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Abstract— This paper discusses some algorithms for solving Volterra's in-
tegral equations of the second degree using non-boundary spline functions, in-
cluding (linear and cubic), as the linear spline function presents some laws and
algorithms of its own, as well as the cubic spline function has its laws and algo-
rithm. They are applied and combined in a language program MATLAB
R2022a to find the numerical solution for them and the difference between
them through the error percentage that appears for each of them. The preview is
done through the drawing, as shown in the examples below.
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1.Introduction

History of spline functions. The extrapolation method used to acquire the numerical solu-
tion gave [1, 2] weakly anomalous nuclei in 1997. VIE. Frontier presented new spline functions
to solve the Volterra equations. Haq 2009's [3] limit value and start numerical value solutions
Applying spline learning. [Answer] in 2011. Cubic spline function-based boundary value prob-
lem solution. In 2012,[4] Hosseinpour proposed Spline Unlimited to solve integral differential
equations. The integral differential Volterra equation [Majeed, S] [5]has a numerical solution for
2014. The second method—a numerical answer—uses non-boundary spline functions [Harbi, S.,
Murad, and S. Majeed]. Any second-order linear Volterra integral equation utilizes third-degree
non-parametric spline functions in 2015[6]. [Other spline function method] Taqi, A., and Nissan,
B. developed frontier versions of the nonlinear Volterra integral equations in 2016.[7]
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2. | delved deeper into using not polynomial equations, Linear and
Cubic.

A. Non-Polynomial Linear Spline Function[3, 7]

The following is the form of the linear non-polynomial spline function:

Li(t) = a; cos h (t - t,:) + Bi sinh (t - ti) + O',:(t - ti) + 6,: (1)

st i=0,1,..,m the variables a;, B;, o;, and §; Need to be determined. We divide the equa-
tion above three times for t to find the values of a, 8, g, and &. The result is:

Li(t) = —ha;sinh (t — t;) + hB;cosh (t — t;) + o; (2)
L!(t) = —=h%a;cosh (t — t;) — h2B;sinh (t — t;) 3)
L' (t) = h3a;sinh (t —t;) — h3B; cosh (t — t;) 4)
Consequently, changing t to t; The connection and produces:

Li(t) = a;+ 6 5
Li(t;) = hBi + o ©)
L{(t;) = —h%a; 7
L{"(t) = =h*B; ®
The values of a;, B;, g;, and §; Are determined as follows from the equations above:
a; = ==L} () ©)
B = = LI (&) (10)
o; = Li(t;) + hp; (11)
6 =Li(t) + a; for i=0,1,..,m (12)

B. Cubic Non — Polynomial Spline Function [3, 7]

The Cubic Non-Polynomial Spline Function has the following form:
C;(t) =a;cosh(t—t)+B;sinh(t—t)+o;(t—t)+ 8 —t)?+nEt—t)3+y; (13)
The variables a;, §;, g, 6;,m;, and y; Need to be determined. We differentiate the equation
above three times concerning t to determine the values of a;, 8;, g;, 6;, n;, and y;, and we then
obtain the following equations:

Ci(t) = —ha;sinh (t — t;) + hB;cosh (t — t;) + g; + 26;(t — t;) + 3n;(t — t;)3 (14)
C{'(t) = —h2a;cosh (t — t;) — h?B;sinh (t — t;) + 26; + 6m;(t — t;)*  (15)

C{" () = h3a;sinh (t — t;) — h3B;cosh (t — t;) + 12n;(t — t;) (16)

CH(t) = h*a;cosh (t — t;) + h*B;sinh (t — t;) + 121; 17)

CP(t) = —h%a;sinh (t —t;) + h3B; cos h (t — t;) (18)
Consequently, changing t to t; In relation and results in:

Ci(t) =a; +y; (19

Ci(t) = hpB; + oy (20)

Ci'(t;) = —h%a; + 26; (21)

C"(t) = —h3B; + 61, (22)

CHt) = h'a; (23)

CP(t) = h°B; (24)

From the relation above, we may deduce the values of a;, 8;, g;, 6;, n;, and y; As follows:
a; = 1 CH(t) (25)
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Bi =75 CP () (26)
o; = C{(t;) — hp; 27)
6; = %[Ci”(ti) + h%a;] (28)
n; = =[Cl" (¢ + *Bi] (29)
yi = C(t) — a; fori=0,1,.., m (30)

3.The Volterra integral equation of the second kind was used with
the non-polynomial spline function of all kinds (linear and cubic).

Math and science use integral equations. Numerical solutions to test problems with
known precise answers validate the method. Many equations cannot be solved analyti-
cally. Numerical approaches should fix these issues. Numerical methods require faster
processors and codes. Population dynamics and disease transmission are Volterra inte-
gral equation applications. Many research address the Volterra integral equation. This
chapter used linear and quadratic non-polynomial spline functions to solve VIEs nu-
merically. First-time algorithm proposals are crucial to this effort's success. Discuss the
MATLAB R2022a algorithm for solving such problems.[1, 8, 9]

Solution of Second-Kind Linear VIEs.[10, 11]

In this section, we use the linear and quadratic non-polynomial spline functions to
find the numerical solution of the linear VIEs of the second sort, which have the fol-
lowing form.

y
u) = () + f K, Ou®de sty € lap] 31)

Where u(y) is an unknown function while k(y, t) and ¢(y) are known parts that
are continuous in C4 in [, §]. The Libenze formula reveals that we must differentiate
the equation four times about y to solve it.

y
ak(y,
W) =¢'Q) +J g} t)u(t)dt k(y,y)u(y) (32)
ya
wes 0%k(y,t) ok(y,t) dk(y,y)
W) =¢ (y)+!a—y2u(t)dt+< 3y >t=yu(y) +< & )u(y)
+ k@, y)u'(x) (33)
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y
0%k(y, 0%k(y,
u”’(y)=¢”’(y)+f a(}; t)u(t)dt+( a(}; t)) n)
y y t:y

“d [0k, D) k@, 0\
55+ (P50) v

d2k(y, dk(y,
+(F2)u0 + 2 (F22)w e +kw0) @

%k 3k (y,
w0) =900+ [ 0D w0+ (T552) uo)
t=y

Y4 (%0, 9%k (y,
+d—<a(—3;t)> u(y)+<%> )
AT oy, 0\
2 y,t y,t ,
+ dy2< - )t:y W) + ( = )tzy“(y)
dk(y,t) . 3k(y. )
+< 3y )tzyu (y)+< dy? )u(y)

d?k(y, dk(y,
+3< d(yyzy))u’(y)+3( S;y))u”(y)

+ k@, )" (v) (35)
To finish our method for resolving VIES. When we enter y = « in Equations
through, we obtain:

to = p(a) =
$(@) (36)

o= (@) = ¢'@) +
k(@ (@) (37)

uy = (@) = ¢" (@) + <(—a";§'”) ) )Wu(a) (57, (o7 u@+
k(@) (@) (38)

'ugl _ ,Ll”’((X) — ¢Ill(a) + <(a k(y, t))t= ) ,u(a) +
) e +< (%2 ) W@+ (S @+
y=a

ay?
( < (21000)
d 5} -
y y t=y y=a

2 (F52)  w(@ + k(@ " (@ (39)
y=a

dy?

uo = (@) = p*(a) + <(%)t—y) Hle (ddy (azg;z’t))t—) H
v/, >/ y=a

%k(y.t) / d? (9k(yt) dk(y,t) /
(P9) @+ (5 (120) ) w@z(5(*22) ) wwe
y=a y=a
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((ak(y't))t:y>y=a pw'(a) + (d32;y3'y'))y:a pula) +3 (—dZR(yz'y) )y:a u(a) +

ay dy
dk( ’, ) rn rnr
3(%22) W@ + k(@ @ (40)
Y Jy=a
Now, we attempt to solve the equation using non-polynomial spline functions with
a linear and quadratic trend.

A. Using Linear Non-Polynomial Spline Function[7, 12]

We estimate the linear VIEs of the second equation using a linear non-polynomial spline func-
tion sort (31), (1). We present an algorithmic solution technique (VIE2NPS1):

The Algorithm (VIE2NPS1)

Stepl: Set w = B%, ti=to+iow 3i=0,1,...m(ty=a,t, =) anduy = ¢(a)

Step2: Evaluate ay, By, 0, and &, by substituting (36) — (39) in equations (9) — (12).

Step 3: Calculate L (t) using step 2 and equation (1).

Step 4: Approximate p; = L(t;) .

Step 5: For (i = 1, ..., m — 1) do the following steps.

Step 6: Evaluate a;, fB;,0; and §; by using equations (9) —(12) and replacing.
p(t), W' (), 1" (t)and W' (t;) by 1;(t), i (t), i (t)and ;" (t)).

Step 7: Calculate L;(t) using step 6 and equation (1).

Step 8: Approximate p;., = L;(ti11).

B. Using Cubic Non-Polynomial Spline Function[7, 12]

Using a cubic non-polynomial spline function, the second kind of linear VIE's (31) approxi-
mation solution (13). We demonstrate an algorithmic solution method (VIE2NPS3):

The Algorithm (VIE2NPS3)

Stepl: Set w = B%, ti=to+iow 3i=0,1,...m(y=a,t, =) anduy = ¢(a)

Step 2: Evaluate ay, By, g, 8o, o and y, by substituting (36) — (40) in  equations (25) —
(30).

Step 3: Calculate Cy(t) using step 2 and equation (13).

Step 4: Approximate p; = Cy(t;) .

Step 5: For (i = 1, ..., m — 1) do the following steps.

Step 6: Evaluate a;, B;, 0y, 6;,1; and y; by using equations (25) — (30) and replacing.
(), ' (), " (8, 1" () , u* (t;) and p(t;) by
C;(t), C(t), €' (£, C{" (£, CiH(t;) and CP(t;).

Step 7: Calculate C;(t) using step 6 and equation (13).

Step 8: Approximate p;., = C;(tiz1)-

4.Examples using Numbers.
Text Example 1: Take into consideration the second kind of VIE from:
y

u(y)=ycosy+ftu(t)dt 0<y<1
0
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u(y) = e™” Has an exact solution. The precise and numerical solutions using linear and Cu-
bic non-polynomial spline functions are compared in Table (1), where Non_P;(y) stands for the
approximation solution using a non-polynomial spline function, with w = 0.1.

y Exact Solution Linear Cubic
0 1.000000000000000 1.000000000000000 1.000000000000000
0.1 0.904837418035960 0.904828369707021 0.904835909974853
0.2 0.818730753077982 0.818714378626665 0.818728023980020
0.3 0.740818220681718 0.740795996468462 0.740814516599875
0.4 0.670320046035639 0.670293233770047 0.670315577250228
0.5 0.606530659712633 0.606500333937799 0.606525605311529
0.6 0.548811636094026 0.548778708383702 0.548806148005106
0.7 0.496585303791410 0.496550544036750 0.496579510329994
0.8 0.449328964117222 0.449293019237907 0.449322973104307
0.9 0.406569659740599 0.406533070117780 0.406563561241442
1 0.367879441171442 0.367842655066661 0.367873309898517
Table 2: demonstrates a contrast between the flaw in our approach and alternative methods,
where Error = |exact value -numerical value| and ||err||, = max|error|.
y Exact Solution Error Non Pi(y) in
Linear Cubic

0 1.000000000000000 0.000000000000000 0.000000000000000
0.1 0.904837418035960 0.000009048328939 0.000001508061107
0.2 0.818730753077982 0.000016374451316 0.000002729097962
0.3 0.740818220681718 0.000022224213256 0.000003704081843
0.4 0.670320046035639 0.000026812265593 0.000004468785411
0.5 0.606530659712633 0.000030325774835 0.000005054401104
0.6 0.548811636094026 0.000032927710324 0.000005488088920
0.7 0.496585303791410 0.000034759754660 0.000005793461416
0.8 0.449328964117222 0.000035944879315 0.000005991012915
0.9 0.406569659740599 0.000036589622819 0.000006098499157
1 0.367879441171442 0.000036786104781 0.000006131272925

llerr|lo = max|error]| 0.000036786104781 0.000006131272925
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Text Example 2: Think about the VIE of the second category from:
y

u(y)=1+y+f(y—t)n(t)dt 0<y=<l1
0

u(®) = 3Y(1 — eY), precise solution. Comparing the exact and numerical solutions using lin-
ear and Cubic non-polynomial spline functions are shown in Table 3. P;(y) stands for the ap-
proximation using a non-polynomial spline function, and w = 0.1.

. Non_P;(y)

y Exact Solution Linear Cubic

0 0.000000000000000 0.000000000000000 0.000000000000000
0.1 -0.117383698898652 -0.117397323763397 -0.117385969681071
0.2 -0.275808265956336 -0.275844757906987 -0.275814347803731
0.3 -0.486439897193312 -0.486512237295359 -0.486451953465241
0.4 -0.763235980176865 -0.763362130114732 -0.763257004241696
0.5 -1.123618200803270 -1.123822718400300 -1.123652285248810
0.6 -1.589305303715770 -1.589621438502710 -1.589357989551650
0.7 -2.187343074400120 -2.187815478709110 -2.187421802825800
0.8 -2.951377916817380 -2.952066144866990 -2.951492612292560
0.9 -3.923231266352900 -3.924214280648210 -3.923395087514460
1 -5.154845485377140 -5.156227449069750 -5.155075790230570
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Table 4: demonstrates a contrast between the flaw in our approach and alternative methods,
where Error = |exact value -numerical value| and |lerr|l,, = max|error|.

. Error Non_P;(y) in
y Exact Solution Dinear Cubic
0 0.000000000000000 0.000000000000000 0.000000000000000
0.1 -0.117383698898652 0.000013624864746 0.000002270782419
0.2 -0.275808265956336 0.000036491950652 0.000006081847395
0.3 -0.486439897193312 0.000072340102046 0.000012056271929
0.4 -0.763235980176865 0.000126149937867 0.000021024064831
0.5 -1.123618200803270 0.000204517597036 0.000034084445542
0.6 -1.589305303715770 0.000316134786933 0.000052685835882
0.7 -2.187343074400120 0.000472404308993 0.000078728425684
0.8 -2.951377916817380 0.000688228049607 0.000114695475176
0.9 -3.923231266352900 0.000983014295312 0.000163821161565
1 -5.154845485377140 0.001381963692618 0.000230304853433
|lerr|l, = max|error| 0.001381963692618 0.000230304853433
0 5 T I
h\’.‘é 0.1 S e ——Exact Solution
DNTRE |13 Szrsas ¥ oireszsy ——Linear Soluti
-5 L
_60 0.1 0.2 0.3 0.4 0.5 0_‘6 0.7 0.8 0.9 1
X
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