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Abstract—Form the series of generalization of the topic of supra topology is
the generalization of separation axioms . In this paper we have been introduced (SB” - SSB™) regular spaces . Most of
the properties of both spaces  have been investigated and reinforced with examples . In the last part we presented the
notations of supra 8"-R;-space (i=0,1) and we studied their relationship with (SB" - SSB”) regular spaces.
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1. Introduction

Mashhour in [1] present the supra topological space and studied some concepts with it like S*-continuous maps,
supra neighborhood and supra T- space. Recall that [2] a subset A of a supra space (X, T) is called supra g-
closed if clt'(A)c W whenever AC W and W is supra open and A is supra g-open if F c int™(A ) for any supra
closed F contained in A , where cl™(A), int”(A ) are the supra closure and supra interior operators of A
respectively[3] .Also A called supra semi-open [4] if A € cI™ (int™(A)) . Supra semi-closed is the complement
of supra semi-open.

T. M. Al-shami etal . [5] evolved the last concept and presented the notations of supra semi. neighborhood
and supra semi T1- space. In a supra topological space or supra space for short we introduced the notation of
supra *-closed sets as follows : A subset A of a supra space (X, T°) is termed supra *-closed , if cI**( int™(A)
)C V, wherever A cV and V is supra -g-open .The complement of supra *-closed is called supra $*-open [6]
.By we supra *-open the researchers in [6] [10] defined supra 3*-T1 and supra *-T» similar to the definitions
of Mashhour , mentioned above .

Finally, a map f: (X1;") — (Y,1,") is said to be S*-closed [1] (resp. supra semi”. closed [5] ,supra
semi*.open[5]) if the image of a supra closed is supra closed (resp. the image of a supra semi-closed is supra
semi-closed , the image of a supra semi-open is supra semi-open ) . Further f is called [6] supra S*-open
(resp. SB™-irresolute) if the image (resp. inverse image) of every supra f*-open is supra $*-open.
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2. Supra B -regular
In this section, we shall present the concepts of SB’-regular among the generalization of the separation axioms that
pretain to supra topological spaces .

Definition2.1
A supra .space (X,t') is called supra B -regular(Sp™-regular ) if for each supra closed set F in X and v & F , there
exist Wy, W, €SB 'Osuchthat ve W, F c Woand Wy N W,=0 .

Example 2.2
Let X= {b; , b, , b} with supra topology T={ X, @, { b}, {b;,b,}, {b,,bs}} ,T°={@, X, {by, b3},

{bs}, {b1} }, 50 SB'C(X) ={ @, X, {b, b5}, {bs} , {b1} , {bs, bs} {b;}}hence SBO(X) ={ X, @, { b},
{b;, b}, {by, b3} {b,} {by, bs}}. It is not difficult to show that ( X ,t") is not supra regular space white it is
supra B"-regular space.

Definition 2.3

A supra space( X,7) and B c X . A point we X is called the supra B -cluster point of B if BAW # @ for each
supra B -open set W of X containing w . The set of all supra B -cluster points of B is said to be supra "-closure ,we
denoted by s-clg"(B) .

The following useful proposition follows from definition (1.3) .

Proposition 2.4

Let B be a subset of a supra .space (X,7") , then s-clg’(B) =n {F €SB'C(X) Bc F}.

Proof. Suppose first x € s-clg"(B ) . Now we have to show x en{F €SB"C(X) [Bc F} ,50 let x & N{F €SB"C(X)
IBc F }, then there exists F; €SB C(X) which containing B and x ¢ F; implies x € X-F; which is supra "-open but
(X-F;) n B =@ a contradiction ,since x € s-clg (B ) .Conversely let x en{F €SB’C(X) |Bc F} and x & s-clg (B ),
hence there exists U such that x € U and U N B = ¢ implies B c (X - U) which is supra B "-closed and by the
assumption we have x € X- U that is impossible since x € U and we have done . o

Some properties are realized in the supra - regular spaces as we will see in the following three results . In fact the
conditions of (1.5,1.6 ) are sufficient .

Theorem2.5

A supra space (X,T°) is SB’- regular if and only if for every v € X and every supra open set W such that ve W,
there exists a supra B -open set V' such thatv € V < s-clg"(V) € W.

Proof . For necessity , since v & U and U* is supra closed so by the SB™-regularity of X , there exist disjoint supra
B"-open V and W containing x and U€ respectively. But s-clg *(V) cs-clg * (W€) and since s-clg *(W*¢) is supra B-
closed [6], hence s-clg *(V) ¢ W€ c U ,therefore x € V c s-clg * (V) < U .For sufficiency let E be a supra closed
in (X,t) and x & E , E€ is supra B -open containing x implies that there exist supra B"-open set V such that x €
\Y cs—clB*(V )= E€. Now E < (s-clg *(V))¢, thus V and (s—clB*(V )) are two supra B"-open sets that containing x and
E respectively ,implies (X,t) is S -regular . o

Theorem2.6
A supra space (X,t) is SB’-regular if and only if for each supra closed set E and each x &E , there exists a supra -
open V containing E such that x & s-clg *(V).
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Proof . Since (X,t) is SB’-regular and x ¢ E , so there exist disjoint supra B -open sets U,V such that x € U , E
V which is exactly mean x does not belong to s-clg *(V). For sufficiency Suppose E is a supra closed in (X,t) andv
¢ E .By the a assumption we have Ve SB"O(X) such that E cV and végs-clg *(V) , this means that there is a supra
B"-open set W containing x and W NV = @ implies (X,t") is SB™-regular . O

Proposition2.7

If X is SB’-regular and ¢ €X , then each supra neighborhood of ¢ contain a supra B~ -closed set consist of c.

Proof .Let ceX and a supra neighborhood M of ¢, then there is a supra open set N X such that ce N cM implies
cg X-N . Since X is SB™-regular ,s0 we have U;, U, € S B O(X) suchthatce U; and X-N c U, and U; n U, =@ .
Hence c € U; ¢ X-U, ¢ N cM therefore X-U, will be the required supra p"-closed . o

What are the characteristics of functions that transfer a supra B - regular space to  a supra B - regular space or vice
versa ? we will see this in the following two theorems .

Theorem2.8

Let f: (X,1,) — (Y,1,°) be an injective ,S".closed and SB’- irresolute ,then X is supra B -regular if Y is supra f'-
regular .

Proof . Suppose x €X and B is any supra closed subset of X such that x B . Since f is S".closed , so f(B) is supra
closed subset of Y such that £(x)& f(B) thus by the supra B -regularity of Y we have disjoint V ,W containing f(B)
and f(x) respectively . Clear that (for instance see [8] ) B < f~ 1(f(B)) cfl(V)andx e f (W), also f~1(V) n
f~1(W) = @, hence f~1(V) and f~1(W) are the required supra p"-open sets which complete proof . a

Theorem2.9

Let f: (X,T;) — (Y,1,) be a bijective , supra f™-open and S .continuous map, then Y is supra B -regular if X is
supra B -regular .

Proof . Suppose y €Y and B is any supra closed subset of Y such that y ¢B, hence f™(y)¢ f(B) . Since f is
S”.continuous , so f*(B) is supra closed in X and by the supra B -regularity of X there are disjoint W; ,W>
€S B O(X) which containing  f™(y) and f(B) respectively .Now it is easy to f(W1) , f(W,) are the required
supra B~ -open sets , implies Y is supra B -regular. |

The following example shows that not every supra B -regular space is supra p*-T,-space .

Example 2.10

Let X= {w , w3 , w3, wa} with supra topology T={ X, @ {w}{ws}.{w1, w3}, { w1, w2, { w1 ,wai} { w3, wa}
vz, wab{ws, wo , wab{ wi, wo, wat, { w2, wy, wid, { Wi, w, walhso SBCX)={ @, X { w1} { w2},
{ war{wa} , {wiwab{ wi, wob{wowak{ws, wak{wz Wi} {wi,wa ,wat{wi,w2, w3}}, hence S BO(X)={X ,
@, A wih, {wsh, { W, wab, {w,wol,{ wi ,wa}, {wa, *W4} w2 ,:v4},{w1 , W2, Wal,{ W ,*wz, Wab,{ W2, W3, Wal,
{ w1, w3, wat}. Itis not difficult to show that ( X ,t) isnot SB -regular , but it is supra g -To.

Theorem 2.11

Any supra B’- regular and supra T;-space is supra p~-T,-space .

Proof . Assume that (X ,T) be a supra B -regular , supra T;-space and v # y €X . From [1] we have {v} is supra
closed and since y ¢ {v} , then we have disjoint W, V'€ SB"O(X) such that y¢ W and {v} c V, implies X is
supra B -T,-space. o

The following example shows how the quotient space of supra 8~ -regular might not supra p~ -regular .
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Example2.12
Let (R,t,) be the real numbers with 7, and let p : R — B, when B ={b; ,b,,bs, b,} defined as follows .
b, x<1
_)bs 1<x<5
PO=p,  s<x<20
b, x =20

Thus the quotient supra topology on B is gsT (B)={@ , B .{b,}, {b,,bs}, {b,, b3, by}} .Therefore SB"O(B) =

{Q 1 B l{ bZ} 1 {b21 b3} ’{ b2! b3! b4} ’ {bll b2! b3} ’ {bll b2! b4}, {b3! b4—} ’ {bZI b4}!{ bl!bz}!{ b4}!{ b3} } . It
is clear that (B ,gsT(B)) is not supra 8~ -regular .

3. strongly supraf’- regular

This section deals with a strong from of Sp -regularity . In the beginning we will present the following definition .

Definition3.1
A supra space (X,t ) is called strongly supra 3 - regular (SSB -regular) , if for each supra semi-closed set F and a ¢
F, there exist disjoint supra B -opensets U,V suchthatae U ,FcV .

The next two theorems give characterizations for SSB’- regular spaces .

Theorem3.2 ) N

A supra space (X,t) is SSB - regular if and only if for eacp v € X and any supra semi -open set W such that
v EW, there exist a supra 3 -open set V' such that v € Vc s-clg (V) € W.

Proof . For necessity , since v ¢ W°and W¢ is supra semi-closed so by the SSB -regularity of X , ,s0 we have
disjoint H ,KES B"O such that v €H and W°cK .But s-clg *(V) cs-clg * (W) and since s-clg *( W*) is supra B’
closed [6], hence s-clg (V) c Wc W therefore ve Ve s-clg * (V) € W.For sufficiency let E be a supra semi-
closed in (X,T) and x ¢ E , ES is supra semi-open containing x implies that there exists a supra "-open set V such
that x € V cs-clg"(V ) ES. Now E c (s-clg *(V))¢, thus V , (s-clg"(V )) €SB0 such that x € V and E c
(s-clg (V) ,implies (X,T") is SSB- regular. O

Theorem3.3

A supra space (X,7') is SSB -regular if and only if for every supra semi closed set E and each v ¢E , there exists a
supra "-open V' containing E such that v & s-clg"( V)

Proof . Since (X,T") is SSB -regular and v & E , so there exist disjoint supra p~ -open sets W, V such thatv € W, E
cV ,hencev ¢ s—clﬁ*( V) . For sufficiency let E be a supra semi closed in (X,t) and v ¢ E . By the a assumption
we have Ve SB"O(X) such that E c V and v gs-clg *('V) . As a result, there is a supra B"-open set W' containing x
and W NV = @ implies (X,t") is SSB"-regular. =

Theorem3.4

A supra space X is SS B -regular if for every v €X the supra B -closed neighborhood of v form a basis of a supra
semi-open neighborhood of v .

Proof . Suppose v €X and let F be any supra semi-closed does not contain v . Thus X-F is supra semi-open
containing v ,so there is a supra p"-closed neighborhood W of v such that v € W < X-F . Now let G= X-W ,then G is
supra B"-open and Fc G. On the other hand W is supra neighborhood of v , hence there is a supra open set H such
that vé H c W [6]. Therefore G N H € X-W n W = @ and since H is supra p"-open(3.1.3 )the proof complete. o

For a mapping between two SSp’ - regular spaces we have the following theorems .

4
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Theorem 3.5

let £ : (X,1;) — (Y,T,) be an injective, supra semi”.closed and supra B .continuous map , then X is supra SSB'-
regular if Y is SSB"-regular .

Proof . Suppose x €X and B is any supra semi- closed subset of X such that x €B . Since fis supra semi”.closed, so
f(B) is supra semi-closed subset of Y such that f(x)& f(B) and by the SSB"-regularity of Y we have disjoint \VV ,\W €
SB"O(X) containing f(B) and f(x) respectively . Clear that (for instance see [9] ) B < f~1(f(B)) c f~*(V) and x
€ f71(W) ,also f~1(V) n f~1(W) = @ and we have done . O

Theorem 3.6

Let f: (X,t1;) — (Y,T,") be a bijective , supra semi”.open and S".continuous map, if X is SSB’-regular then Y is
SSB-regular .

Proof . Suppose y €Y and B is any supra semi-closed subset of Y such that y €B, hence f(y)& f*(B) . Since f is
S”.continuous , so f(B) is supra semi-closed in X and by the SSB™-regularity of X there are disjoint W ,W>
€S B"O(X) which containing  f*(y) and f™(B) respectively . Now it is easy to f(Wy) , f(W,) are the required
supra B~ -open sets , implies Y is SSB -regular. o

The following example shows that not every SSB -regular space is supra p -T,-space .

Example3.7

Let X= {wy , wy , w3, Wy} With supra topology T= {X,@, {wy, wa}, {w1, wo}, { wo, ws}{ w3, wih,{ w> ,
wab{ws, wo , weh{ w1, wo, wa b { wa, wa, wid, { wa, wa, wiad), 50 ssCX)={X, 8. w2, wak{ w3, wa},
{ Wi, W4}1 { W1, W2 } ’ {Wl 7W3}! {Wl}! {Wz},{W3},{W4}},hence SB*O(X) { X v@ > { Wi, WS}a { Wi, W‘z},
{ W, Wa}, { W3, Wab,{ Wa, Wi}, {wy, Wo, Wi}, { W1, Wo, Wy }, { Wo, Wi, Wy}, { Wi, Wi, Wyttt is not difficult to
show that ( X ,T") is not SSB’-regular space ,but it is supra p"-T,-space.

Theorem3.8

Any SSpB”- regular and supra semi T;-space is supra B~ -T,-space .

Proof . Let (X ,v') be a SSB™-regular , supra semi Ty-space and x # y €X . From [5] we have {x} is supra semi-
closed and since y & {x} ,s0 we have disjoint U,V € SB O (X) such thaty € U and {x} c V, implies (X ,7)is
supra p’-T,-space. o

4. Supra B’- Ry-space and supra 8°- R;-space .

Recall that [7] a space X is said to be Ry-space if for each open set VV and ceV we have cl({c})cV and X is called
Ri-space if for each d;#d, in X with cl({d,})=cl({d,}), then we have disjoint open sets V,V, such that cl({d;})c
Vl and Cl({dz})c V2 .

Definition4.1
A supra space (X,7') is called supra -R, if each supra open set contains the supra closure of each of its singleton .

Definition4.2
A supra .space (X,7") is called supra -R; if for each ¢, ,c, in X with cI*"{c; }# cl*"({c,}), there exist disjoint supra
open sets W, W, such that clI*"({c;})c Wy and clI*"({c,}) ¢ Wy .

Example4.3

Let X= {W15 W, W3}W|th supra top0|ogy T*: { X ’ Q 1{ wl} ' {W2}1 { Wi, WZ} ' {WZ': W3} 1{ Wi, W3} } ’ T*C :{ @ ’
X, { wik { wa} { w2} { wa, wat{ w1, w}}. Itis not difficult to show that (X,z”) is supra Ry-space and supra
R;-space
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Remark 4.4

Every supra R, issupraRy . ) X

Proof. Assume U be a supra open subset of a supra space (X,t ) . We want to show that cl* ({c}) cU for each ce U
.Now suppose y¢U , hence c¢ cl™'({y}) and hence cl®({c})# cI™ ({y}) . Since (X,t) is supra R, ,so there exists
supra open W, such that cl({y}) c W, implies y¢ cl”({c}) which complete the proof . o

The converse of (3.4) is not true as seen in the following example .

Example 4.5
Let X={w,w,,w3}with supra topology ©={X ,@,{w1, w,}{ w2, wa}.{ w1, w3}}, hence T°={@, X, {w.},
{w,}, {w3}} itis clear that (X,t") is not supra R,-space, while it is supra R,-space .

Definition4.6
A supra space (X,7') is called supra B8"-R, if every supra 8 -open set contains the supra 8 -closure of each of its
singleton .

Definition4.7
A supra space (X,7) is said be to supra B°-R; if for each ¢, ,c, in X with s-clg *{c,}# s-clg *{c,} , there exist
disjoint supra 8 -open sets ;,V, such that s-clg #{c,} € V; and s-clg *{c,} c V; .

Example 4.8

Let X= {w1,w,,w3}with supra topology 7= { X, @, {w+} ,{ w1, w2} {w2, wa}}, T°={ @, X {wo,ws}.{ws},
{w1}} .Thus SP'C={ @, X, {wo, w3}, { wa}, { wi}, {w1, ws} {w>}} ,and Sp O ={ X , @ {w}.{w1,w>},
{wa,wa} { wok {w1,w3}} . Itis clear that (X,77) is supra 8 - R,-space and supra 8 - R,-space .

Remark 4.9
Every supra 8- R-space is supra 8- R,-space.
Proof . The proof is similar to (3.4).

The following example demonstrates that the opposite of the aforementioned statement (3.9) is not true.

Example 4.10

Let X= {w,w,,ws}with supra topology T ={ X , @, {w1, w,} . { w, wia}} hence T°={ @, X, {w:}, { ws}}
.Thus SB*C ={ @, X {w} {ws} {w, w3}, { w2} } , implies SB*O:{ X, @ {wy, wi} {w1, wo} {wa} {w1, ws}}
. It is obvious that (X,t") is not supra 8- R,-space, while it is supra 8" R,-space .

Theorem4.11

A supra space X is supra f"-R, if and only if for any c;and ¢, in X such that s-clg"({c;}) # s-clg ({c,}) then
s-clg" e, ) ns-clg ({c, 1) =0 .

Proof. Assume X is supra f"-Rq- space and ¢y, ¢, € X such that s-clg"({c,}) # s-clg ({c,}) .50 let w €s-clg ({c;})
and w & s-clg"({c,}) .Thus there is U €S p "O(X) such that ¢, € Uand we U .Butw € s-clg"({c,}) , hence c; €
U and hence ¢, & s-clg ({c,}) implies ¢; € (s-clg'({c,}) )¢ which is supra B~ -open and by the supra f"-R, of X
we have s-clg ({c;}) © (s-clg ({c,}) )¢ implies s-clg"({c,}) N s-clg ({c,}) = @ . Conversely let U be a supra -
open and ¢ €U ,we want to show s-clB*({c})cU. Now suppose we¢ U, hence c ¢ s-clﬁ*({w}) and hence s-clB*
({w}) # s-clg"({c}) and by the assumption we have s-clg"({w}) N s-clg ({c}) =@ implies w ¢ s-clg'({c}) and
we have done . a
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Remark 4.12

Every SB™-regular and every SSB -regular are supra 8"-R, .

Proof .1. Assume X be a SSB™-regular , so by ( 2.2) we have for every w €X and any supra semi-open W; such that
w € W , there exists supra B -open W, such that w* € W,c s-clB*( Ws,)c W .In particular for each ve W', we have
s-clﬁ*({v }) € Wy, hence X is supra B°-R, and since each supra open is also supra semi-open [4] ,thus the proof of
the case X is SB -regular follows immediately. o

Theorem 4.13

Every supra "-Ry- space is supra f -regular restricted on s-clg " ({c})

Proof . Assume X be a supra 8°-R;- space ,50 by (3.4 ) it is supra B"-Ry- space and let z ¢ s-clB*({c}) , hence
s-clg"({c}) # s-clg"({z}) implies s-clg ({c}) ns-clg"({z}) = @ (3.11) . Now since X is supra B~ R;- space ,then we
have U, VESB "O(X) such that s-clg ({z}) < U and s-clg"({c})<V. But s-clg"({c}) is supra g -closed ( 1.4 ) and
since each supra closed is supra B"-closed [6] . As a result every supra closed F of the form s—clB*({c}) for each ¢
in X and ¢ ¢ F separated by supra 8 -open sets . o

5. Conclusions

Our main target in this work was to generalize one of the properties of separation axioms in the supra topological
spaces which is the supra regularity . The concept of (S8”- SSB”) spaces was introduced and the properties of such
kind of spaces were studied , also these types were linked to the concept of (Ro-R;)spaces after their generalization
to supra 8 -Ro and supra 8"-R; .
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