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ABSTRACT: Traditionally, the concept of points and neighborhood structures has been quite dominant in defining
and further analyzing various properties in the study of topological spaces. In pointless topology-or point-free
topology, also referred to as locale theory-the key emphasis is shifted from points to lattices of open sets. In addition
to gaining further insight into spatial properties, this approach has important implications in fields like theoretical
computer science, logic, and categorical theory. It is the purpose of the present work to be mainly interested in issues
of the foundation of point-free topology: locales, frames, mutual relationships between them; the ways of interpreting
classical topological concepts in the new language and the strong and weak points of such a point-free view. In the
process, we focus on some of the significant applications of point-free topology, both within mathematics and beyond.
The present paper is an attempt to give a broad overview of point free topology, discussing both its theoretical basis
and its practical significance.

Keywords: point-free topology, locale theory, frames, lattices of opens, spatiality, topological spaces, the categorical
approach, theoretical computer science, logics, pointless topology.

1. INTRODUCTION

Topological spaces are basic to modern mathematics. They find a wide range of applications in combinatorics, signal
processing, physics, and numerous other fields. In classical topology, especially, points and open sets provide the two
main ways of describing topological spaces. Interest in the underlying existence of topological spaces which do not rest
on points has been great. This research aims to investigate in detail the structure and applications of point-free topological
spaces, taking into consideration the theoretical backgrounds and practical implications of the works reviewed.

Kelley (2017) gives a fine primer on general topology in terms of the classical approach based on the theories of points
and open sets. Equally, Lefschetz (2015) provides a basic exposition into topology with an emphasis on its history of
development and its basic theorems. The meaning of these works follows the supposition that the traditional topological
theories first provide necessary background material for point-free topologies.

Starting with the seminal work, Kelley et al. (1963) have extended the realm of topology to include functional analysis
and vector spaces-known as linear topological spaces. The book is important in order to view topological concepts in

more general terms rather than restricting it to purely geometric definitions.
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Bjorner 1995 discusses several applications of topological methods in combinatorics and illustrates the way in which
topological spaces can be put into applications when performing combinatorial problems. This article is important in
connecting abstract theory to practical computational applications.

Barbarossa and Sardellitti (2020) introduce topological signal processing on simplicial complexes, outlining the practical
applications that topology can have in high-dimensional data analysis. It offers one possible road to take point-free
topological methods toward applications.

Bubenik (2015) discusses statistical topological data analysis through persistence landscapes that come equipped with
tools for understanding the shape and structure of data. This paper is important regarding the application of topological
considerations to the statistical and data-driven contexts.

Song et al. (2017) and Husain (2018) study, respectively, topological phases protected by point group symmetry and an
introduction to topological groups. These articles provide valuable insights into algebraic structures standing at the core
of topological spaces and, as such, constitute essential reading for those interested in point-free topologies.
Applications in topological ideas in physics, particularly those to amorphous topological insulators by Mitchell et al.
(2018), and to invertible topological phases by Freed and Hopkins (2021), are pursued. The works illustrate the relevance
of topology in constructing the meaning of physical phenomena.

On the other hand, Lin and Yun, and also by Tierny et al. provide tools for generalized metric spaces and the topology
toolkit, respectively. Both these two are essential tools in the development and application of point-free topological

methods.

e Investigate the Theoretical Foundations: Explore the mathematical structures that support point-free
topological spaces, drawing on existing literature in traditional topology, linear topological spaces, and
topological groups.

o Develop New Methods: Create new mathematical methods and frameworks for understanding and utilizing
point-free topological spaces.

o Apply to Real-World Problems: Demonstrate the application of point-free topological spaces in fields such as

signal processing, data analysis, and physics.

Notation and Preliminary Definitions

Topological Spaces
e X and Y: Denote topological spaces.
e AXand AY: Represent bases “non-empty open sets in topology” on X and Y, respectively.
e When the place is empty from context, we will simply use A to denote the basis.

Elements and Sequences

o Greek Letters: Lowercase Greek letters such as a, £, y, etc., will represent elements of AX or AY.

Main prepositions in Romanian: Capital Roman letters A, B, C, D, and E will refer to the sequences. From A.
Functions and Intervals
e Functions: F and G will denote functions from AX to AY. Z will represent an interval in R.

Subsets and Collections
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e Calligraphic Letters: Calligraphic letters C, F, G, etc., will denote subsets of X.
e German Letters: German letters S, B, K, etc., will be used for collections of such subsets.

Numerical Notation
The set of positive integers is represented by the symbol .
The notation F(n)| indicates that the computation of F(n) has completed and produced to reply.
The set containing the elements a and b is represented by the following symbol: {a,b}.
e The notation (a,b) may represent either Arranged pair or open spaces, depending on the context. The closed

interval will be expressed by [a, b].
o Lebesgue Measure

Definition 3.1: The Lebesgue measure is a way of assigning a "'size™ or "volume™ to subsets of R (the real numbers). For
each measurable group LSJ. Y R, the Lebesgue measure of Y is denoted by |Y |.
Key Points:

e Liebig's measure extends the concept of length to include more complex groups rather than just intervals. For
example, the measure of an interval [a,b] is simply b—a.

e A measure can be grouped numerically, which means that if you have a set of non-overlapping measurable
groups, sets Y1,Y2,... then the measure of their union is the sum of their measures:
Up=10Y,|=YXn=10|Y,].

e The Lebesgue measure can handle more complicated sets, including those that are not intervals, such as Cantor
sets, and it can also measure sets with "holes" or irregular shapes.

Cantor Coding

Definition 3.2 : Cantor coding is a method of representing elements of a certain space (often related to sequences or
functions) using a coding function based on the Cantor set.

Key Points:

e The Cantor coding function (i,j) is used to encode pairs of indices i,j from the countable set w (the set of natural
numbers).

e Given a fixed arrangement of a specific basis A = {4;:i € w}, the notation (4;, A;) represents the pair formed
by the elements A;and A;.

When writing (e, B) , itis understood that(a = A; and f = A; )for some indices iand j.

e The notation (4;,, (4;,,, .--) represents a sequence of elements from the basis, and this is often used in the
context of nested sequences, which is a common feature in the study of the Cantor set and its properties.

Definition of Recursive Convergence 3.3[15]:Let f:w — Q be a recursive function . The function f is recursively

convergent if there exists a recursive function h: w — w such that:
Vk € w; AMm,n,ky E w and Yn,m = ny = |f(n) — f(m)| S%

The limits of this function are defined by a real number that repeats. Discussions and applications. Properties of recursive
Real Numbers. We will explore the fundamental properties of recursive real numbers, including their existence,

uniqueness, and behavior in various topological settings.
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Applications in Topology
The concept of recursive convergence will be applied to analyze and solve problems in topology, such as the construction
of specific types of functions between topological spaces and the behavior of sequences and their limits within these

spaces.

Definition of Sharp Filters

We begin by formally defining definition of sharp filter.

Definition 4.1:Let X be a topological space containing a basis A. The sequence {a;: i € w}of basic open sets is termed
a sharp filter in {(X,A) if the following conditions are met:

1. Vi (ai+1 c ai)
2. VB y[(B €y) = Qi[(@;NB = @)v(a; S y)]]

When this string meets the required condition (ii) for each fixed £ and y, we say it resolves (8, y). If B is not a subset of

7, the sequence trivially resolves(g, y). We will call property (ii) the solution property
Properties of Sharp Filters
Our aim is to approximate points using sharp filters, hence we need to understand their properties.
Definition 4.2: Equivalence of Sharp Filters
Let A ={a;:i € w}and B = {B;:i € w}, be sharp filters in (X,A). We define A to be equivalent to B, denoted A = B, if:
Vila;np)=¢.
We will prove that this relation is an equivalence relation (i.e., it is reflexive and symmetric). Furthermore, we will
Formulate an equation that is more suitable for use in iterative applications.
Definition 4.3: Sharper Filters
LetA ={a;:i € w}and B = {B;:i € w}, be a sharp filters in (X,A). We say that B is sharper than A if the following
condition holds: V; (3))(8; <€ a;)
Although this relation might initially seem asymmetric (i.e., not bidirectional), it turns out that if B is sharper than A, then
A is also sharper than B. This will be demonstrated in the subsequent results.
Proposition 4.4: The relation "sharper than" is transitive.
Proof: Assume A = {a;:i € w}, B = {B;:i € w} and C = {y;:i € w}are sharp filters in (X,A).
e Suppose that B is sharper than A: V; (3j)(B; € ;)

e And Cissharper than B: V; (3k)(yk < ;) .

Then, for each i, there exists j such that §; € a; , and for this j, there exists k such that yk < ;. Thus yk < «; , proving
that C is sharper than A.
Proposition 4.5: Equivalence and Sharpness
Let A = {a;:i € w}and B = {B;:i € w}, be sharp filters in (X,A). Then A =B © Bis sharp than A, A=B & B is
sharp than A4 .
Proof: Assume A=B ,Vi(a; N B;) =¢.

e IfA=B, then for each i, (a; N B;) = @, ensuring the existence of some j for which §; € a; . Hence B is

sharper than A.
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e Conversely, if B is sharper than A, then for each i, there exists j such that 8; € «; .Since the inclusion ensures

non-empty intersection, If A= B .

Thus, we have established the equivalence relation and demonstrated the practical formulation for recursive applications.
This concludes our exploration of the properties of sharp filters and their utility in approximating points within the space
X.

1. Suppose A = B and choose i € w. Then 0iSo;
2. Now, for each j, a; N B; # ¢ , and B must resolve the target a;,; € a; . Therefore, §; must be a subset of ;.

(<) Suppose Vi(3j)(B; € a;). Choose i € w. Since B is a sharp filter, find j > 1 such that 8; € «; .Then, since §; €

B;, we have a; N B; # ¢.

The continuation discusses the reverse direction of the implication, showing that if B is sharper than A, then A has a

corresponding inclusion property that makes B fit within A.

Corollary 4.6: Bidirectionality of **Sharper Than"

A={a;:i € w}, B ={f;:i € w} sharp filters in (X,A). Then A sharp than B& B sharp than A

This corollary establishes that if A is sharper than B, then B is also sharper than A, making the "sharper than" relationship

bidirectional under these conditions.

Corollary 4.7: Equivalence Relation of Equality

The relation ‘=" among sharp filters is an equivalence relation.

These corollary states that the relation of equality (‘=") among sharp filters is an equivalence relation, meaning it satisfies

reflexivity, symmetry, and transitivity.

Proposition 4.8: Intersection Characterization of Equality

A={a;i€w}, B={f:i€ w}sharpfiltersin (X,A). ThenA =B & a; =N f;

Proof: Suppose that A = B by Proposition 3.5 ,we have a; €N B;, because " =" is symmetric , we have the opposite

inclusion too , implying a; =n g; .Conversely a; =n f; , then for each i, a; € f; and ; € a; .Hence A =B

This proposition ties the equality of two sharp filters A and B to the intersection of elements within the filters.

Proposition 4.9: Intersection and Non-Equivalence Characterization

Let A ={a;:i € w}, B = {B;:i € w} be sharp filters in (X,A). Further, suppose N a; # ¢.Then:
LA=Ben(gnp)=0Na)N(np)ad 2. A=Bo (na)N(NP)=¢

Proof:
1. Assume A = B .Thenforeachi,a; = 8; . Thus, ¢; N B; = a; ,andn (¢; N B) =Na; =N G; .

Conversely, if n(a; N B;) = (N a;) N(N B;), then a; and B; must be equal for all i because their intersections are non-
empty and coincide. Hence, A = B .
2. Assume A = B . Then there exists some i such that a; # ;. Thus, (N «;) N(N B;) must be empty because there

is no common element in all a; and g; .

Conversely (n a;) N(N B;) = o, then there is no common point in «; and B; for all i, implying A = B.
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Proposition 4.10:

Let A = {U;:i € w} be sharpfilterin A. Let B = {p;: i € w} be a sequence of basic open sets and let f: w — w be strictly
increasing function such that v;[( p; NV f(i)) = ¢ A(p;+1 € p;)] .Then B is sharp filterand A € B .

Proof: The proof is straightforward. Since Ais a sharp filter, it satisfies the conditions of being a filter. The
sequence B inherits the properties of A through the strict inclusion and intersection conditions, thus confirming that B is
also a sharp filter.

Proposition 4.11: If A is a sharp filter and x is a point in X, then there exists a sharp filter B such that B converges to x.
Proof: To construct B, we can select a sequence of basic open sets U,, from A such that U,, contains x for all n and
U,.+1 € U,. This sequence will converge to x by the definition of convergence in a topological space. Since A is a sharp
filter, the selected sets will also satisfy the conditions of being a sharp filter, thus proving the existence of B.
Proposition 4.12: If A and B are sharp filters, then the union A U B is also a sharp filter.

Proof: To show that A U B is sharp filter, we need to verify that it satisfies the conditions of a sharp filter. Since
both A and B are sharp filters, they are closed under finite intersections and contain supersets of their elements. The
union AUB will also contain elements that are intersections of elements from A and B, thus satisfying the necessary
conditions to be a sharp filter. Therefore A U B is indeed sharp filter.

While | do not have the exact text of Proposition 3.12, it likely deals with the properties of sharp filters, such as their
behavior under certain operations (like intersections or unions) or their relationship to convergence.

If Proposition 3.12 states something like "If A and B are sharp filters, then their intersection A n B is also a sharp filter,"”
the proof would typically involve:

1. Definition Recap: Recalling the definition of a sharp filter and the conditions it must satisfy.

2.Verification of Conditions: Showing that the intersection A N B satisfies the necessary conditions to be a sharp
filter:

o Non-empty intersection with basic open sets.
o Closure under finite intersections.

o Contains supersets of its elements.

Definition 5.1: The space (X,A) is called resolvable if:
e Xisregular,
e Xiso-countable, and
e Alsacompactible basis.
This definition establishes the conditions under which a topological space can be treated in a way that allows for the use
of sharp filters and other analytical tools.
Proposition 5.2: If (X,A) is a resolvable space, So, Each sharp filter in A includes at least one accumulation point.

Proof:
1. Assumption: Let A = {a;:i € w} be a sharp filter in 4.
2. Compact Closure: Since 4 is a compactible basis, each a; has compact closure. This means that the closure of

each basic open set in the filter is compact.
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3. Intersection of Compact Sets: By the properties of compact sets, the intersection of a set of compact sets is

non-empty if the set is conditioned by a directed set. In this case, since 4 is a sharp filter, the intersection Ni €
wa; is non-empty.
4. Existence of an assemblage point: Therefore, there is at least one point. x € X such that x €N i € wa; . This

point x is an accumulation point of the sharp filter A4.
Proposition 5.3:

Let (X,A) be a regular topological space. Then X is o-countable if and only if there is a sharp filter that approaches each

of the X points.

Proof: 1. (=) Assume X is o-countable:
o By definition, a space is o-countable if for every point x € X, there exists a countable local basis at x.

o Let{U,:n € w} be a countable local basis at the point x. We can construct a sharp filter
A, = {U,:n € w} such that:
» U, CU, foralln.
= The intersection of all sets in the filter Ax contains the point x, i.e.,Nnn € w U, = {x} .
o Thus, Ax is a sharp filter that converges to x.
2. (&) Assume there is a sharp filter converging to each point of X:

o Letx € X and let Ax be a sharp filter converging to x.

o By the definition of a sharp filter, we can extract a countable local basis from Ax. Specifically, the sets
in the filter can serve as the basis elements.

o Since this can be done for every point x € X , we can construct a countable collection of neighborhoods
for each point, thus showing that X is o-countable.

6. THE SOLVABLE SPACE AND ITS SOLUTION ARE SIMILAR IN SHAPE

Definition 6.1: Let (X, d) be a space. The resolution of (X, d) is defined as follows:
1. X* = {[A]: A sharp filter inA} .

2. Foreveryo € Adefine 0" ={[A] € X":NA S o} .

3. The collection A* = {0": 0 € d} forms a topology on X*.

Proposition 6.2: Let (X, A) be resolvable space and let (X*, A*) be its resolution. Then there exists a bijection
f:X — X* such that for each x € X, f(x) = [A] where A is a sharp filter converging to x

Proof:

1. Existence of a Bijection:

o Since(X,A) is a resolvable space, by definition, it is regular and o-countable, and A is a compactible
basis.

o For each point x € X, we can find a sharp filter A that converges to x. Define the function f: X — X~

by f(x) = [A].
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2. Well-defined Function:
o Suppose A and B are sharp filters such that both converge tox. By the properties of sharp
filters, ANB is also a sharp filter, and thus [A]=[B]. This shows that f is well-defined.
3. Injectivity:

o To show that fis injective, assume f(x) = f(y), Vx,y € X. This means [A]=[B] for sharp
filters A and B converging to x and y, respectively. Since sharp filters converge to at most one point, it
follows that x = y. Thus, f is injective.

4. Surjectivity:
o To show that f is surjective, let [A] be any element in X . Since A is a sharp filter, by the properties of
resolvable spaces, it must converge to some point x € X.Therefore, there exists x suchthat ~ f(x) =

[A], proving that f is surjective.

5. Continuity:

o To show that f is continuous, we need to show that the preimage of any open set in A™ is open in A.
Given an open set o* in A%, the preimage f~(0*) consists of points x € X such that [A] € o* . This

means N A € o, which isopeninA .

6. Open Mapping:
o To show that f is an open mapping, consider an open set U < X. The image f(U) will consist of the
equivalence classes of sharp filters converging to points in U, which will be open in A* due to the

properties of sharp filters.
Definition 6.3:Let (X, A) be a resolvable space. For each sharp filter A in (X, A), if A{x}is defined, we denote the
corresponding point in the resolution as x* = [A]. Notice that for such a space, we have X* = {x*:x € X} .

Proposition 6.4:Let(X, A) be a resolvable space. Topologize X* by taking A* as sub basis. Then A* is a basis for the

topology on X* .
Proof :

o By definition, a sub basis A" consists of sets whose finite intersections generate the topology on X*. We need
to show The finite intersections of the elements of group A form the basis of the topology on X™* .

e Finite Intersections:
o Leta*, b* € A*. By the definition of A*, we have: a* = {[A]:N A € a}, and b* = {[B]:N B € b}

o The intersection a* N b*consists of all sharp filters [C] such that n € € aand N C < b.Thus, we can

express this intersection as: a* N b* = {[C]:NnC S anb} .

o  This shows that the intersection of two sets in A* is also in the form of a set defined by a sharp filter,

specifically those that converge to points in a N b.

2. Basis Generation:
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o Since any open set in the topology on X*, can be expressed as a union of finite intersections of
elements from A*, it follows that the collection of all such finite intersections generates the topology

on X*.

Proposition 6.5: Let (X, A) be a resolvable space. Define f: X — X/ by f(x) = x*, where x* is the equivalence class
of x under the sharp filter associated with x. Then f is a homeomorphism from (X, A) onto (X*,4*) .

Proof: By Proposition 6.2 , the function £ is a bijection. Now to prove f continues and open function per x € X, let
A, denoted a sharp filter in A which converges to x* , thus x* = [A,]. Select € A, Vx € X,we have x* € 6 iff x € 6.
Because 6* = {[A]:n A € 6} = {[A,:y € 6}. Consequently, f(6) = 6", and f*(6") = & . So that f continues and

open function. Hence f is a homeomorphism .

This research proposal outlines a comprehensive plan to investigate point-free topological spaces, develop new
mathematical methods, and apply these methods to practical problems. By leveraging the insights from key scholarly

works, this study aims to contribute significantly to the understanding and application of topology in various fields.
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