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Abstract

We proposed and analyzed methods for solving the fundamental element of a reaction- diffusion
model in ecology. The model denotes an interaction between two species that describes ecological
predations and is mathematically defined as a system of partial differential equations with initial and
boundary conditions. Symmetry Lie group methods are used to transform this model into a system of
ordinary differential equations, and then this system is solved by the generalized tanh function method
when there exists a small parameter A appear in one of the equation.
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1.Introduction

Reaction-diffusion models for the interaction of the species have been studied widely, it is
well known that eminent scientists A.J.Lotka and V.Volterra developed the mathematical
foundation for ecology [3][6]. The equations that simulate the conflict between two species (
predators and prey ) bear the names of tow scientists: Lotka and Volterra. They were from
various nations and followed separate career and life paths, but their interest in and
accomplishments in mathematical modelling brought them together. Elementary ecology texts
tell us that organisms interact in three fundamental ways, generally given the names
competition, predation, and mutualism. The only interaction from which one species get
benefit is predation. Mathematically, thus, predation can be defined, in brief, as a -/+
interaction, while competition and mutualism are respectively -/-, +/+. The Lie group method
for establishing the transformations leaves a system of partial differential equations (PDEs)
[11]. We mean a continuous group of transformations acting on the expanded space of
variables which includes the equation parameters in addition to independent and dependent
variables. We consider the transformations that can be found using the lie infinitesimal
criterion with the properly expanded infinitesimal group generators [9]. The lie point
symmetries will be analyzed, then the reduction forms will be found, and then the invariant
solutions of the original system of reduced ordinary differential equations (ODE’s) by using
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the generalized tanh function method [8]. The technique is outlined for the computation of
closed-form solutions for nonlinear partial differential equations and ordinary differential
equations. which is the analysis of scientific publications [5]. Volterra proposed the classical
model

& — u(a—bv
g @
s v(—c + du)
The cyclical levels of specific fish capture in the Adriatic are explained by the predation of
one species by another [12]. In (1), the functions u(t) and v(t) describe, respectively, the
time development of the numbers of predators and prey, and represent the growth rates of the
two populations over time when the derivative is taken with respect to t, and a, b, c and d are
real positive parameters that talk about the interaction of two species [1][2]. In words, one
may formulate system (1) as follows

[Rate of changes of u]
= [net rate of growth of u without predation] — [net rate of loss of u due to predation],

[Rate of changes of v] = — [net rate of loss of v without prey] +
[net rate of growth of v due to predation]. [11]

To explain chemical reactions that have periodic behaviour in chemical concentrations Lokta
suggested the same model. As a result, system (1) is referred to be the Lokta — Volterra
model. [11]. The most crucial method for solving nonlinear issues is a symmetry group
analysis based on the transformation group, now known as lie groups. The symmetries of the
differential equations are analyzed using a thin method. For the nonlinear reaction-diffusion
system, we analyze the symmetry group and look at similar solutions in this work. To present
the most general Lie group of point transformations, we also consider a scalar k — th order
PDE represented by

A(x,u,ul,...uk) = 0, (2)

Where x = (xq, x5, X3, ...,X,) denotes n independent variables, u = (uy, Uy, Uz, ..., Uy) U
denotes the set of variables that correspond to all of u’s jth-order partial derivatives with
respect to variable x. indicates the set of m dependent (differential) variables, the Lie group of
transformations infinitesimal generator for one parameter

X = Za(x u)—+Zn“(x w0 3)
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Where &;(x,u),n%(x,u) are infinitesimals (3), and the kth prolongation of the infinitesimal
generator (3)

ky — Da ®a
X=X+n; U, + 4 (o uug, e, , 4
pr Gt o b O Gt e ) G @
where n;V% = D;n® — (D;&Hw;*
fori,j=1,2,...,nm;a=12,..,m
and
k _ k—
nt )ailiz...ik = Dikn( 1)ai1i2...ik_1 — Diu iy iy (5)
Where i =1,2,3,...,n;i=1,23,...,kand k = 2,34, ... ,
Where D is the total derivative operator defined
a a a a a a
D; =a—xi+ul a—a+uij ENE +eetu”y g, in g all,iz,_,ln' (6)
du .
U =— and i =123,..,n,
axi

with summation over a repeated index [1][8].

The paper is organized as follows: In section two we investigate a reaction-diffusion model for
a system of two species that displays interactions between predation and population. In section
three, we describe the model as a non-dimensional reaction-diffusion system. In Section four,
we used the basic terms used to obtain the infinitesimals of the equation (8), to solve reduced
nonlinear ODE’s and find the analytical solution by using the tanh method, and the conclusion
is discussed in section 5.

2. Reaction-diffusion system

We study a reaction-diffusion model for a system of two species which exhibits predation
population interactions, the model we will study here is

ou 0%u )

Frin Duﬁ + kyu(—a + bMyu® + S,v)

ov 0%v X

Frie D, F) + k,v(c —dM,v* — S,u). (7
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Where D, and D, are diffusion coefficients, k,u(—a + bM,u?) is net rate of loss of u
without predation and k,,v(c — dM,v?) is the generalized logistic the net rate of growth of w
without predation, [11]. In this model, intra- specific cooperation has the cooperative
parameters S, v and S,u. A Lotka-Voltera model can simply be constructed from this model
when n,=n,, = 0in (7).

3. Dimensionless variables

Numerous dimensionless variables that apply to both a full-size object and its scaled
counterpart can be found in the theory of scale modelling. As long as all of the dimensionless
variables are the same for the full-scale object and the measured model, the physical
behaviour of the measured model closely resembles the behaviour of the prototype. In
actuality, maintaining equality between all the non-dimensional characteristics of the full-
scale object and the measured model can often present challenges.[7]

We define dimensionless variables

_ X = —u)Zf
u="Uu and Pu
v=Vv f=L

=
Then
ou_oWm) _ ouot_,  0u
at ot  odtat * at’
1
ou o(Um)  0udx (ku)i o
ox dx  dxox \D,) ~ ox’
0°u _0°(Un) k, 0°U
ox: 0x?2 D, 0x% '’
and
ov_oWe) _ 093t _ 07
at at  dtat “ ot

1
v o) Vaﬁaaz B (ku>i v
ox  dx  0xdx \D,

0%v _0*(Vv) k, 0%

0x2 0x? D, 0x%’
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Substituted these values in equation (7), we get

ou 0d%u o _

FrRr T + u(—a + bk, u“U* + S, vV)

ov D, 0%*7 P

P (D—”) =t P—”ﬁ(c — dk,7%V? = S,al). (8)
u u

The dimensionless parameters are y, = S,V, y, = S,U,B; = bk,U? , 1 = i—" 2T

u

& B, = dk,V?. Substituted these values in equation (8), we get

ou 0%u )

3¢ = a2 TECat B )

ov Do*v )

E = IW + AU(C - BZU - Vzu) (9)

4. Symmetry Li group analysis of the system

This section describes the basic terms used to obtain the infinitesimals of the equation (8).
We consider a single-parameter Li set of infinite transformations that operate on independent
and dependent variables, we consider the following Lie group of changes with dependent
variables u, v and independent variables x, t.

= x(x,t,u;e), = t(x, t,u;¢),

X t
= u(x,t,u;e), v = v(x, t,u; &) (10)

Which ¢ a sign of the group is the parameter. The infinitesimal Lie group generator (4) in

formula (3) can be extracted as follows

x=gr gl g 0 11
BRI PR vl i il M N C )

in which &%,&¢,n%* and n¥ of group variables dependent and independent are called
infinitesimal functions.

§ =8 (1), =& 0" =um(xt),n” =vny(x,t)

Further, Lie symmetry of eq. (8) will be generated by eq. (11), since the governing equations
involve partial derivatives of the second order at most. Because of formula (4), the
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infinitesimal generator’s prolongation, which includes the associated terms, is given by the
following form :

pr2X=X+n”i+n”i+n” o + Y 0 + Y i +n”i (12)
You, Tou, FOuy, Cow,  tow,  Fow,,

From equation (7), we get
(¢ — (—a+3p,u% + y1v)n* — y1un’ — 0 leqey = 0
v 2 v u D v
(mf — A(c = 3B,v* —y,uwn? + yvn* — Inxx)leq(**) =0 (13)

,Where fx = fx(x! t)r ft = Et(t) 'nu = u771 (x, t) ) Tlv = UTIZ (X', t)

by equation (5) ,we get

Ny = D) — we D (§7) — ucDx(§9),
nt = De(") — uy D (§*) — u Dy (§9),
M = Dy (%) — U Dx (§%) — upx Dy (€9,
Ny = Dx(”) — ux Dk (§) — uDx(§9),

Nt = De(”) — uxDe(§%) — uDe(§9),
Mx = D7) — e D (§) — un D (§9),
Where, D, = % + U, :—u and D; = %,
This system substitute of equation (13), we get

Uy +umy, — U —u (§1) — (—a + 3Bu” + yv)un, — y1uvn, — gty + 3y,

t+un,, — 2Uyy &y —Uézx) =0,
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m-—0EH' =0 )
=& — 3771x +éx =0
_ x _
2y + 285 =0 | (19
M, +an; —1n,, =0
—3B1m =0

Y1 — Y12 =0 J

and

D
Velp + VN, — &l — v (§D) = A(c — 3,07 + yu)vn, — yovun, — 71 (2UxxN2 + 3VxM2,,

+ VN2, — 20y éx — USxx) =0

n,—(EH' =0 )
3D D
—=§ =M, + 785 =0
_2 2D ex _
et =0 | (15)

D
N2y — Acn, T2k T 0

34B2m2 =0
— Ay, — ¥ =0 J

By system (14) and (15), we obtain
n=0and 1, =0, n*=0and n =0
Then &£ = Oand by integration é* = ¢; and (¢!)’ = 0 then by integration ¢t = ¢,

Therefore the system of nonlinear Reaction-diffusion equation has only a two parameter
symmetry lie group,[4]

x=eXied 16
g T2 (16)

A Characteristic equation based on the symmetry groups must be written to construct the
reduced form of the PDE system (16)

dx_dt_du_dv 17
C1_C2_O_0 a7

Then d¢ = c,dx — c;dtordé =0
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From the solution of the characteristic equation we have
E=cyx—cqt
ulx,t) =UE) and v(x,t) =V()

ou du ov _ dv azu_ d?U and 6217_ Zsz 18
ot~ Yag’ 9t YdE ox? Czdfz oxz” 2z (18)

In which £ is the similarity independent variable, U(§) and V (&) are the similarity dependent
variables.

Substitute equation (18) in equation (9), and we get

d2 U
c? d52+C1dE+U( a+ pU?+y,V)=0
Dci d?v .
/1 dfz +C1V +AV(C_ﬁ2V _)/ZU)—O (19)

Let’s take into consideration the solutions of a system of ordinary differential equations (19)
in the following forms in order to solve the reduced nonlinear ODE’s (19) by the generalized
tanh function method :

n

U(E) = F(Y) = z @Y andV(§) = G(Y) = z bY  (20)
i=0

i=0

Where a;, b; are parameters and n and m are integers to be determined and F is the solution of
the equation

a _ )
—V2)y__
d? d d?
_ = V2 ___ 2\2
i 2Y(1—-Y )dy+ (1-Y?) 7
5 > (21)
@ _ 2)(3y2 1)
g 2 =¥7)( ay
d? d3
—6Y(1 — Y2)2 -+ (1-Y?)3— 3 )

We introduce Y = tanh(¢§) and substitute equation (21) by
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—2c3v(1-yH) 2 ( e yZ)Zsz—Y(ZY) \
+e 1 -y )+F(Y)(—a+ﬁ1(F(Y))2+V16(Y))=0
ch2 ( ) d2G(Y) @)
T YA -y (-
tei(1-Y?) ( )4 26 — oG - paF (V) =0

Now, to determine the parameters n and m, we balance the highest power terms in F(é)to
determine the parameter (n )and ( m), we balance The linear term of highest—order onlinear
a2u _ d’F©) 4%V _ d?G(§)

agz — d(§)? agz  a?’

terms of (22), in the equation (22) The balance — we get

n+2=3n=>n=1 and m+2=3m=>m=1

Now, the Tanh method admits the use of the finite expansion for:

u(x,t) =F) =a,+ alY} 23)

v(x, t) = G(Y) = bO + b1Y

where a; # 0 and b; # 0, Find this term by equation (22) and (23), we get

—2e2Y(1 - Y¥a, + (1 - Y?)?(0)
+c,(1=Y?a; + (ag + a,Y)
(—a+ Bi(ag + a1Y)* +y1(by + b;1Y)) = 0
2
Zacz Y-+ (1Y) | @9
+byc;(1—=Y2%) + A(by + b1 Y)
(c = B2 (bo + b1Y)* — y5(ag + a;Y)) =0 J

(ciaq —aay — agﬁl + aoV1b0)Y0 + (2‘11‘322 - 2a5a151 —aa; — agy1b, + Vlalbo)Yl
+ (y1a:b; — 3a0a?B; — c1a)Y? + (2ayc2 — aip)Y3 =0 (25)
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2b,c2D

A

(c1by + cby — bgﬁz + bo)’zao)yo + ( - Zbgblﬁz + cby — boy2a4 + V2b1ao> y!

2b,c2D

A

+ (yaa1b; — 3bob3 B, — c1b,)Y* + < - b1352> Y3 =0 (26)

Then this leads to:

Y% (c1a, — aag — a3 By + agy1by) = 0

Y': (2a,¢ — 2aga, By — aa; — agy1by + y1a:by) = 0
Y% (y1a1b, — 3a0a%31 —ca,) =0

Y3 (2a,¢c; —aip;) =0 }

(27)

and

YO: (Clbl + Cbo - bgﬁz + boyzao) =0 \

2bic5D
Yl (1702 — 2bgb, B, + cby — boy,a, + Vzblao) =0
Y% (y2a1by — 3bobif; — c1by) =0

v (2520 = bie) =0

(28)

From solving the system of algebraic equation (27) and (28), we obtain

2 )
a; ==+ |—]|c
L= 2l
2D
b, = —|c
1= 2y
D
_ 2y1¢3 m*‘cl\/%k?ﬂ ( (29)
o = % 6c2
D 2D
B 2y,¢5 /m‘*‘h mlczl
by =t 5
6EC2 J

Finally, we find the solution in the form
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D 2
2y,¢5 /m + Cl\/ﬁ;llczl N

2
u(x,t) ==+ oo 3 lc;| tanh(cyx — ¢ t)
2 1
D 2D
ZVZCZZ\/ﬁlﬁZA + Cl\/ﬁz/l lco |
v(x,t) =+ ) + 5 lc,| tanh(c,x — c;t)
676'% 2

5. Conclusions:

In this paper, we study a reaction-diffusion system (7), this model represents an interaction
between two species in Ecology, which can be defined by predations. Symmetry Lie group
solutions for this model are found using Tanh methods. The focus on the nonlinearity of
global logistic growth was in the second order, where the system’s first request goes back to
the Lotka-Volterra model. Analytical methods are sufficient to find the Symmetry Lie group
for this model.
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