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ABSTRACT: Our work included studying some subclasses of functions (univalent - multivalent) that are close to
convex. which is divide into two parts. First part, we discussed the properties of parameter estimates, the
implication relation, distortion theorem, and the radius of convexity of functions a subclass of univalent. Second
part of this article, we discuss the same properties for subclasses of multivalent functions defined using the Salagen
operator in the unit disc.
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1. INTRODUCTION

Let A be family of analytic functions in E = {Z € C: |Z| < 1}. of the form:
£ =5+ Z a (1.1)
k=2

Which have a series expansion and S € A are normalized specifically if f(0) = f(0)' —1 =0 and the
Schwarzian function consists are analytic in E the form:

W) = Z C, 5k (1.2)
k=1

Are univalent Such that w(0) = 0 and |w(Z)| < 1. Generally, denotes byU, [1]. Introduce f(E) € A is
said to be starlike of order & concerning the origin giving the following necessary and sufficient conditions

2f(2)
f@

Re[ >a,72€ E whrea €[0,1)

Denoted by ™ .[2]. introduce the class of convex functions is denoted K, such that the following for a
function f € A be in K

1@
@

Re[1+ ]>0,i€ E.
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The intimate relationship between starlike and convex functions given by §*, [3].
feEKsif' €S Z€E
Define the convex function of order a by following the condition

H@"
fy

Re[1+ ]>a,i€ E wherea€[0,1)

Analogously [4].
fEK(a) = if €S (a),Z€EE
suppose g € S is closed to convex if

f (Z) cE

Denoted by € [5]. consider the pair function f is subordinate to g (written simply as f < g ) in E if there exists a
Schwarzian function we U for which

f) =g(w®))z€E.

But when f, g univalent we get f(0) = g(0) and f(E) € g(E). [6]. introduce the multivalent functions and has
exactly p roots in E

We denote by A, the functions of the form:

fO) =2+ ) ayu P, pen
k=1

It is multivalent in E. ObviouslyA; = A, f € A, and is said to be multivalent starlike in E if

2f(2)
Re[ f(v) >0,z€E

pf(2)
The class of all functions Sy,. That is multivalent starlike functions of order a denoted by S, (@) and S}, = §,,(0)

can be defined analogously as follows:

A function f € A,, is called multivalent convex in E if

ik
@

1
Re;[1+ ]>O,iEE

The class of multivalent function of order a(0 < a < p) if

f(2)"
f@y

R—[1+ ]>a,iEE

is denoted by K, such that all functions are denoted k, () and k,,(0) = k,,.

A function f € A,, is called a multivalent close-to convex in E if

We have a multivalent convex function h
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v

v

>a,Z7€E.

1 [if
“p |Gy

The class of multivalent close-to-convex functions of order o and represented by C,,(a)

2. SUBCLASS OF CLOSE-TO-CONVEX UNIVALENT FUNCTIONS

Introduced the class kg of close-to-convex and f € A if [7].
[ 2°f (2)
9(=0)g@)

extended the class k; introducing the following class [8].

(T 2@
k:(y) = {f € A:Re [g—(—i)g(i)

>0 whereg € S*(2) L, 2€E

>y,g€S*(2)Lyel01),z¢€ E}

introduced the class X, (y),t # 0,t € [1,1],y € [0,1). Is analytic and the function g € $*(2)~? then [9].

tz2f(2)'
[ 2 /(@) >vy,z€E.

C ey

9(2)g(t2)

Definition 1.2 let X, (4, B),t # 0,t € [1,1] denote the class f € A satisfying the condition
t2f(2)' ] 1+ 4%

< ,—
g(z)g(tz) 1+ Bz

1<B<A<1,z€EgeS*(2)?

In particular
D X1 -2y,-1) = X,(y),
2)X_1(1-2y,-1) = k,(y),
3)X_,(1,-1) = k..
We assume that
—-1<D<B<A<C<1t+0,te[11],Z€E.
Lemmal.3 [10]. Let

L LHAWE O
PO =B = 1+annz W eu
The limits are precise and are achieved for the functions. )
o 14+ A7
P = rpep 101 =T

Lemmal.4 [11]. Let

geES (AL6x) = z7 + 7" € S*, then|d,| <n

9B g(t?) )g(tz) ) i

n=2

Lemma 1.5 [12, 13]. If
p(Z) = X0 PnZ™ Have positive real part, forp,
Ip2 — upil < Zmax{l 12u — 11}

, (Z) 147

The lemma is precise for the functions provided.p(z) =
Lemma 1.6 [14]. if

lz2

GZ)=172+ Z b,z™ € §* for any complex number A
n=2

|d; — Ad3| < max{1,|3 — 41|}
The lemma is exact for the functions provided k, if |/1 - Z| > i

Yo _ . 3 1
Where (k(2%))2 = —o— 1f|/1 4| >2

3. MAIN RESULT

Theorem 2.1 if f € X, (A, B), then
(n—1(A-1B)

la,l <1+ 3

Proof. By definition,

(1.3)

(1.4)

(2.1)

15
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t22f(Z) 1+ AW(@3)
fEX(AB) S et ~ T+BW @)

As f € X.(A,B),(2.2) can be, express as
% = P(2), where G(z) = %

Using (1.1), (1.4) and (2.3) in (2.3) it yields

1+ Z na,z" ! = (1 + Z nd, 2"‘1> (1 + Z pni")
n=2 n=1

n=2

WeU-1<B<ALLZ€EE

Equating the coefficients of 2"~ tin (2.4), we get
nay = dnp +dp_1p1 +dp_ap2 + -+ dyPp-z + Pn-a

Applying Lemma 1.3 and Lemma 1.4, (2.6) gives

nla, <n+A-B)n-1D+nm—-2)+-+2+1].
The result (2.3) can be, easily obtained from (2.7)
The following result due to [9]. Is obtaine when A = 1 — 2y and B = —1 in theorem 2.1.
Corollary 2.2 if f € X,(y), then

la, <1+ (-1 -y)

For A =1, B=—1andt = —1, the theorem 2.1 leads to the following result
Corollary 2.2 if f € K, then |a,| <n

Theorem 2.3:let—1 < B, < B; < A; < A, < 1,then
Xt(A1,By) © X (A2 By)
Proof.
f € X, (AL B, th tz2f (2) <1+cﬂli<1+cfl2i
YT EX (A B then o s~ T+,B,5 ~1+.B,%
Which implies that f € X, (4, B;)
Theorem 2.4 if f € X, (A, B), then for |z| = r,r € (0,1)we have
(1—-Ar) 1+ Ar)

(1=Br)(1 +1r)? slf@l= 1+ Br)(1—-r)?

And
(1-At) . (1+ At)
) =800 +07? des|f@'l = J G+ Boa-o?

Proof. From (2.6) and (2.7) we get
o _G@ 1+ Aw()
F @' =5 T awe
zf(2) 1+ Aw(2)
GZ) 1+ Bw()

Clearly maps |w(Z)| < r on to the circle
72f(z) 1— ABr?
G(Z) 1-B%r?

- (A-B)r
~ (1 -B%rzy

|z| =1,

This means that

1—Jlr<‘1+cﬂw(i) <1+c/lr
1—-Br = |1+Bw(Z)|~ 1+ Br
When G starlike
T 5 T
(14 r)? =l6@l = (1-1r)?

On integrating (2.7) from zero to r, we get (2.8)
On substituting A = 1 — 2y and B = —1 in theorem 1.11 and [9]. leads the result
Corollary 2.5: if f € X, (y), then
1-01-2y)r
(1+7r)3

. 1= -=2yr
S|f@)|£w

And

16

(2.2)

2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

2.9)

(2.10)

2.11)
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T T

1—(1-2y)t 14 (1-2y)t
I — Aty P < | ———dt
e S e e
0
Theorem 2.6: let f € X (A, B), then f is convex in |z| = r; and r;is smallest positive root in (0, 1) of
ABr3—AB -2 —2B-Dr—-1=0 (2.12)

Proof. as f € X;(A, B), from (2.13) we have
2f(2)' = G(Z)P(2) (2.13)

On differentiating after taking logarithm in (2.11), hence
2f(2)"  zG(Z)' zpz)
14 f(v), _ (v) N p(v)
f@ Gz P@)

(2.14)

Since G € S* by definition Re [ﬂ] > r
G(2) 1+r
Therefore (2.14) yields

A 1—1 P
ke [1 o 171+ Pe
1-r 3 r(A —B)

= 1+r (A +Ar)(1+Br)
- —ABr]+ AB-2)r*+(2B-1)+1
- A+rNA+Ar)(1 + Br)
Hence, f(2) in |z| < r; and r; is the smallest positive root in (0, 1) of
ABr}—AB-Dr2—2B-1Dr—1=0
Corollary 2.7: if f € X,(y), then f is convex in |z| <75 =2 —+/3

4. SUBCLASS OF CLOSE-TO-CONVEX MULTIVALENT FUNCTIONS

Introduced the differential operator Dy f () as follows: [15].

k n
DEf(z) = zP + Z [1 + (—— 1) 6] a,z¥,p e NU{0} =N,
K p
=p+n
With Df(0) =0
D§ f () is popularly known as generalized Sildgean operator.
We first present a glimpse of some well-known fundamental subclasses as follows:

1.C' = {Re (Zi((g ) >0,feAheKandze€ E}, the subclass introduced and studied in [16].

, (@ 1+az B .
2. C(CH,B)—{W) <IZ feAhEK, 1SB<cﬂslandzeE},

the subclass introduced and studied in [17].
. _(f&) _ 1+ . _ ,
3.CS*(A,B) _{g(i)< S fEAGES, -1<SB<AS 1andzeE},
the subclass introduced and studied in [18].
4.CS* (A B):{f@&“"‘i fEAREK —1<B<Jl<1andieE}
) 1A% h(z)  1+B3’ ’ ’ = = ’
the subclass introduced and studied in [19].
_ (zf@) | 1+AZ . .
5.C(A,B) _{g@ <22 fenges,—1 SB<JIS1andzEE},
the subclass introduced and studied in [20].
6. K!(a) = {(’g”g;) >a,fEAO<a<A<LheC andi€ E}
the subclass introduced and studied in [21].
7.K(A,B) = {(28') < :‘;ZZ a,fEMR(z)eEC,-1<B<A<landze€ E}, the subclass introduced and studied
in[22], in particular

K!(1 - 2a,—1) = K!(a).

8.K.(A,B; C,D) = {(ﬁ;) < iigf €EAREC(AB),-1<D<B<A<C<landze€ E} the subclass
introduced and studied in [23].

In particular

K:(1,-1;C,D) = K.(C, D).
Based on these subclasses, we introduce the following subclasses of analytic functions using the generalized Saldgean
operator and establish various results regarding coefficient bounds, distortion and argument theorems for these
subclasses. Some well-known results follow as corollaries of our results.

17
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Definition 3.1 let K.(8; p; A, B; C, D) denote the function f € A, and satisfying
DEF(®) | 1+cx “ 0 vk
R where g(z) =2+ Yp=, by 2° € C(A, B).
Definition 3.2 let K/(8; p; A, B; C, D) denote the function f € A, and satisfying
DEfF® | 1+cx s o ko
hay 10z where h(Z) =7+ Yy, d, 2" € C'(A,B).
Definition 3.3 let KCS*(8; p; A, B; C, D) denote the function f € A, and satisfying
DEf(® | 1+cx “ _y o ok .
@ i where g(Z) =2+ Yp=, by 2° € CS*(A, B).
Definition 3.4 let KCS; (6; p; A, B; C, D) denote the function f € A, and satisfying

Doy ,
DI LHCE\here h(%) = % + Y., dy 3 € CS; (A, B).

n(%) 1+D%
Now, we will use some lemmas
Lemma 3.5 [20]. let g € C(A, B), forn = 2, then |b,,| <

Lemma 3.6 [20]. Let g € C(A, B) for|z| = r < 1 then
1—Ar 1+ Ar

< lg@'| < >
1-Br)(1+71) A+Br)(1—-1)
Lemma 3.7 [20]. Let g € C(A, B) for|z| = r < 1 then

An+AB—-A-Bn

largg(z)'| < 2sin™r + sin‘lw
99 = 1— ABr?
Lemma 3.8 [18]. Let g € CS*(A, B) for|z| = r < 1 then
r(1— Ar) r(1+ Ar)
s < lg(@)| < >
A1-Br)(1+1) 1+Br)(1-r17)
Lemma 3.9 [18]. Let g € CS™(A, B) for|z| = r < 1 then
9(2) _— _,(A=B)r
< —_—
|arg 5| S 2sin™'r + sin 1= AB12
Theorem 3.10 iff € K.(5;p; A, B; C,D) thenn = 2,

2 _ _ _ n-1 _ _ _
n+(C—D)+n(CA B)Z (A B)+(C—D)Zk<1+k(ﬂ B)z (A B)>

3.1)

lay| <

1
[1+(n—1)d]7

The boundaries are clearly defined
Proof. Using definition 3.1. We get

DPFe = (

k=2

1+Cw(z)\, .
“—D—Ml(i)> Zg(Z) ,WE U (32)

1+ z pe| |1+ Z kbkif—ll. (3.3)
k=1 k=2

in equation (3.3), and applying the triangle inequality in conjunction with Lemma 3.3, we get
n-1

Broadening our scope (3.2)

14 ) [+ (k= D a2 =
k=2

[1+ (n—1Dé1Play| < nlb,| + (C—D)

1+ klbkll. (34)
k=2

Using lemma 3.5 the result (3.1), we get (3.4), but when n = 2 equality holds in (1.8) for all f,,by the following
expression

DPF (3) = z 14 A8z 1\ [1+ €621 1. = 16,] = 18] = 1 35
5 Jn(2 T (1=6;2)2\14Bs,znt J\1 4+ Dzt ) T T LT (3:5)
substituting § = 1 and p = 1 in theorem above we get some corollaries [23].
Theorem 3.11 f € K.(8;p; A, B; C,D), then forn > 2

n-1
1+(n—1)(A-B)+(C—-D)+(C-D) 2(1 + (A - B)(7k — 1))] (3.6)

k=2

1
o= T ner

The bounds are sharp
Proof. with some proof of Theorem 2.9, the result of Theorem 3.10 follows

DPF. () = 7 14 A&7\ (14 €371 1.0 = 16,] = 164] = 1
5 /n(2 T (A=-62)\1+ B8zt J\1 4 Dyzn-1) T R T LT (3.7)

corollary 311 if f € K/(A, B; C, D), then

o <2+ 87Dy 4 (a -y + BB DU =2
n n 2

18
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for A =8 =p =1and B = —1, theorem 2.8we get
Corollary 3.12 if f € K/(C, D), then
2n—-1D+ n-1%*C-D)
ja] < ~

putting A =6 =p=1,B=-1,C =1-2a and D = —1 leads the corollary [21].
Corollary 3.13 if f € K/(a), then |a,| < %(1 —a)(n—-1)>2%+ @
Theorem 3.15 if f € KCS*(8;p,A,B; C,D) forn = 2,

| < N n-1)

WETrm-nsp|"T T 4
The bounds are sharp.
Proof. From theorem 3.10, for n = 2, holds (2.8) for function f in (2.7)
Theorem 3.14 if f € KCS;(8;p,A,B; C,D) forn = 2,

1+(n—1){(c/l—B)+(C—D)+

{2n(A-B)+4(C-D)+(A—-B)(C-D)(n— 2)}]

lay| <

1 (A-B)( —-D)(n-2)
[14+ (—-1)8]? 2
The bounds are sharp.
Proof. From theorem 3.10, the holds (3.9) we obtained for n = 2 for the functions f defined in (3.7).
Theorem 3.15 if f € K.(8; p, A, B; C, D) for |z| = r € (0,1), we get
r(l—Ar)(1-Cr r(l+Ar)(1+Cr
( )( ) < D2 < ( )( )
1+ 2?1 -Br)(1-Dr) 1-r?1+Br)(1+Dr)

The result is holds
Proof. From (3.2), we get
|Dp | |1+ Cw(Z)
s I = 1+ Dw(2)
Following the procedure of theorem (3.7) we have
1—Cr< 1+ Cw(Z) - 1+Cr
1-Dr ™ |1+Dw(z)| ™ 1+ Dr
Using (3.12) and lemma (3.11) in (3.10), the result (3.10) is clear sharpness functions f defined in (3.5)
Theorem 3.16 if f € K;(8; p, A, B; C, D) for |z| = r € (0,1), we have
r(l—-Ar)(1 —-Cr r(l+Ar)(1+Cr
( )( ) < DPf ()| < ( )( )
1+nrn@-Br)(1-Dr) 1-rn@+3Br)(1+Dr)

1zllg(2)'l,w € U

The result is sharp.
Proof. With the some proof of Theorem 3.14, the result (3.13) we get the functions f defined in (3.7).
puttingd =1=p
Corollary 3.17 let f € K.(A, B; C, D) then
1—Ar)(1-Cr 1+Ar)(1+Cr
(1_5 )( ) <If )| < (14 Ar)(1 +Cr)
r)(1 —Br)(1 - Dr) 1-r)(1+Br)(1+Dr)
For§ = A =p =1and B = —1, theorem 3.16 we get the corollary. [22].
Corollary 3.18 if f € K/(C, D) then
1-r)(1-Cr 1+r)(1+Cr
((1+ )2( )Slf(i)’ls(+)2(+ )
r)2(1 — Dr) (1+7r)2(1+Dr)
putting For6 = A =p=1and B=—-1 =D and C = 1 — 2« in theorem 2.16 follows: [21].
Corollary 3.19 if f € K.(«) then
1-r)1-10-2a)r 1+7)(1 1-2a)r
( )((1+(3 ))slf(z)’ls(+)( +(3 )r)
) a1-r
Theorem 3.20 if f € KCS*(5;p; A, B; C, D) then for |Z| = r € (0,1) we have
r(1—Ar)(1-Cr) r(1+ Ar)(1 4+ Cr)

<|DPfF)| <
(1+r)2(1—-Br)(1-Dr) |05 f @] < (1—1r)2(1+ Br)(1 + Dr)
The result is sharp.
Proof. Using definition 3.3, we get
|Dp (v)_1+CW(2)| Now e U
o/ @1 = |13yl 9@ W

Using (3.8), and lemma (3.8), in (3.15), the result (3.14) is obvious.
Sharpness follows for the functions define in (3.5).
Theorem 3.21 if f € KCS;(5;p; A, B; C,D) then for |Z| = r € (0,1) we have
r(l—Ar)(1-Cr r1+Ar)(1 +Cr
( )( ) < DPf(2)| < ( )( )
1+r@-Br)(1—-Dr) 1-rn@+Br)(1+Dr)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

19
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The result is sharp.
Proof. With the same proof (3.20), Sharpness follows for the functions define in (3.7).
Theorem 3.22 if f € K.(8; p; A, B; C,D) then

DPf(z C—D)r A—B)r
‘arg 8];( ) < Sil’l_1 (ﬁ) + Sil‘l_1 (i_Tiz) + ZSin_IT (316)
The result is sharp
Proof. From (3.2) we get
DEf(2) 1+ Cw(2)
= —_— 7)’ 3.17
“"g 7 | (1 +Dw(i)>| *largg @) .17)

It has been proved in [69] that
1+ Cw(z) . _,(C—=D)r
|arg <7)| <sinTH | ———

1+ Dw(z) 1—CDr? (3.18)
Using (3.18), and lemma (3.7), in (3.17), the result (3.16), follows.
Where f defined in (3.5) and the result is sharp.
Theorem 3.22 if f € K.(8; p; A, B; C, D), such that
DEf(z C—D)r A—B)r
|arg 8};( ) <sin™1 (ﬁ) + sin~1 (ﬁ) + 2sin~1r
Then the result is sharp.
Proof. With the same proof (3.21).
Theorem 3.23 if f € KCS*(5; p; A, B; C, D), such that
Dif@|_ . (C-Dr\ _ _ ((A-B)r -
‘arg s | <sin 1 T=cpyz) s 1 1= B2 + 2sin”1r (3.19)
Then the result is sharp.
Proof. Using definition (3.4) we get
Dgf(i) _ (1+Cw(i))g(i) (3.20)
Z 1+Dw(z)) z '
Which implies
DI f(2) 1+ Cw(®) 9@)
—— = —_— 3.21
‘ar‘g 7 |ar <1+Dw(i))| * |“rg 7 | (3-2)
On using (3.18), lemma 3.10 in (3.21) we obtain the result (3.19)
Sharpness follows for the functions defined in (3.5).
Theorem 3.24 if f € KCS;(5;p; A, B; C, D), such that
DEf(2) (C-D)r (A-B)r
5 < ain-1 in~1f— —~ in~1! 3.22
|arg 5 < sin 1= D2 + sin 1= AB.2 + 2sin™'r ( )

Then the result is sharp.
Proof. With the same proof (3.23), and the result is sharp function in f in (3.7)

5. CONCLUSION

This study shows that the investigation of partial classes of analytic functions close to single- and multi-valued
functions allows the derivation of precise coefficient limits, distortion theorems, containment relations, and concavity
radii. The introduction of the general operator also provides a framework for generating new classes with sharp results
from which known results can be retrieved as special cases, thus strengthening the theoretical structure of complex
analysis and expanding its applications.
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