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Abstract  

      We proposed and analyzed methods for solving the fundamental element of a reaction- diffusion 

model in ecology. The model denotes an interaction between two species that describes ecological 

predations and is mathematically defined as a system of partial differential equations with initial and 

boundary conditions. Symmetry Lie group methods are used to transform this model into a system of 

ordinary differential equations, and then this system is solved by the generalized tanh function method 

when there exists a small parameter 𝜆 appear in one of the equation. 

Keywords:- Reaction-diffusion system, symmetry Lie group methods. tanh method. 

1.Introduction 

    Reaction-diffusion models for the interaction of the species have been studied widely, it is 

well known that eminent scientists A.J.Lotka and V.Volterra developed the mathematical 

foundation for ecology [3][6]. The equations that simulate the conflict between two species ( 

predators and prey ) bear the names of tow scientists: Lotka and Volterra. They were from 

various nations and followed separate career and life paths, but their interest in and 

accomplishments in mathematical modelling brought them together. Elementary ecology texts 

tell us that organisms interact in three fundamental ways, generally given the names 

competition, predation, and mutualism. The only interaction from which one species get 

benefit is predation. Mathematically, thus, predation can be defined, in brief, as a -/+ 

interaction, while competition and mutualism are respectively -/-, +/+. The Lie group method 

for establishing the transformations leaves a system of partial differential equations (PDEs) 

[11]. We mean a continuous group of transformations acting on the expanded space of 

variables which includes the equation parameters in addition to independent and dependent 

variables. We consider the transformations that can be found using the lie infinitesimal 

criterion with the properly expanded infinitesimal group generators [9]. The lie point 

symmetries will be analyzed, then the reduction forms will be found, and then the invariant 

solutions of the original system of reduced ordinary differential equations (ODE’s) by using 
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the generalized tanh function method [8]. The technique is outlined for the computation of 

closed-form solutions for nonlinear partial differential equations and ordinary differential 

equations. which is the analysis of scientific publications [5]. Volterra proposed the classical 

model  

𝑑𝑢

𝑑𝑡
= 𝑢(𝑎 − 𝑏𝑣)

𝑑𝑣

𝑑𝑡
= 𝑣(−𝑐 + 𝑑𝑢)

                              (1) 

The cyclical levels of specific fish capture in the Adriatic are explained by the predation of 

one species by another [12]. In (1), the functions 𝑢(𝑡) and 𝑣(𝑡) describe, respectively, the 

time development of the numbers of predators and prey, and represent the growth rates of the 

two populations over time when the derivative is taken with respect to 𝑡, and  𝑎, 𝑏, 𝑐 and 𝑑 are 

real positive parameters that talk about the interaction of two species [1][2]. In words, one 

may formulate system (1) as follows  

 [Rate of changes of u] 

= [net rate of growth of u without predation] − [net rate of loss of u due to predation],  

[Rate of changes of v]  =  − [net rate of loss of v without prey]  +

 [net rate of growth of v due to predation]. [11] 

To explain chemical reactions that have periodic behaviour in chemical concentrations Lokta 

suggested the same model.  As a result, system (1) is referred to be the Lokta – Volterra 

model. [11]. The most crucial method for solving nonlinear issues is a symmetry group 

analysis based on the transformation group, now known as lie groups. The symmetries of the 

differential equations are analyzed using a thin method. For the nonlinear reaction-diffusion 

system, we analyze the symmetry group and look at similar solutions in this work. To present 

the most general Lie group of point transformations, we also consider a scalar 𝑘 − 𝑡ℎ order 

PDE represented by   

∆(𝑥, 𝑢, 𝑢1, . . . 𝑢𝑘) = 0,                    (2) 

 Where 𝑥 = (𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛) denotes 𝑛 independent variables, 𝑢 =  (𝑢1, 𝑢2, 𝑢3 , … , 𝑢𝑚)  𝑢 

denotes the set of variables that correspond to all of u’s 𝑗𝑡ℎ-order partial derivatives with 

respect to variable 𝑥.  indicates the set of 𝑚 dependent (differential) variables, the Lie group of 

transformations infinitesimal generator for one parameter  

𝑋 =∑𝜉𝑖(𝑥, 𝑢)
𝜕

𝜕𝑥𝑖

𝑛

𝑖=1

+∑𝜂𝛼(𝑥, 𝑢)
𝜕

𝜕𝑢𝛼

𝑚

𝛼=1

                   (3) 
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Where   𝜉𝑖(𝑥, 𝑢), 𝜂
𝛼(𝑥, 𝑢) are  infinitesimals (3), and the 𝑘𝑡ℎ prolongation of the infinitesimal 

generator (3) 

𝑝𝑟𝑘𝑋 = 𝑋 + 𝜂𝑖
(1)𝛼(𝑥, 𝑢, 𝑢1)

𝜕

𝜕𝑢𝑖𝛼
+⋯+ 𝜂(𝑘)𝛼

𝑖1𝑖2…𝑖𝑘
(𝑥, 𝑢, 𝑢1, … , 𝑢𝑘)

𝜕

𝜕𝑢𝛼𝑖1𝑖2…𝑖𝑘
   ,              (4) 

,where  𝜂𝑖
(1)𝛼 = 𝐷𝑖𝜂

𝛼 − (𝐷𝑖𝜉𝑗)𝑢𝑗
𝛼  

 for 𝑖, 𝑗 = 1,2, … , 𝑛; 𝛼 = 1,2, … ,𝑚 

and 

 𝜂(𝑘)𝛼
𝑖1𝑖2…𝑖𝑘

= 𝐷𝑖𝑘𝜂
(𝑘−1)𝛼

𝑖1𝑖2…𝑖𝑘−1
− (𝐷𝑖𝜉𝑗)𝑢

𝛼
𝑖1𝑖2…𝑖𝑘−1 ,        (5) 

,where  𝑖 = 1,2,3, … , 𝑛; 𝑖 = 1,2,3, … , 𝑘 𝑎𝑛𝑑 𝑘 = 2,3,4, …   , 

Where 𝐷 is the total derivative operator defined 

𝐷𝑖 =
𝜕

𝜕𝑥𝑖
+ 𝑢𝑖

𝛼
𝜕

𝜕𝑢𝛼
+ 𝑢𝑖𝑗

𝛼
𝜕

𝜕𝑢𝛼𝑗
+⋯+ 𝑢𝛼𝑖1,𝑖2,..,𝑖𝑛

𝜕

𝜕𝑢𝛼𝑖1,𝑖2,..,𝑖𝑛
,            (6) 

𝑢𝑖 =
𝜕𝑢

𝜕𝑥𝑖
        𝑎𝑛𝑑   𝑖 = 1,2,3, … , 𝑛 , 

with summation over a repeated index [1][8]. 

The paper is organized as follows: In section two we investigate a reaction-diffusion model for 

a system of two species that displays interactions between predation and population. In section 

three, we describe the model as a non-dimensional  reaction-diffusion system. In Section four, 

we used the basic terms used to obtain the infinitesimals of the equation (8), to solve reduced 

nonlinear ODE’s and find the analytical solution by using the tanh method, and the conclusion 

is discussed in section 5. 

2. Reaction-diffusion system 

    We study a reaction-diffusion model for a system of two species which exhibits predation 

population interactions, the model we will study here is 

𝜕𝑢

𝜕𝑡
= 𝐷𝑢

𝜕2𝑢

𝜕𝑥2
+ 𝑘𝑢𝑢(−𝑎 + 𝑏𝑀𝑢𝑢

2 + 𝑆𝑢𝑣)                

𝜕𝑣

𝜕𝑡
= 𝐷𝑣

𝜕2𝑣

𝜕𝑥2
+ 𝑘𝑣𝑣(𝑐 − 𝑑𝑀𝑣𝑣

2 − 𝑆𝑣𝑢) .             (7)
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Where 𝐷𝑢 and 𝐷𝑣 are diffusion coefficients, 𝑘𝑢𝑢(−𝑎 + 𝑏𝑀𝑢𝑢
2) is net rate of loss of 𝑢 

without predation and 𝑘𝑤𝑣(𝑐 − 𝑑𝑀𝑣𝑣
2) is the generalized logistic the net rate of growth of 𝑤 

without predation, [11]. In this model, intra- specific cooperation has the cooperative 

parameters 𝑆𝑢𝑣 and 𝑆𝑣𝑢. A Lotka-Voltera model can simply be constructed from this model 

when 𝑛𝑢= 𝑛𝑣 = 0 in (7). 

 

3. Dimensionless variables 

    Numerous dimensionless variables that apply to both a full-size object and its scaled 

counterpart can be found in the theory of scale modelling. As long as all of the dimensionless 

variables are the same for the full-scale object and the measured model, the physical 

behaviour of the measured model closely resembles the behaviour of the prototype. In 

actuality, maintaining equality between all the non-dimensional characteristics of the full-

scale object and the measured model can often present challenges.[7] 

We define dimensionless variables     

𝑢 = 𝑈𝑢̅
 𝑣 = 𝑉𝑣̅  

          and           
𝑥 = (

𝐷𝑢

𝑃𝑢
)
1

2𝑥̅

𝑡 =
𝑡̅

𝑃𝑢

 

 Then   

𝜕𝑢

𝜕𝑡
=
𝜕(𝑈𝑢̅)

𝜕𝑡
= 𝑈

𝜕𝑢̅

𝜕𝑡̅

𝜕𝑡̅

𝜕𝑡
= 𝑘𝑢𝑈

𝜕𝑢̅

𝜕𝑡̅
 ,       

𝜕𝑢

𝜕𝑥
=
𝜕(𝑈𝑢̅)

𝜕𝑥
= 𝑈

𝜕𝑢̅

𝜕𝑥̅

𝜕𝑥̅

𝜕𝑥
= (

𝑘𝑢
𝐷𝑢
)

1
2
𝑈
𝜕𝑢̅

𝜕𝑥̅
,

𝜕2𝑢

𝜕𝑥2
=
𝜕2(𝑈𝑢̅)

𝜕𝑥2
=
𝑘𝑢
𝐷𝑢
𝑈
𝜕2𝑢̅

𝜕𝑥̅2
   ,                  

 

      and  

𝜕𝑣

𝜕𝑡
=
𝜕(𝑉𝑣̅)

𝜕𝑡
= 𝑉

𝜕𝑣̅

𝜕𝑡̅

𝜕𝑡̅

𝜕𝑡
= 𝑘𝑢𝑉

𝜕𝑣̅

𝜕𝑡̅
, 

𝜕𝑣

𝜕𝑥
=
𝜕(𝑉𝑣̅)

𝜕𝑥
= 𝑉

𝜕𝑣̅

𝜕𝑥̅

𝜕𝑥̅

𝜕𝑥
= (

𝑘𝑢
𝐷𝑢
)

1
2
𝑉
𝜕𝑣̅

𝜕𝑥̅
  , 

𝜕2𝑣

𝜕𝑥2
=
𝜕2(𝑉𝑣̅)

𝜕𝑥2
=
𝑘𝑢
𝐷𝑢
𝑉
𝜕2𝑣̅

𝜕𝑥̅2
  , 
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Substituted these values in equation (7), we get 

𝜕𝑢̅

𝜕𝑡̅
=
𝜕2𝑢̅

𝜕𝑥̅2
+ 𝑢̅(−𝑎 + 𝑏𝑘𝑢𝑢̅

2𝑈2 + 𝑆𝑢𝑣̅𝑉)                                

𝜕𝑣̅

𝜕𝑡̅
= (

𝐷𝑣
𝐷𝑢
)
𝜕2𝑣̅

𝜕𝑥̅2
+
𝑃𝑣
𝑃𝑢
𝑣̅(𝑐 − 𝑑𝑘𝑣𝑣̅

2𝑉2 − 𝑆𝑣𝑢̅𝑈).                (8)

 

The dimensionless parameters are  𝛾1 = 𝑆𝑢𝑉 ,   𝛾2 = 𝑆𝑣𝑈, 𝛽1 = 𝑏𝑘𝑢𝑈
2 , 𝜆 =

𝑃𝑣

𝑃𝑢
 ,
𝐷

𝜆
=

𝐷𝑣

𝐷𝑢
 

 & 𝛽2 = 𝑑𝑘𝑣𝑉
2. Substituted these values in equation (8), we get 

𝜕𝑢

𝜕𝑡
=
𝜕2𝑢

𝜕𝑥2
+ 𝑢(−𝑎 + 𝛽1𝑢

2 + 𝛾1𝑣)                     

𝜕𝑣

𝜕𝑡
=
𝐷

𝜆

𝜕2𝑣

𝜕𝑥2
+  𝜆𝑣(𝑐 − 𝛽2𝑣

2 − 𝛾2𝑢)           (9)

              

 

4. Symmetry Li group analysis of the system  

    This section describes the basic terms used to obtain the infinitesimals of the equation (8). 

We consider a single-parameter Li set of infinite transformations that operate on independent 

and dependent variables, we consider the following Lie group of changes with dependent 

variables 𝑢, 𝑣  and independent variables 𝑥, 𝑡. 

𝑥̅  =  𝑥̅(𝑥, 𝑡, 𝑢; 𝜀), 𝑡̅  =  𝑡̅(𝑥, 𝑡, 𝑢; 𝜀),                   
 𝑢 ̅ =  𝑢̅(𝑥, 𝑡, 𝑢; 𝜀), 𝑣̅  =  𝑣̅(𝑥, 𝑡, 𝑢; 𝜀)           (10) 

 

Which 𝜀  a sign of the group is the parameter. The infinitesimal Lie group generator (4) in 

formula (3) can be extracted as follows  

𝑋 = 𝜉𝑥
𝜕

𝜕𝑥
+ 𝜉𝑡

𝜕

𝜕𝑡
+ 𝜂𝑢

𝜕

𝜕𝑢
+ 𝜂𝑣

𝜕

𝜕𝑤
      ,         (11) 

in which 𝜉𝑥, 𝜉𝑡, 𝜂𝑢 𝑎𝑛𝑑 𝜂𝑣 of  group variables dependent and independent are called 

infinitesimal functions. 

𝜉𝑥 = 𝜉𝑥(𝑥, 𝑡) , 𝜉𝑡 = 𝜉𝑡(𝑡) , 𝜂𝑢 = 𝑢𝜂1(𝑥, 𝑡) , 𝜂
𝑣 = 𝑣𝜂2(𝑥, 𝑡) 

Further, Lie symmetry of eq. (8) will be generated by eq. (11), since the governing equations 

involve partial derivatives of the second order at most. Because of formula (4), the 
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infinitesimal generator’s prolongation, which  includes the associated terms, is given by  the 

following form :  

𝑝𝑟2𝑋 = 𝑋 + 𝜂𝑥
𝑢
𝜕

𝜕𝑢𝑥
+ 𝜂𝑡

𝑢
𝜕

𝜕𝑢𝑡
+ 𝜂𝑥𝑥

𝑢
𝜕

𝜕𝑢𝑥𝑥
+ 𝜂𝑥

𝑣
𝜕

𝜕𝑤𝑥
+ 𝜂𝑡

𝑣
𝜕

𝜕𝑤𝑡
+ 𝜂𝑥𝑥

𝑣
𝜕

𝜕𝑤𝑥𝑥
    .        (12) 

From equation (7), we get 

(𝜂𝑡
𝑢 − (−𝑎 + 3𝛽1𝑢

2 + 𝛾1𝑣)𝜂
𝑢 − 𝛾1𝑢𝜂

𝑣 − 𝜂𝑥𝑥
𝑢 )|𝑒𝑞(∗) = 0                      

(𝜂𝑡
𝑣 −  𝜆(𝑐 − 3𝛽2𝑣

2 − 𝛾2𝑢)𝜂
𝑣 + 𝛾2𝑣𝜂

𝑢 −
𝐷

𝜆
𝜂𝑥𝑥
𝑣 )|𝑒𝑞(∗∗) = 0              (13) 

,where   𝜉𝑥 = 𝜉𝑥(𝑥, 𝑡), 𝜉𝑡 = 𝜉𝑡(𝑡) , 𝜂𝑢 = 𝑢𝜂1(𝑥, 𝑡) ,   𝜂
𝑣 = 𝑣𝜂2(𝑥, 𝑡) 

 by equation (5) ,we get   

𝜂𝑥
𝑢 = 𝐷𝑥(𝜂

𝑢) − 𝑢𝑥𝐷𝑥(𝜉
𝑥) − 𝑢𝑡𝐷𝑥(𝜉

𝑡), 

𝜂𝑡
𝑢 = 𝐷𝑡(𝜂

𝑢) − 𝑢𝑥𝐷𝑡(𝜉
𝑥) − 𝑢𝑡𝐷𝑡(𝜉

𝑡), 

𝜂𝑥𝑥
𝑢 = 𝐷𝑥(𝜂𝑥

𝑢) − 𝑢𝑥𝑥𝐷𝑥(𝜉
𝑥) − 𝑢𝑡𝑥𝐷𝑥(𝜉

𝑡), 

𝜂𝑥
𝑣 = 𝐷𝑥(𝜂

𝑣) − 𝑢𝑥𝐷𝑥(𝜉
𝑥) − 𝑢𝑡𝐷𝑥(𝜉

𝑡), 

𝜂𝑡
𝑣 = 𝐷𝑡(𝜂

𝑣) − 𝑢𝑥𝐷𝑡(𝜉
𝑥) − 𝑢𝑡𝐷𝑡(𝜉

𝑡), 

𝜂𝑥𝑥
𝑣 = 𝐷𝑥(𝜂𝑥

𝑣) − 𝑢𝑥𝑥𝐷𝑥(𝜉
𝑥) − 𝑢𝑡𝑥𝐷𝑥(𝜉

𝑡), 

Where, 𝐷𝑥 =
𝜕

𝜕𝑥
+ 𝑢𝑥

𝜕

𝜕𝑢
      𝑎𝑛𝑑   𝐷𝑡 =

𝜕

𝜕𝑡
, 

This system substitute of equation  (13), we get  

𝑢𝑡𝜂1 + 𝑢𝜂1𝑡 − 𝑢𝑥𝜉𝑡
𝑥 − 𝑢𝑡(𝜉

𝑡)′ − (−𝑎 + 3𝛽1𝑢
2 + 𝛾1𝑣)𝑢𝜂1 − 𝛾1𝑢𝑣𝜂2 − (2𝑢𝑥𝑥𝜂1 + 3𝑢𝑥𝜂1𝑥

+ 𝑢𝜂1𝑥𝑥 − 2𝑢𝑥𝑥𝜉𝑥
𝑥 − 𝑢𝑥𝜉𝑥𝑥

𝑥 ) = 0 , 
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𝜂1 − (𝜉
𝑡)′ = 0            

−𝜉𝑡
𝑥 − 3𝜂1𝑥 + 𝜉𝑥𝑥

𝑥 = 0 

−2𝜂1 + 2𝜉𝑥
𝑥 = 0             

𝜂1𝑡 + 𝑎𝜂1 − 𝜂1𝑥𝑥 = 0

−3𝛽1𝜂1 = 0                    
−𝛾1𝜂1 − 𝛾1𝜂2 = 0           }

  
 

  
 

                             (14) 

and  

𝑣𝑡𝜂2 + 𝑣𝜂2𝑡 − 𝑣𝑥𝜉𝑡
𝑥 − 𝑣𝑡(𝜉

𝑡)′ −  𝜆(𝑐 − 3𝛽2𝑣
2 + 𝛾2𝑢)𝑣𝜂2 − 𝛾2𝑣𝑢𝜂1 −

𝐷

𝜆
(2𝑣𝑥𝑥𝜂2 + 3𝑣𝑥𝜂2𝑥

+ 𝑣𝜂2𝑥𝑥 − 2𝑣𝑥𝑥𝜉𝑥
𝑥 − 𝑣𝑥𝜉𝑥𝑥

𝑥 ) = 0 

𝜂2 − (𝜉
𝑡)′ = 0                    

−𝜉𝑡
𝑥 −

3𝐷

𝜆
𝜂2𝑥 +

𝐷

𝜆
𝜉𝑥𝑥
𝑥 = 0

−
2𝐷

𝜆
𝜂2 +

2𝐷

𝜆
𝜉𝑥
𝑥 = 0           

𝜂2𝑡 −  𝜆𝑐𝜂2 −
𝐷

𝜆
𝜂2𝑥𝑥 = 0

3𝜆𝛽2𝜂2 = 0                          
− 𝜆𝛾2𝜂2 − 𝛾2𝜂1 = 0          }

 
 
 

 
 
 

                          (15)  

By system (14) and (15), we obtain  

𝜂1 = 0 𝑎𝑛𝑑  𝜂2 = 0,   𝜂𝑢 = 0 𝑎𝑛𝑑  𝜂𝑣 = 0 

Then 𝜉𝑥
𝑥 = 0and by integration  𝜉𝑥 = 𝑐1  and (𝜉𝑡)′ = 0 then by integration  𝜉𝑡 = 𝑐2 

 Therefore the system of nonlinear Reaction-diffusion equation has only a two parameter 

symmetry lie group,[4] 

𝑋 = 𝑐1
𝜕

𝜕𝑥
+ 𝑐2

𝜕

𝜕𝑡
  ,                          (16) 

A Characteristic equation based on the symmetry groups must be written to construct the 

reduced form of the PDE system (16) 

𝑑𝑥

𝑐1
=
𝑑𝑡

𝑐2
=
𝑑𝑢

0
=
𝑑𝑣

0
         (17) 

      Then 𝑑𝜉 = 𝑐2𝑑𝑥 − 𝑐1𝑑𝑡 or 𝑑𝜉 = 0 



              
 
 
 
 
       Wasit Journal for Pure Science                                                                     Vol. (2) No. (2)  

 
 

8 
 

From the solution of the characteristic equation we have 

𝜉 = 𝑐2𝑥 − 𝑐1𝑡    

  𝑢(𝑥, 𝑡) = 𝑈(𝜉)  𝑎𝑛𝑑       𝑣(𝑥, 𝑡) = 𝑉(𝜉) 

𝜕𝑢

𝜕𝑡
= −𝑐1

𝑑𝑈

𝑑𝜉
 ,    

𝜕𝑣

𝜕𝑡
= −𝑐1

𝑑𝑉

𝑑𝜉
     ,

𝜕2𝑢

𝜕𝑥2
= 𝑐2

2
𝑑2𝑈

𝑑𝜉2
  𝑎𝑛𝑑  

𝜕2𝑣

𝜕𝑥2
= 𝑐2

2
𝑑2𝑉

𝑑𝜉2
     (18) 

In which 𝜉 is the similarity independent variable, 𝑈(𝜉) and 𝑉 (𝜉) are the similarity dependent 

variables. 

Substitute equation (18)  in equation (9), and we get 

𝑐2
2
𝑑2𝑈

𝑑𝜉2
+ 𝑐1

𝑑𝑈

𝑑𝜉
+ 𝑈(−𝑎 + 𝛽1𝑈

2 + 𝛾1𝑉) = 0                    

𝐷𝑐2
2

𝜆

𝑑2𝑉

𝑑𝜉2
+ 𝑐1𝑉

′ + 𝜆𝑉(𝑐 − 𝛽2𝑉
2 − 𝛾2𝑈) = 0            (19)

 

Let’s take into consideration the solutions of a system of ordinary differential equations (19) 

in the following forms in order to solve the reduced nonlinear ODE’s (19) by the generalized 

tanh function method : 

𝑈(𝜉) = 𝐹(𝑌) =∑𝑎𝑖𝑌

𝑛

𝑖=0

  𝑎𝑛𝑑 𝑉(𝜉) = 𝐺(𝑌) =∑𝑏𝑖𝑌

𝑚

𝑖=0

       (20) 

Where 𝑎𝑖, 𝑏𝑖 are parameters and 𝑛 and 𝑚 are integers to be determined and 𝐹 is the solution of 

the equation 

𝑑

𝑑𝜉
= (1 − 𝑌2)

𝑑

𝑑𝑌

𝑑2

𝑑𝜉2
= −2𝑌(1 − 𝑌2)

𝑑

𝑑𝑌
+ (1 − 𝑌2)2

𝑑2

𝑑𝑌2

𝑑3

𝑑𝜉3
= 2(1 − 𝑌2)(3𝑌2 − 1)

𝑑

𝑑𝑌

−6𝑌(1 − 𝑌2)2
𝑑2

𝑑𝑌2
+ (1 − 𝑌2)3

𝑑3

𝑑𝑌3 }
 
 
 
 

 
 
 
 

                    (21) 

We introduce  𝑌 = tanh(𝜉) and substitute equation (21) by  
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−2𝑐2
2𝑌(1 − 𝑌2)

𝑑𝐹(𝑌)

𝑑𝑌
+ (1 − 𝑌2)2

𝑑2𝐹(𝑌)

𝑑𝑌2

+𝑐1(1 − 𝑌
2)
𝑑𝐹(𝑌)

𝑑𝑌
+ 𝐹(𝑌)(−𝑎 + 𝛽1(𝐹(𝑌))

2 + 𝛾1𝐺(𝑌)) = 0

−
2𝐷𝑐2

2

𝜆
𝑌(1 − 𝑌2)

𝑑𝐺(𝑌)

𝑑𝑌
+ (1 − 𝑌2)2

𝑑2𝐺(𝑌)

𝑑𝑌2

+𝑐1(1 − 𝑌
2)
𝑑𝐺(𝑌)

𝑑𝑌
+ 𝜆𝐺(𝑌)(𝑐 − 𝛽2(𝐺(𝑌))

2 − 𝛾2𝐹(𝑌)) = 0}
 
 
 
 

 
 
 
 

          (22) 

Now, to determine the parameters 𝑛 and 𝑚, we balance the highest power terms in 𝐹(𝜉)to 

determine the parameter (𝑛 )and ( 𝑚 ), we balance The linear term of highest–order onlinear 

terms of (22), in the  equation (22) The balance 
𝑑2𝑈

𝑑𝜉2
=

𝑑2𝐹(𝜉)

𝑑(𝜉)2
 and 

𝑑2𝑉

𝑑𝜉2
=

𝑑2𝐺(𝜉)

𝑑(𝜉)2
,  we get 

  𝑛 + 2 = 3𝑛 ⇒ 𝑛 = 1    and  𝑚 + 2 = 3𝑚 ⇒ 𝑚 = 1    

Now, the Tanh method admits the use of the finite expansion for: 

𝑢(𝑥, 𝑡) = 𝐹(𝑌) = 𝑎0 + 𝑎1𝑌

𝑣(𝑥, 𝑡) = 𝐺(𝑌) = 𝑏0 + 𝑏1𝑌
}            (23) 

where 𝑎1 ≠ 0 𝑎𝑛𝑑 𝑏1 ≠ 0, Find this term by equation (22)  and (23), we get  

−2𝑐2
2𝑌(1 − 𝑌2)𝑎1 + (1 − 𝑌

2)2(0)

+𝑐1(1 − 𝑌
2)𝑎1 + (𝑎0 + 𝑎1𝑌)

(−𝑎 + 𝛽1(𝑎0 + 𝑎1𝑌)
2 + 𝛾1(𝑏0 + 𝑏1𝑌)) = 0

−
2𝐷𝑐2

2

𝜆
𝑏1𝑌(1 − 𝑌

2) + (1 − 𝑌2)2(0)

+𝑏1𝑐1(1 − 𝑌
2) + 𝜆(𝑏0 + 𝑏1𝑌)

(𝑐 − 𝛽2(𝑏0 + 𝑏1𝑌)
2 − 𝛾2(𝑎0 + 𝑎1𝑌)) = 0 }

 
 
 

 
 
 

                     (24) 

(𝑐1𝑎1 − 𝑎𝑎0 − 𝑎0
3𝛽1 + 𝑎0𝛾1𝑏0)𝑌

0 + (2𝑎1𝑐2
2 − 2𝑎0

2𝑎1𝛽1 − 𝑎𝑎1 − 𝑎0𝛾1𝑏1 + 𝛾1𝑎1𝑏0)𝑌
1

+ (𝛾1𝑎1𝑏1 − 3𝑎0𝑎1
2𝛽1 − 𝑐1𝑎1)𝑌

2 + (2𝑎1𝑐2
2 − 𝑎1

3𝛽1)𝑌
3 = 0                  (25) 
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(𝑐1𝑏1 + 𝑐𝑏0 − 𝑏0
3𝛽2 + 𝑏0𝛾2𝑎0)𝑌

0 + (
2𝑏1𝑐2

2𝐷

𝜆
− 2𝑏0

2𝑏1𝛽2 + 𝑐𝑏1 − 𝑏0𝛾2𝑎1 + 𝛾2𝑏1𝑎0)𝑌
1

+ (𝛾2𝑎1𝑏1 − 3𝑏0𝑏1
2𝛽2 − 𝑐1𝑏1)𝑌

2 + (
2𝑏1𝑐2

2𝐷

𝜆
− 𝑏1

3𝛽2)𝑌
3 = 0        (26) 

 

Then this leads to: 

𝑌0: (𝑐1𝑎1 − 𝑎𝑎0 − 𝑎0
3𝛽1 + 𝑎0𝛾1𝑏0) = 0                            

𝑌1: (2𝑎1𝑐2
2 − 2𝑎0

2𝑎1𝛽1 − 𝑎𝑎1 − 𝑎0𝛾1𝑏1 + 𝛾1𝑎1𝑏0) = 0

𝑌2: (𝛾1𝑎1𝑏1 − 3𝑎0𝑎1
2𝛽1 − 𝑐1𝑎1) = 0                               

𝑌3: (2𝑎1𝑐2
2 − 𝑎1

3𝛽1) = 0                                                      }
 
 

 
 

           (27)  

and 

 

𝑌0: (𝑐1𝑏1 + 𝑐𝑏0 − 𝑏0
3𝛽2 + 𝑏0𝛾2𝑎0) = 0                               

𝑌1: (
2𝑏1𝑐2

2𝐷

𝜆
− 2𝑏0

2𝑏1𝛽2 + 𝑐𝑏1 − 𝑏0𝛾2𝑎1 + 𝛾2𝑏1𝑎0) = 0  

𝑌2: (𝛾2𝑎1𝑏1 − 3𝑏0𝑏1
2𝛽2 − 𝑐1𝑏1) = 0                                    

𝑌3: (
2𝑏1𝑐2

2𝐷

𝜆
− 𝑏1

3𝛽2) = 0                                                          }
 
 

 
 

        (28) 

 

From solving the system of algebraic equation (27) and (28), we obtain   

𝑎1 = ±√
2

𝛽1
|𝑐2|                                    

𝑏1 = ±√
2𝐷

𝛽2𝜆
|𝑐2|                                  

𝑎0 = ±
2𝛾1𝑐2

2√
𝐷

𝛽1𝛽2𝜆
+𝑐1√

2

𝛽1
|𝑐2|  

6𝑐2
2             

𝑏0 = ±
2𝛾2𝑐2

2√
𝐷

𝛽1𝛽2𝜆
+𝑐1√

2𝐷

𝛽2𝜆
|𝑐2|

6
𝐷

𝜆
𝑐2
2

           
}
 
 
 
 

 
 
 
 

                  (29)  

Finally, we find the solution in the form 
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𝑢(𝑥, 𝑡) = ±
2𝛾1𝑐2

2√
𝐷

𝛽1𝛽2𝜆
+ 𝑐1√

2
𝛽1
|𝑐2|  

6𝑐2
2 ±√

2

𝛽1
|𝑐2|   tanh(𝑐2𝑥 − 𝑐1𝑡) 

𝑣(𝑥, 𝑡) = ±
2𝛾2𝑐2

2√
𝐷

𝛽1𝛽2𝜆
+ 𝑐1√

2𝐷
𝛽2𝜆

|𝑐2|

6
𝐷
𝜆
𝑐2
2

±√
2𝐷

𝛽2𝜆
|𝑐2|  tanh(𝑐2𝑥 − 𝑐1𝑡) 

5. Conclusions: 

     In this paper, we study a reaction-diffusion system (7), this model represents an interaction 

between two species in Ecology, which can be defined by predations. Symmetry Lie group 

solutions for this model are found using Tanh methods. The focus on the nonlinearity of 

global logistic growth was in the second order, where the system’s first request goes back to 

the Lotka-Volterra model. Analytical methods are sufficient to find the Symmetry Lie group 

for this model. 
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