Wasit Journal for Pure Science

Journal Homepage: https://wips.uowasit.edu.ig/index.php/wips/index
e-ISSN: 2790-5241 p-ISSN: 2790-5233

A Study of a New Class of Meromorphic Univalent Functions
Through Subordination Applications

Hazha Zirar Hussain®*
Department, of Mathematics College of Science, Salahaddin University, Erbil, IRAQ.

*Corresponding Author: Hazha Zirar Hussain

DOI: https://doi.org/10.31185/wjps.751
Received 10 January 2025; Accepted 09 March 2025; Available online 30 June 2025

ABSTRACT: In this paper, we introduce a novel class of meromorphic univalent functions defined through the
application of subordination principles combined with a specific integral operator. The new class is systematically
analyzed by exploring its geometric properties, such as coefficient estimates, the radius of starlikeness, and convexity
criteria. Several key theorems are established, providing necessary and sufficient conditions for function membership
within the class. Additionally, sharp bounds for coefficients and radii are derived. We also demonstrate that the new
class is closed under linear combinations. The research builds upon and extends previous work in the field of
geometric function theory, offering fresh insights into the behavior of meromorphic functions under complex analytic
operations.
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1. INTRODUCTION

Suppose that ¢ is a point inside the famous unit circle

U={zeC|z| <1},
Let £, be the class of all analytic normalized functions inside the perforated disk U \{c} = {z € C: ¢ < |z| < 1}, such
that each function is written as follows:

1 o0
f(@) = =+ Tiyay (z—c)". (1.1)
Here I will need a definition convolution or Hadamard product for two functions in the set that we defined above. This
definition is actually found in many books on the geometry of analytical functions. I used the book found in the source

[3] and the definition is as follows:
Let's assume that two functions belong to the set £,

fi@) = =+ Yiiai, z—c)",
(1.2)

1

f2(2) = -t Yn=10zn (z—c)",

then the convolution or Hadamard product for the two functions f; and f, is

(fi* )@ = =+ Ziziaim Qg (2= )™ (1.3)

I will also need a definition for subordination for two analytic functions and its present, of course, since it is one of the
basic definitions in the subject of the geometry of analytical functions in most books in this field, for example, [ used a
book by the author found in the source [4].

The analytic function f; (2) is subordinate for the analytic function f,(z) if there is a Schwarz function w(z) such that
z,w(z) they belong to U such that f;(z) = f,(w(2)), z € U and is symbolized by f;(2) < f>(2).

The set of meromorphic functions is one of the beautiful and extensive sets in terms of its study and applications by
researchers in the past years as well as at the present time as an example [1], [2], [5], [7], [8], [9], [10].

In the year 2009, researcher Lashin developed the Jung Kim Srivastava operator, which is referred to it in the source
number [6] for meromorphic functions.
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Here we take this integral operator for meromorphic functions in the class £, which is written in the form (1.1) as
follows:
If the function W, ,,: L, — L.is defined in a form such that for each function f € £, then

B,y = B, (2)f (2)

UO- o-1

= zZ—c
- I'(0)(z — C)u+1J; t (log (T) f®ade, (>0, v>0,z€ U\{c})

By, f () = 2t Tia (525) @ =), (>0, 0>0), (14)

n+uv+1
We notice that from the previous equation no. it is possible to deduce the following important result or observation:

’

z (Boof (2)) = 0By f(2) = W+ 1) B (2), (0>0, v>0,z€ U\(c})

Finally, I will define the new class, which I will call AL.(C, D, {,o,v) by the integral operator referred to above for
the functions defined in the presented class £, and defined in the form (1.1) as follows:

Definition 1.1. For every function f in the given class £, that is written in the form (1.1) and satisfies the following
condition:

Wy (f*f1)(2) (C-D)(z—c¢)
—ovy I« _ L=P)z—¢c) _ .
ZQBrr.v(f*fz)(z) ¢ 1+D(z—¢c)’ ((Z c) € 'U), (1.5)

It is an element of the new wonderful class AL.(C, D, {,0,v) suchthat -1 <D <(C<1,{> 0,0 >0,v>0,
ngcr,v(f * f2)(z) # 0.

Now that the new class we have defined is ready, it is time to study it from the perspective of its special geometric
properties, such as determining the value of the coefficients of its elements, or rather the functions that belong to it, as
well as determining the exact radius within the unit disc U, which determines the function's belonging to the new class
AL.(C, D, {,o,v).1also try to study and determine under what condition a function in this beautiful set can acquire the
convexity and starlikeness, and I also try to study other geometric properties for my new class.

2. SOME GEOMETRIC PROPERTIES OF THE NEW CLASS STRUCTURE UL.(C, D, {,0,v)

We begin our study of the geometric properties of the class AL.(C, D, {,o0,v) by determining the value of the
coefficients of the functions that belong to it and determining the necessary and sufficient condition for determining the
value of their coefficients, on the basis which they belong to the class UL.(C, D, {,o0,v), which we present with the
proof in the following theorem.

Theorem 2.1. Let us take an element from the class £, let it f , which formulated as (1.1), then f will be an element of
the new class AL.(C, D, {,a,v), which we define in Definition 1.1, if the following inequality is satisfied:

o
ot () @@+ D)= 4 G(1+D) + C=D)a, < C—D.  (21)
This condition reaches its limit at the elements of the class AL.(C, D, {,d,v), which is formulated as:
f(z) = 1 n (n+ u+1)“ c-D (z—c)" 2.2)
2 == v (Ca1n(1+D)— azp({(1+D)+C-D)) n ¢ :

Proof. Let's start the proof by taking an element f from the new class AL.(C, D, {,0,v). My real goal is to prove the
validity of the previous inequality no. (2.1).
So according to my definition of the class AL.(C, D, {,d,v), it satisfies the following condition which is equivalent to

the following inequality:
(%a,v(f*fl)(z) _,_(€=-D)z—9)
B (f * f2)(2) 1+D(z—- o)

Which is equivalent to the following inequality
a
(B () an (@ — az)(z — )™

n+ v+1

(€ = D) = Ty (2) @n (EDay, +{(C = D) = {D}az,)(z — )+t

o
¢ Tie (75) @n (@in — aza)lz —c [+
(€= D) — i (

" @y ((Da, +{(C = D) — {DYazy)|z — c [+
<1.

)
n+uv+1
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If the value of (z — ¢) reaches the limits, i.e the peak, then the required inequality is achieved
g
it () €a1n(1+ D)= @y (1 +D) + €= D)) ay < € = D.

n+v+1
In other words, f € AL.(C, D, {,o0,v).
Thus, we have completed the proof of the theorem.

Naturally, from the previous theorem, we directly obtain the following important result:

Corollary 2.2. If we take an element or rather a function f from the new class AL.(C, D, {,o,v), which is written in
the form (1.1), then its coefficients are satisfied:

a, < P (n= 1). 2.3)

(525) €ain(1+D)- azn(C(1+D)+C-D))
As we previously noted from the previous theorem, the result reaches its peak for the function given by the equation

2.2).

Theorem 2.3. If we take an element or in fact a function from the new class UAL.(C, D, {,d,v) which is written in the
form (1.1), then it satisfies the following two inequalities:

1 c-D
: _ )
' (n+l1j)+1) (Ca11(1 + D)= ay,(¢(1 + D) + C — D))
1 C—D
<lf@ls - + = r, (2.4)
' (n+11})+1) (a1 (1 + D)= ay;((1 + D) + C = D))
and
1 C—D
" (n+1;+1)0 (Ca;1(1 + D)= a,,(¢(1 + D) + C — D))
' 1 C—D
e PR — o
" (n+11)1+1) (a3 (1 + D)= ap;(§(1 + D) + C — D))

Proof. Based on Theorem (2.1) which is essential for deducing most of the properties, we simply have the following
condition satisfied:

00

C-D
z an < G . (2.6)
n=1 () Cau(+D)= a1 +D)+C —D))
Since we are working inside the unit disc U, we obtain the following inequality:

1
@) < £ ) aglz—clt
n=1

|z —cl

k
<1, D
< —+r a, ,
r n=1
1 C—D
= ; + v g I,
(n+ v+1) ({a;1(1 +D)—ay((1+ D) +C—D))
and
1 = .
@z =~ Y anlz=c,
n=1
k
- z
= —— T an
r n=1
1 C—D
> - — .
r

(=2)" @an(d + D)= apy (1 + D) + € = D))

n+v+1
Again, based on the previous theorem, the following inequality is correct:
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inanﬁ =D
( v

ot v+1)0 ({ay(1+ D)= ayy((1+ D) +C = D))

From this, it is noted that

k
If'(@) < Z= o + Znan lz—c ™Y,
k n=1
1
<=+ na
- T'Z Z n
n=1
1 C—D
= T_Z + v o X
(n+ u+1) (¢a;1(1 +D)—a({(1+ D)+ C —D))
also,
' 1 o _
f@D] 2 =5 = Zhanan |z —c "7
1 k
Z 7~ Z na,
n=1
1 C—D
“rz v g :
(n+ v+1) (Ca;1(1 +D)—ay({(1+ D) +C —D))

Thus, we have completed the proof of the interesting theorem.

We will continue this research in the same manner by studying another geometric properties of the class UAL.(C, D,
{,0,v) and discussing the meromorphic starlikeness of order 1. For this set, we give the condition for the radius on
which the function has this property, and we always remember that we are working inside the famous unit disc U, and
we discuss this in the following theorem.

Theorem 2.4. If we take an element or function f in the class AL.(C, D, {,a,v), that we have defined by (1.1), then
the radius of the disk p , which we take for the function f to be a meromorphically starlike of order 7, is determined or
measured by the following inequality:

1
, (1= mM@an(1+ D)= a({(1 + D) + € = D)) |n+
p = infra - @27
(n+2-1n)(C—-D)
The function that achieves the peak is the function whose formula is given in (1.1).

Proof. According to the definition of the definition of the meromorphic starlike function of order 7, our goal is to prove
the following inequality:

'

(2= ©) (W f (2))
B,/ ()

Let's take the right side of the previous inequality as follows:

+1|<1+ 7 (2.8)

'

- 0®of@) | | T+ () autz - o
By f (2) - 1/(z— o)+ Yoy (ﬁ)a an(z — o)* ‘

g
Tho1n+) () an(z- ™!

U \O
1+ Zﬁ:l(rﬁ v+1) an(z= )"

. 29)

o
T+ 1) (=) anlz— c|™
< .

n+v+1

1- X (;)Ua |z — c[**t
=1 \n+v+1 n

It is less than or equal tonp — 1

a4 1) () aalz = o™t < (1= (1- T (

n+v+1
From which we get

v a
Th=1n+2-0) (o) anlz— el

1-m

L)a a,|z — c|t*t )
n+v+1 n :

<1. (2.10)
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Now by applying the basic Theorem 2.1 related to the coefficients of the function in the class AL.(C, D, {,0,v), we
reached the following:

i+ 2= m () 2= et (

o
— )" (C@1n(1 + D)= @z, ({(1 + D) + C = D))
a1-m - cC-D
From this, we get the radius that determines whether the function has this probability or not:
1
|Z— Cl < (1_ 77)((01n(1+D)— a2n(6(1+D)+C_D)) ntt
(n+2-n)(C—- D) '

,(n=1).

Thus, we have finished the proof of the theorem.

Theorem 2.5. If we take a function f(z) in our new class AL (C, D, {,o0,v), which is written as (1.1), then it is

meromorphically convex of order
1

(1-1)(§a11(1+D)— a»1({(1+D)+C-D)) nH
n(n+2-n)(C-D) } - (21D

N = infuz {{

where 7 is the radius of the open disk |z — ¢| < 7 in which the function has this probability.

The result is sharp for the function f(z) given by (2.2).

Proof. Our goal is to prove that the function f in the class AL .(C, D, {, o,v) has the property of meromorphically

convex of order 17 . In order to prove this, we must prove that it fulfills the following condition:

(z— C)(ma,vf(z))”
(%oxvf (Z))’

Now we take the left side of the previous equation

(2= ) (Bouf @) + 2(Byf@) | [Emnr+ 1 ()" anz - o

n+ f+1

)U a,(z— c)ntl

+2l<1-9 (12

(,0/ @) ~1+ 32,0 (

This quantity is less than or equal to

’

n+v+1

v

(o2
oon _ n+1
< Zn:l nn+1) (n+ v+1) anlz — c|
- 0 v ‘ 1
1= Zan (o) anlz— e

In order to satisfy condition (2.12), it must be equal to 1 — 7, thus
g
Sranm+ 1) (5n) alz— o™ <@ - m(1- Zn(

n+ v+l
Therefore, we simplify it and get

o B_\* n+1
Sianm+2- 0 (55=) anlz - wl

1-mn

o
- _ n+1
n+ v+1) an|z = c| )’

Once again we use the result (2.2) to get

0 B \* o
Seant+2-m (o) 12— o 3 (=) @awm( + D)= az(¢(1+ D) + C — D))
1-mn - C-—D

From it we get the required

y(n= 1),

1
e el < {(1 — DEby(1 + D)= ;C(1 +D) + € = D)) }_
nn+2—- n)(C— D)
And thus we have completed the proof of the theorem.
Now I want to prove that the new class A2.(C, D, {,o,v) that we have known has an important and basic probability,
which is the probability of closure under linear combination through the proof of the following theorem.

Theorem 2.6. If we take two functions g,(z), g,(z) n the new class AL.(C, D, {,o,v) defined by the form
1

9@ = =+ 32 by =), (=1, 2),

Then the function k(z) defined by the form

k(@) =tfi)+(1A-0Df:(2), (O<t<1)
Belongs to the new class AL.(C, D, {,o,v).

Proof. In order that, the function k(z) given in the theorem, to belong to the new class AL .(C, D, {,o,v) it must
satisfy the following condition
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(o) @hun(1 + D)= by G+ D) +C = D)) (£ by + (1= OB0),

ng

ct

n 1 ((bln(l + D)= by, (C(1 + D) + C = D)) by,

=) (
— \n +

n=1

+(1—t)z (-2) @bra1 + D)= by G(1+D) +C = D)) by, < (€= D),

Thus, the function k(z) belongs to the class AL2.(C, D, {,0,v).

Which is required by the theorem.

Thus, we have completed the proof of the theorem.

In the context of the closure of the new class under linear combinations, we have proven the following theorem as well.

Theorem 2.7. If we take the functions g;(z) in the new class AL.(C, D, {,o,v) of that, defined by the form
gi(2) = —+ Yneibyj(z—c)", GE{L, 2,..t)and 0 < k; <1

such that
t
j=1

Then the function H defined by

H@) =Xj_1k; 9;(2),

is also belong to the new class AL.(C, D, {,o0,v).
Proof. For every (j € {1, 2,...t), we have

Z (L)U ((aln(l + D)_ a2n(((1 + D) +C — D)) bn,j < C- D.

n+v+1
n=1
Since
t t 1 d 1 d t
HE =) kg@=) Ik £ ) by =) | = +z<z k; bn,j>(z—c)".
=t =t 7 = 7 = =1
Therefore

C )’ (€a1a(1 + D)= a2 (1 + D) + € = D))
z nt vt ( k aﬂj)
j=1

n=1 (C - D)
_\" C (m) ((ayn(1 + D)= a,({(1 + D) + C — D))
- Z;=1kj ; € —D) n,j

j=1
Hence H(z) € UL.(C, D, {,0,v).
Hence the proof is completed.
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