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ABSTRACT: The object of this work to introduce a new form of fuzzy compact space in fuzzy topological space,
named by fuzzy feebly compact space. It is stronger than a fuzzy compact space. We investigated the properties of
fuzzy feebly compact in a fuzzy topological space. Important mathematical concepts were relied upon to prove the
properties of fuzzy feebly compact such as the net, the sub net, the filter and the finite intersection property. The
concept of fuzzy feebly density and its dependence in feebly compact space has also been introduced. Finally, the
subspace of fuzzy feebly space was discussed.
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1. INTRODUCTION

The concept of fuzzy has permeated all branches of mathematics after Zadeh introduced the concept of fuzzy set in
1965 [1]. Then fuzzy topological space was defined by Chang in 1968 [2]. Maheswari and Tapi in 1978 proposed the
concepts feebly open set and feebly closed set [3]. In 1985 Lee, Je-Yoon and Gyu-lhn introduced a weaker form of fuzzy
open set, named by fuzzy feebly open set [4].

2. PRILIMINARIES
This section all the basic definition and Propositions necessary for our work are stated.

Definition 2.1 [5]. Let W be a non-empty set, a collection of maps from W to the closed interval [0,1] is a fuzzy set of
W. In other words, A: W —[0,1], then a fuzzy set A = {(x,A(x)): x € W}, IW refer to the family of all fuzzy sets in W

r if y=x

0 if yFEX

We write FP (W ) to denote the set of all fuzzy points in a space W . If r < A(x), then we say x, belong to a fuzzy set
A.

Definition 2.2 [5]. Let r € [0,1], we define a fuzzy point x,, as:  x,.(y) = {

Definition 2.3 [5]. Let, B € IV, then Ais called quasi-coincident with Bdenoted by AqBif and only if A(x) + B(x) >
1, for some x € W. If A(x) + B(x) < 1for every x € W, then Ais not quasi-coincident with Bdenoted byA§B.
Proposition 2.4 [6]. Let 4, B € IV, Then:

a) AGB © A < BS;

b) AAB =0 = A§B;

C) x. €A x.GAC
Definition 2.5 [6]. A fuzzy topology on W is family = < I if we have the following conditions:

i) 1,0 e1;

i) IfA,B et thenAABET;
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iii) If {A,: @ € A(index set}is family of fuzzy setsin 7 ,thenv A, € T, where a € A.
We say that the members of 7 are open fuzzy sets and their complements are closed fuzzy sets. A fuzzy topological space
on W is denoted by the pair (W, t ), in short, we write (FTS).

Definition 2.6 [6]. Let (W, 7 ) beaFTSand 4, B € IW. Then:
a) The fuzzy interior of A defined as A° =V {B:B < A,B € 1}

b) The fuzzy closure of A defined as A =A {B:A < B, B¢ € 1}
Definition 2.7 [5]. Let A € I. Then 4 is said to be Q-neighborhood (Q-nbd) of a fuzzy point x, in W if there exists
B € t such that x,.gB < A, all Q-neighborhood of a fuzzy point x, we say the system of Q-neighborhood of x,., write by

Q
N2

Remark 2.8[2]. Let A € I'W. Then 4 is open if and only if 4 is Q-neighborhood of every fuzzy point belong to 4.

Theorem 2.9 [8]. Let W be a FTS and B, 4 € IW. Then:

i) 0=0;

i) A°=1-(1-4);

i) (AVB)=AVB,(AAB) <AANB;

iv) (AAB) =A°AB°, (AVB) =A°V B,

V) A=A, (&) =A%

vi) A°< ;
vii) IfA

B,thenA° < B°and A<B

—t

Definition 2.10 [9]. Let W be a FTS and 4 € IW. Then:
a) Ais called fuzzy feebly open (f-open) if A < A

b) A is called fuzzy feebly closed (f-closed) if A <A
The set of all f-open sets denoted by FFO(W).

Remark 2.12 [9]. Let 4, B € IW. Then A A B is f-open if A and B are f-open in W.

Definition 2.13. Let (W , 7 ) beaFTSand 4, B € IW. Then:
a) The fuzzy feebly interior (A°/) of A defined as A°f =v {B:B < A,B € FFO(W)}
b) The fuzzy feebly closure (Zf ) of A defined as A =A {B: A < B, B € FFO(W)}
Proposition 2.14. Let W be a FTS and B, 4 € IW. Then:
) A <AT <4
iy A<4 <A;
i) x, €4 < BAA%O0,VB€EFFOW),x, €B
iv) A is fuzzy f-closede e
—f
V) iy ;
. —f _=f
vi) IfA<B,thend” <B;
vii) VA, <Va,;
vii) 47 =1 -1 =4) .
Proof. From Theorm 2.9.
Definition 2.15. Let A € IW. Then 4 is said to be feebly Q-neighborhood (feebly Q-nbd) of a fuzzy point x,. in W if there
exists B € FFO(W) such that x,.qB < A.
All feebly Q-neighborhood of a fuzzy point x,., we say the system of feebly Q-neighborhood of x,., write by N,{TQ.
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Definition 2.16 [1]. Let (W ,7) be a FTS and A € IW. A fuzzy point x,., we say a fuzzy limit point of 4, if for every
fuzzy open set G, then (G — x,) ANA # 0.

Theorem 2.17. Let (W, 7) be a FTS and A € IV, Then a fuzzy point x, € Zfif and only if every fuzzy f-open B such
that x,.qB then AgB.

Proof. Let us assume that x,. € §fand B is a fuzzy f-open set of IV such that x,.qB, if AGB, thenx, ¢ 1 —Band A <
1 — B owing to proposition 2.4 (b). Since 1 — B is f-closed set, then A7f <1-B.Hencex, ¢ Zf, but this contradiction.
Conversely, suppose that x, & Zf, thus we have fuzzy f-closed B in W such that x, € B and A < B, this implies

x-q1 — B from proposition 2.4 (c) and AG1 — B from Proposition 2.4 (b). Hence x,. € Zfif x,qB and AgB.

Definition 2.18 [10]. Let S: D —FP(W ) be a mapping when D is a discrete set. Then § is called a fuzzy net in W
denoted by {S(n) or x; :n € D,x € W, a, € (0,1]} or simply {xg }.
Definition 2.19 [10]. Let P = {yg, :m € E} be a fuzzy netand § = { x;;,: n € D}is another fuzzy net. Then P is called
fuzzy subnet of § if there exists a mapping f: E — D such that:

a) P=fos, (iey = xg:;?i),Vi €E);

b) Foreach n € D, there exists m € E such that f(m) = n.
We shall denote a fuzzy subnet of a fuzzy net { xz,: n € D}by { x,fﬁzg): me E}.
Definition 2.20. Let (W , ) be a FTS and { x};, } is a fuzzy netin W. If A € I, then:

i) {xg,}iscalled eventually with A if 3m € D such that x3 qA, vn = m.
i) {xg,} is called frequently with A if vn € D,3m € D such thatm > n and {x; }qA.
Definition 2.21. Let (W, 7 ) beaFTS and { xg, } is a fuzzy netin W. If x, € AFP(W)HIW, then:

i) { xz,} is called f-convergent to x,, dented by { x;;, — x,}, if itis eventually with 4, v A € N{f, X, is said
to be feebly limit point.
i) {x2 }is called has f-ccluster point x, dented by { x2 L x,}, if itis frequently with 4, v 4 € NJ¢.

Definition 2.22[7]. Let (W , 7 ) be an FTS and the family F < IW. Then F is called fuzzy filter base on W if:

1) 0Oe F;
2) Thereexists A; € FstA; <A NA,V AL, A, € F.
Definition 2.23. Let (W, 7) be a FTS and F is a fuzzy filter base on W, then x, € FP(W), we say fuzzy f-cluster of F

ifx, e F forall F € F.

Definition 2.24. Let (W, 7) be a FTS. We say that W is a fuzzy feebly Hausdorff (T,-space) if every pair of distinct
fuzzy points x,., y; € FP(W), there exists A € NJ%and B € NJ? suchthat A A B = 0.

Proposition 2.25 [11],[12]. Let (W ,t)beaFTSand A,B € IW. ThenA AB<A AB,VAE€ET.

Definition 2.26. Let (W, 7) be a FTS and A, B € IW when B is subspace of W. Then A is called f-open in B if there
exists f-open H in W such that A = H A B.

Proposition 2.27. Let (W, 7 ) be aFTS and 4, B € I" when B is subspace of W. Then A is f-open in B if it is f-open
in W.

Proof. Clear.

Proposition 2.28. Let A, B € IW when C < B and B is f-open in W. Then A is f-open in B if and only if A = E A B,
Eer.
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Proof. Since EAB <EAB® =E” AB° = (E° AB°)° < (E° AB°)° < ((E AB)° )°. Thus E A B is f-open in W.
Hence A is f-open in B from Proposition 2.27. Conversely, since A = E A B and E is a fuzzy open in W, when E is f-
open. Hence A is f-open in B.

Definition 2.29. Let (W, t) be a FTS and U <€ IW. Then U is called has finite intersection property (f.i.p.) if the
intersection of finite members of U is non-empty.

Definition 2.30. Let (W, 7 ) be a FTS and C € IW. Then C is called feebly dense if there exists no f-closed set B in W
suchthatC < B < 1 (Ef =1).

Theorem 2.31. Let (W, ) beaFTSand C € IW. Then C is dense if and only if it is feebly dense, with C” = 0.

Proof. To show that C is fuzzy feebly dense in W. Let x, € C butx, ¢ ¢’ then Xy €1— ¢’ Thus Xg € (1=0)/,
this implies x, € (1 — C). Since C° < (€)*/ , thenx, € (1 — C°),s0 x, & C°. Therefore , we have no fuzzy open Ay,
such that A < C and A A € = 0 and this C contradiction with is dense set. Hence x, € Efand 1< Ef which implies

¢ =1 Conversely, suppose that C is a fuzzy f-closed, then ¢ =1,0utC <T by Proposition 2.14(ii). Hence C = 1.

Definition 2.32[7]. Let (W , 7 ) be a FTS. Then W is called fuzzy feebly regular if for any fuzzy point x, and U € N,ftQ

of x;, there exists a fuzzy f-open set VV in W such that x,qV < Vf <U.

Theorem 2.33. Let (W, 7 ) be a FTS and A € IW. Then a fuzzy point x, belong to Zfif and only if we have a net { xg}
inAand xg, an.

Proof. To prove xg, an . Let x, € FP(W) and then BqA for each Bis f-open set in W such that x,gB. Thus there
exists xg € (0,1] such that ng € A and ngqB.Assume that D = N,{aQ and > is the inclusion relation, then (D, *) is a

direct set. Now, it is possible to define a fuzzy net S: D —FP(W ) such thatS = ng , VBE€D.If we take P € D

. f
and P > B , therefore P < B , so there exists a fuzzy net { xgp}PEDsuch that x,qP . Hence xg, = x,.

. . f .
Conversely, let us assume that a fuzzy net { xz, } with the direct set (D, ), and x;, = X,. So, there is m € D for every

P e N,{f, achieves x;, qP, Vn = m. But x5, € A, thus xy GA® by Proposition. Hence AP and x, € Zf.

Proposition 2.34. A fuzzy net § = { x4, : n € D }has a fuzzy f-cluster x,if and only if it is possible to obtain fuzzy subnet
of § which feebly converes to x,, where (D, >)is direct set ina FTS(W , 7).

Proof. Assume that x, is f-cluster point of { x; :n € D }and let N{f be the collection of all feebly Q-nbds of x,.
Therefore, for each P € N,{fthere exists{ xg,} such that { xy }qP . Let Zbe the set of all ordered pairs (n, P) with the
above character,i.en €D, P € N,{f and { x7, }qP. Let us define a relation 3 on Z given by (m, U)3(n, V) if m = nin
Dand U <V, then (Z, 3) is adirect set and it is easy to see that S: Z - FP(W) given by S(m.U) = { xg, } is a fuzzy sub
net of the assumed fuzzy net. Now, let P be any feebly of Q-nbds of x,, , then there exists n € D such that(n, P) € Z and
therefor{ xz }qP .So(n,P) € Z, and (m,U)3(n,P) = S(m,U) = {xg, }qU and U < P = S(m,U)qP . Hence S, is a
feebly converges to x,,.

Conversely, assume that { x;; : n € D}has no f-cluster point. So, for every x, € FP(W) there is feebly Q-nbds of x,
and n € D such that { xz: }qU, for all m > n. Hence, no fuzzy net feebly converges to x,.

Proposition 2.35. Every feebly convergent fuzzy net in a fuzzy feebly Hausdorff space ( W,t), hasa
unique limit point.

. f f .
Proof. Assume that x;, is a fuzzy net on W with directe set D , such that x; — x, , xz, — yp and x # y. Since

f f ,
Xq, — Xq , then VP € N,ff ,3m; €D, such that {x7 }qP,vn=m; . Also ,xz — yz we have VP € N;l? ,
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3m, € D, such that {xz, }qP , Vn = m,. Thus, there is me D, such that , m > m; and m> m, then {xz,}a( PA
P),Vvn > m. Therefore PAP = 0.Hence W is not fuzzy feebly Hausdorff. Conversely, consider that W be a not fuzzy
feebly Hausdorff, then there is x,,y; € FF(W), such that x #y and PAP #0, vP e Nf? , vP € NfQ Put

N,{Qyﬁ = {P AP:Pe N,{f,P € Nny} Therefore vV P € N,{Qyﬁ there exists xpq P, then {xP}PENyB is a fuzzy net in

W. Now, lets show xp an and xp L>yﬁ Take A € NfQ thus Ae N/¢ (since A=A AW # 0. Thus x

ey qA,

p

f f S
VP > A, xp — x, and x, — yp. Hence {xP}PeNyB has two limit point.
Xa

3. MAIN RESULTS
Definition 3.1. A FTS (W, 7) is called feebly compact (for short f-compact) if every cover of has finite sucover.

Theorem 3.2. AFTS (W, ) is f-compact if and only if {B;: i I} has f.i. p. when B; is f — closed, then A;;B; # 0 .
Proof. Assume that W is fuzzy f-compact space and {B;: i el }is collection of fuzzy f-closed sets of W has f.i.p. but
Nicr B; # 0. Thus V;, Bf =1 and each B{ is fuzzy f-open set, thus there exist iy, iy, ..., i, such that Vi_; B, =1,
therefor Ak, B;, = 0 which is contradiction and thus A;.; B; # 0. Conversely, let {A;:iel} be a fuzzy f-open
cover of W and every collection of fuzzy f-closed sets in W with f.i.p. has a non — empty intersection. To show that
W is a fuzzy f-compact space. Since V;; A; = 1, then A;; AS = 0 and each AS is fuzzy f-closed set which implies that
{AS: i el}is collection of fuzzy f-closed sets with empty intersection and so by hypothesis this collection does not have
the finite intersection property. So, there exist a finite member of fuzzy sets Aj;, k = 1,2, ..., n, such that Ak, Aj =0,
which implies Vi_; A;, = 1and #4;,:k = 1,2, ..., n}is finite sub cover of the space W belong to a fuzzy f-open cover
{A;:iel}. Hence, W is f-compact space.

Theorem 3.3. A FTS (W, 1) is a fuzzy f-compact if and only if for every fuzzy filter base on W has a fuzzy f-cluster
point.

Proof. Suppose that F = {F,: a € A} be a fuzzy filter base on W having no fuzzy f- cluster point, where W is a fuzzy
f-compact. Let x € W, then for each n € N, there exists a feebly g-nbd Uy of the fuzzy point x ,/, and F} € F s.t
UZGFET, and so, UF(x) > 1 —1/n. Since we have U,(x) =1, where U, = V{U}:n € N}.Therefore O = {U}:n €
N,x € W} is a fuzzy f-open cover of W. But W is fuzzy f-compact, then there is finitely many members
Uyl U2, ..., Upk of O such that V_, Uyl = 1. Take F € F such that F < F/'* AFy2 A ... A Fy¥, then Fgl,and so F = 0
Wthh is contradict the definition of a fuzzy filter base.

Conversely, Assume that every a fuzzy filter base have a fuzzy f-cluster point. Let A = {F: a € A} be a family of fuzzy
f-closed sets with f.i.p. and so the set of finite intersections of members of A then forms a fuzzy filter base F on
W. So by the given condition F has a fuzzy f-cluster point. Let x, be a fuzzy feebly cluster point of F. So, x, <

NAaen F_af = Aqena Fo. Thus A{F:F € F} # 0. Hence by Theorem 3.2, W is a f-compact.

Theorem 3.4. A FTS (W, T) is a fuzzy f-compact if and only if for every fuzzy net in W has a fuzzy f-cluster point.
Proof. Let {S(n):n € D} be a fuzzy net in W that doesn't have a feebly cluster point, where W be a fuzzy f- compact.
Then for every fuzzy point x,, there is a fuzzy feebly g-nbds U, of x, and an ny, € D such that S,,qU,, for allm €

D with m > Ny, - Now, x,qU,, and s0, S, # 0,V m = Ny, and let U denoted the collection of all Uy , where x,
includes all fuzzy points in W. Let us prove that the collection V.= {1 — U, :U, € U}is a family of fuzzy f-closed
sets in W having finite intersection property. At first notice that there exists k > Uxm1 ,Uxm2 , ""'Uxam such that
SpdUy,, fori=1.2,...,mand for all p > k (p € D), that means S, € 1 — ?;lUxai =AL,(1- Uxai) for all p > k.
Hence A{1 — Uxai: i=12,...,m}# 0. Since W is a fuzzy f-compact, by Theorem 3.2, then there exists a fuzzy point
yg in W such that yg € /\{1 — Uy, :Uy, € ’U} =1-—V{Uy,: Uy, € U}. Thus, yg €1-U,_ , forall U, € U and hence in
particular yg € 1 — UYB’ ie., quUys' But by construction, there exists U, € U for every fuzzy point x, , that is
xqqUy, which is a contradiction. Conversely, To prove that converse by Theorem 3.2, shows that every fuzzy filter base
on W has a fuzzy f-cluster point, which shows that the opposite is true. Let F be a fuzzy filter base on W, then each F €
F is non empty set, we select a fuzzy point x; € F. Let S = {xg: F € F} with the relation " > " be defined as follows
Fo 7 Fg if and only if F, < Fg in W for Fo, Fg € F. Thus (F, %) is directed set. Now, S is a fuzzy net with the
directed set (F , *) as domain. The fuzzy net S has a cluster point x,, which is a given. Then for every fuzzy feebly q—
nbd N of x; and for each F € F, there exists G € F with G = F such that x;qN. As x; < G < F. This means that FgN for

each F € F, then from Proposition 2.18, x; € ff. Hence x; is a fuzzy f-cluster point of F.

72



Marwa et al., Wasit Journal for Pure Science Vol. 4 No. 1 (2025) p. 68-75

Corollary 3.5. A FTS (W, 1) is a fuzzy f-compact if and only if for every fuzzy net in W has a feebly convergent fuzzy
subnet.
Proof. From Theorem 3.4 and Proposition 2.34.

Proposition 3.6. For any two fuzzy f-compact set G and H in a FTS (W, T), then G V H is also fuzzy f-compact.

Proof. Let A = {A,: a € A} is a fuzzy f-open cover of GV H, then GV H < Vgep Ay -Since GS GVHand H < GV H,
then A is a fuzzy f- open cover of G and fuzzy f-open cover of H. But G and H are two fuzzy f-compact sets, thus there
exists a finite sub cover {Aal, Ay g Aan} of A which covering G and a finite sub cover {Aal, Ay g Aan} of A which
covering H such that G < V{2, Ay and H < VjL; A, therefor, GVH < Ve Ag, Hence G V H is fuzzy f-

compact.

Proposition 3.7. Any fuzzy f — compact space is a fuzzy compact space.
Proof. Let A = {A,: a € A} be a fuzzy open cover of a fuzzy space W and W = V¢ Ag. Since every fuzzy open set is
a fuzzy f-open and W is a fuzzy f-compact space, then there exists oy, & 5,...,0,€A such that W = ViL; A,,. Hence W is

fuzzy compact space.

Corollary 3.8 Let G be a fuzzy f-compact set in a FTS (W, 1), then G is a fuzzy compact.
Proof. It is straightforward

Proposition 3.9. Let B be a fuzzy f-open in W. If A < B is a fuzzy f-compact in W iff A is a fuzzy f-compact in B.
Proof. Let A = {A,: a € A} be a fuzzy cover of A by f-open sets in B. By Definition 2.28, A, = G, A B for each a € A,
where G is a fuzzy f-openin W. Thus § = {G,: « € A} is a fuzzy cover of A by f-open sets in W, but A is a fuzzy f-
compact in W, so there exists a;, & ,...,a,€A such that A < Vi_;( Gy, AB) = Vi=1(Ay,). Hence, Ais a fuzzy f-
compact in B. Conversely, It is straightforward.

Proposition 3.10. Let (W, 7) be a FTS and A < B. If B be a fuzzy f-open set in W . Then A is a fuzzy compact in W,
if and only if A is a fuzzy f-compact in B.

Proof. Suppose that {A,: a € A} is a fuzzy f-open cover of A in B. From Proposition 2.28, A, = G, A Bis f- open for
each a € A, where Ggis a fuzzy open inW. Thus § = {G,: « € A} is a fuzzy cover of A by fuzzy open sets in W. But A
is a fuzzy compact in Wso there exists a;, & 5,...,0,€A such that A < ViL;(Gq; AB) = ViL;(Ag,). Hence, A is a fuzzy
f-compact in B. Conversely, Suppose that § = {G,: o € A} is a fuzzy open cover of A by fuzzy f-open sets in W.Then
A = Gy AB is afuzzy cover of A. Since G, is a fuzzy f-open in W for all « € A and B is a fuzzy f-open in W. Thus
Gq A B is a fuzzy f-open in W for all o € A, but A is a fuzzy f-compact in B, so there exists o, a 5,...,0,€A such that
A < ViL1(Gg AB) < ViLi(Gy,). Hence, A is a fuzzy f-compact in W.

Proposition 3.11. Let (W, t) be a FTS. If B be afuzzy f-open set in W and A < B. Then 4 is a fuzzy compact in
W. if and only if A is a fuzzy compact in B.
Proof. From Proposition 3.10 and Corollary 3.8.

Proposition 3.12. Let (W, 7) be a FTS. If B be a Fuzzy set in W and A < B. Then A is a fuzzy compact in W. if 4 is a
fuzzy compactin B .

Proof. be K = {G,: a € A}a fuzzy open cover of A in W. Since A< B and A < G. then H = {G, AB: a € A}is a fuzzy
cover of A. But G is a fuzzy open in W for all o € A thenG, A B is a fuzzy open in B for all a € A, by Assumption, 4
is a fuzzy compact in B, so there existsay, @ 5,...,0,€A such that A < Vi_;(Gq; AB) < ViL;(Gg,). Hence, A is a fuzzy

compact in W.

Proposition 3.13. A fuzzy f-closed subset of a fuzzy f- compact space (W, t) is fuzzy compact.

Proof. Let G be a fuzzy f-closed subset of a fuzzy f- compact space W and {A: a € A} is a fuzzy open cover of G in W.
which implies that G < Vgep Ay Thus, G has a fuzzy f-open cover{A,:a € A} . Since G¢is f-open, then the family
{Ay: o € A}V G€ is a fuzzy f-open cover of W, which is a fuzzy f-compact space. Thus there exists oy, a ,,...,0,€A such
thst VL, A, V{G} =1. Since {Ag,, A, -»Aq,, G} is finite subcover of X and G<1 = ViL, Ay, V{G}, but G £ G,
therefor G < Vi_; A,;. Hence, G is a fuzzy f-compact.

Theorem 3.14. Each fuzzy f-compact subset of a fuzzy feebly Hausdroff topological space is fuzzy f-closed.
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Proof. Let G be a fuzzy f-compact subset of a f-Hausdroff space W and x, € Gf, from Theorem 2.36 , so there exists
f . . .
fuzzy net xg,, such that x;, — x,. Since G is fuzzy f-compact and W is fuzzy f- T,-space, then due to Corollary 3.5

and Proposition 2.35, we have x,€G . Thus Ef < G and so G is fuzzy f-closed set.

Theorem 3.15. In any fuzzy space, the intersection of a fuzzy f-compact set with a fuzzy f-closed set is fuzzy f-
compact.

Proof. Assume that A is a fuzzy f-compact set and B is a fuzzy f-closed set, let x;, be a fuzzy net in A. Since A is fuzzy

f .. — .
f-compact, then by Corollary 3.5, xg, — x,, for some x, € FP(W) and by Proposition 2.33, x, eAf. We have B is
fuzzy f-closed, then x, €B. Therefore x, e A A B and. Hence A A B is fuzzy f-compact.

Definition 3.16. In aFTS W, a fuzzy set G is said to be f-compactly fuzzy f-closed set if G AK is fuzzy f-compact, for
every fuzzy f-compact set K in W.

Proposition 3.17. Every fuzzy f-closed subset of a FTS W is f-compactly fuzzy f-closed.
Proof. Assume that G be a fuzzy f-closed subset of a fuzzy space W and K is a fuzzy f-compact set. Then from Theorem
3.15, GAK s a fuzzy f-compact. Hence G is a f-compactly fuzzy f-closed set .

Theorem 3.18. In a fuzzy feebly Hausdorff space W, a fuzzy set G of W is f-compactly fuzzy f-closed if and only if G is
fuzzy f-closed.

Proof. Let G be a f-compactly fuzzy f-closed set in. If x, € Ef, then by Proposition 2.36, there exists a fuzzy net xg,

in G, such that xg, an. Thus by Corollary 3.4, F = { xg , x.} is a fuzzy f-compact set. Since G is f-
compactly fuzzy f-closed, then G A F is a fuzzy f-compact set in W . But W is a fuzzy feebly Hausdorff space, then from

. . f
Theorem 3.14, G AF is fuzzy f-closed. Since x;, — x, and x;, € G A F, then from Theorem 2.36 we have x, € GAF,

and x, € G. Hence Ef < G and G is a fuzzy f-closed set. Conversely, By Proposition 3.18.

Theorem 3.19. A fuzzy f-regular space W is fuzzy f-compact if and only if there exist a fuzzy dense D of W such that
every fuzzy filterbase in D have a fuzzy f-cluster point in W, with D° = 0

Proof. By Theorem 3.2.

Conversely, we prove if there exist a fuzzy dense D of W such that any fuzzy filter base in D have a fuzzy f-cluster point
in W, then W is a fuzzy f-compact. Let D be a fuzzy dense set and W is not fuzzy f-compact, then there exist a cover
{U]-: je]}of fuzzy f-open set in W with no finite fuzzy subcover. Since W is a fuzzy f-regular, then there exists fuzzy f-

open cover {V;:iel} of W such that for each j there exist i such that Vif < U;. By Theorem above, since W =
Ef, {Vi:iel} is a fuzzy f-open cover of Efwith no finite subcover. Therefore, the collection B ={DA (1 -V V), k=

1,2, ...,n} is a fuzzy filterbase in D. By assumption, B has a fuzzy f-cluster point x,. Then x, € Efimplies X, €V; for
some i and so V; is a fuzzy f-open set containing x. Then(D A (1 — V;) AV; = 0 contradicts the fact that x is a fuzzy f-

cluster point of B. Hence Ef =W isa fuzzy f-compact.

Corollary 3.20. A fuzzy f-regular space W is fuzzy compact if and only if there exist a fuzzy dense D of W such that
every fuzzy filterbase in D have a fuzzy f- cluster point in W, with D° = 0
Proof. Clear.
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