., and
second, that is also a Jor. Tri. Hig. Rev. L. (resp. right) CH. These results establish a clear equivalence between these
three concepts in the 2-torsion free prime ring.
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