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ABSTRACT: The aim of this paper is to investigate the convergence of two types of iterative methods, that is Mann
and Ishikawa to the optimal proximity points for cyclic Kannan and Chatterjee mappings defined on Banach spaces.
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1. INTRODUCTION

Assume that A, I" are nonempty subsets of a Banach space (B.S) Y, and a mapping A: A — I', an element r € A is called
a fixed point [1] to A if Ar = r. Itis clear that A(A) N A # @, a fixed point of A requires this condition, but alone isn’t
enough. If A(4) N A = @, then ||Ar — r|| > 0 for all r € A, which means that the set of fixed points of A is empty. In
this case, one often tries to search for the point r that is as close as possible to Ar such that | Ar — || = D(A,T), where
D(A,T) = inf{||r — v||; v € I'}. The existence and convergence of best proximity point is an interesting topic of
optimization theory, which is why many researchers became interested in it [2], [3], on the other hand, in 1953, Mann
developed an iterative approach for estimating a nonexpansive mapping’s fixed point in uniformly convex Banach space
(UCBS) [4].
Uy = (L —v)ue + v Ay, €9)
where {v.} is a sequence € (0,1) so that lcl;rgolvc = 0and Y22, v, = . Afterwards, in the year 1974, Ishikawa proposed

a new iterative process for determining the fixed points, as follows [5]:

Uy = (1 —v)w, + v Ak,
)
we = (1= @)t + ¢ Au,
where {v.}, {¢.} are sequences in [0, 1) which satisfy the following conditions:
1. OSvCquCSl,girg(pC:O.

2. XV = oo.

Later, in 2011, Sadiq Basha [6] stated the best proximity point theorems for contraction mappings for other best proximity
point results, see [1], [2], [3]. [5], [6].
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This paper examines the convergence of the best proximity point for cyclic Kannan and Chatterjee contraction
mappings within the context of U.C.B.S. Additionally, we evaluate and compare the results obtained from said iterative
algorithms.

Throughout this paper, given that (4,T') is a pair of non-empty subsets of a B.S, the following notions are used in the
sequel.

D(AT) = inf{"r—v”; re€ A andv €}
A, ={ren|r—-v| = D,T) for somev €I}
I,=@Eer; |r—v| =D(,T) for somer € A}.

Definition 1.1 [7] Let A and I" be non-empty subsets of B.S Y, and leta mapping A: A U T’ - A U T be such that A(A) <
I'and A(I") € A, then A is called cyclic.

Definition 1.2 [7] Let A and I" be non-empty subsets of B.SY. Amap A: AU T’ —» A U T, is a cyclic Kannan contraction
map if for § € (0, %) it satisfies:

1. A(A) crandA(l) c A.

2. |lar—av|| <s(||r—4ar|| + |v - Av|) + (1 —28)D(A, 1), Vr € A, andv € T.

Definition 1.3 [7] Let A and I be non-empty subsetsof B.SY. Amap A: A U I' - A U I" isacyclic Chatterjee contraction
map if it satisfies:
1. A(A) cTrand ATl < A.

2. ||Aar—av|| <¢(||ar —v|| + ||[Av—r|) + (1 —40)D(A,T),Vr € A andv €T, where { € (o,%).

Definition 1.4 [8] Let (A, I') be a pair of non-empty subsets of B.S Y, with A, # @. The pair (A, I') is said to have P-
property if:
[my —ni || = DA )
= [[my —ma| = [[ny —n ||
[mz = n.|| = DA )
where my,m, € A, andn,,n, € [,.

Lemma 1.5 [9] Every non-empty, bounded, closed, and convex pair in a U.C.B.S has the p-property.

Lemma 1.6 [8] A B.S is U.C if and only if for each fixed number [ > 0, 3 a continuous strictly increasing function:
: [0, ) - [0, ) with (b) = 0 & b = 0, such that
||er —(1-¢&)v: ||2 < £||r||2 +(1-¢) ||v||2 —&(1- e)z/)(”r - v||),fora|| £ E[0,1]andr,v € Y where ||r|| <

Lemma 1.7 [8] Consider a strictly increasing function 1: [0, ) — [0, ), with 1p(0) = 0. If a sequence {l.} in [0, )
satisfies [imy(l,) = 0, then liml, = 0.
c—00 Cc—> 0

Lemma 1.8 [10] Let A and I" be non-empty closed, and convex subsets of a U.C.B.S. Let {p.} and {g.} be sequences in
A, and let {z.} be a sequence in I satisfying:

L |lpe—z| »p@n,

2. |lge =zl - p@n.
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Then || Pe — Ge || - 0.

Lemma 1.9 [8] Let Y be aB.S, and A, I" be two non-empty, closed, and convex subsets of U.C.B.S Y. LetA:AUT -
A UT be acyclic operator satisfying:

|Ar — 4%r| <v|r—A4r] + @ =v) D(A,T) ®)

forallr e Au T, wherev € [0,1). Then

1. ||Asr — At || <ve|r—Ar|| + @ —=v)D(A, ), forallr € AUT, and ¢ > 0.
2. ||Acr—AC+1r|| - D(A,T),asc—»>ooforallre AuTr.

3. ||A2Cr—Ar2C+2|| —0,asc—->ooforallre AUT.

4. his a best proximity point if and only if h is a fixed point of A2.

Theorem 1.10 [11] Let A and I" be non-empty subsets of uniformly, convex Suppose A = AUT - AUT is a cyclic
Kannan Contraction map. Then

1. A has a unique best proximity point h in A.

2. The sequence {A%“r} converges to h for any starting point r € A.

3. histhe unique fixed point of A2,

4. Ah is a best proximity pointof Ain I

Definition 1.11 [12] A pair (A, I') of subsets of a metric space Y satisfies property H provided that for every non-empty
closed convex bounded pair (A;, ;) € (A4, I') we have

m,qx{diam(Al), diam(4,)} < w44, 4,)

Theorem 1.12 [12] Let (A, ') be closed convex bounded pair in strictly convex and reflexive metric space Y. Suppose
that A:AUT — AU T isacyclic contraction in the sense of Chatterjea. If (A, I") has the H-property, then A has a best

proximity pointinA N I

2. MAIN RESULTS I

In this section, we provide two robust convergence theorems for determining the best proximity point. The Mann iterative
process is examined in the following, in order to calculate approximations for this point.

In all theorems the pair (4, ") are nonempty bounded, closed, and convex subsets of a U.C.B.S Y.
Theorem 2.1. Suppose A and I" are subsets of U.C.B.S. Y.suchthat ANT = @. Let A:AUT - AUT be a cyclic
Kannan contraction mapping for u, € A. Define the iteration

Uepr = (1= v )u, + v.A%u,, forall c € N. 4)

wheree <v,. <1-—¢, & € (0, é], then {u.} strongly converge to a best proximity of A.

Proof. Since A is a cyclic Kannan mapping, put v = Ar. In (3) we get

|Ar — A% || <v|r—Ar|| + @ =v)D(A, ), where v € [0,1), V = ﬁ. Using lemma 1.8. we get h is a best
proximity point for 4 if and only if h is a fixed point of 42.

|| Upps — h|| = || 1 =v)u, +v.A%u, — (1 —v.)h — v.A%u, ||
< @ -v)|lue — k| + v || A%, — A%R|
< Ju, ],

Thus {||u. — h||}c21 is @ decreasing sequence of non-negative real numbers. Suppose that
lim||lu.— k|| =1t =D, ).
c—0o

By using lemma 1.7 that there exists a strictly increasing and continuous function 1): [0, ©) — [0, ) with Y (0) = 0
such that

| tess — 2| 2 = | = voue +veA%u, — (1 —v)h — v A%R| ?
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= || (1 = vo) (ue — h) + v (A%u. — A2R) ||
<@1-v) ||uc - h"2 + v, ||A2uc - A2h||2 -v.(1—- Vc)l,b(”uc — A%y, ||)
< Jlu. = ||* = v.(@ = v (||lu — A%, |]).
Therefore,
82 1P(|| Ue — Azuc ") < Vc(l - Vc)lp(”uc - Azuc ”)

< Nt = 2I1” = flue = B]|",
Where ¢ - oo, we will get limy(||u, — A%u.||) = 0. And ¥ is strongly increasing and using lemma 1.7. we will get

Cc—00

|uc — A%u.|| - 0. Now, since every U.C.B.S is reflexive, A is a weakly compact set. Therefore, {u,}.»; has a weak
convergence subsequence {u.;};-1, Which is convergent to the point r x€ A. Since {u.;};»; iS convergent to r *€ A.
" u; — Aue " = " uc — A%u, " + "Azuc — Au, "
< lu, — A%u || + 6| Au, — A% || + |lu, — A |]) + 1 — 28)D(A,T)
(1 =8 ||uc — Auc || < 6| Aue — A%u.| + (1 —28)D(A,T).
But using lemma 1.8.
| Au, — A2u.|| < v]ue — Auc|| + @ =v)D(A, ),

5
where v = —. So
1-6

1) )
(1= &) [Jue — Aue|| < 67— lue — Aucl| + A= T=5)D A, D1+ (1 - 286)D(4,T)
< 5

62
— e = Au || + 6 =D D) + (1 -28)D(AT)

52 52
) e —Auc]| <6 -7

2 2
(=6 - |lue - Au | < 1 -5 - DA D).

So ||ue — Au.|| = D(A, ). Therefore, ||u. — Au, || convergent to D(4, ).
Now, since {u.}i»1 converges to r *€ A we have

(1-6—

+1—28D(A,T)

7% —Ar + || < liminf || ug — Aug||
i—o0

= lim llue: — Au |
= lim || u, — Au, ||
c—>00
=D(AT)
Given that (4,I") possesses the p-property, and uniqueness of best proximity point, we must have Ah = r * and h,
convergent to r *.

Next theorem used the Ishikawa method to give an approximate value to the best approximate point for mapping of
Kannan type.

Theorem 2.2. Suppose /A and I are subsets of UC.B.SY,suchthat ANT = @. Let A:AUT > AUT be a cyclic
Kannan contraction mapping for u, € A, and define the iteration:

Ucpr = (1 = v)we + v A%w, ®)

we = (1 — p)ue + P A%uy, VcEN
where

O<e<v. <1,
0<e<o¢p.(1—¢,). VceN
Then, ||u, — A%u. || is convergent to zero, and {u,} strongly convergent to best proximity point of A.
Proof. Using a comparable justification as presented in the proof of the theorem (2.1) we can show that every best
proximity of A is fixed point for A%2. Now using Ishikawa iteration to A%: I" - I, one has
llwces = Rl = | @ = vow, + veA%w, — (1 — v.)h — v A%R|

< A -vollwe =kl +ve|a*w. — 4%
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< A =-v)|lwe =r| +v ||we = r] = [|w. =]
Also,
[we =l = | = ¢puc + pcA?u, — (1 — p)h — p AR
=@- ¢c) " Ue — h" + ¢g "Azuc;j;;; - Azh"
< A=) lue —rll + ¢ lluc = hll = [lu — .

Therefore, ||uc; — k|| < |uc =1
So, the sequence {||u. — h||} is descending, and therefore Lim ||uc — || exists for any h € Fix(A?|I,). Since Y is a
U.C, there are strictly increasing and continuous function 1: [0, o) — [0, %) with 1) (0) = 0 such that
| h"2 = | —vo)ke +v.A*w, — (1 — v )h — vCAZh"2
< @ -v)|lw. = r||* +v || 42w, — h|* = v.(1 = vOu(||w. — Aw,|)
< (@ -v)llk = k)" +ve|l@ - u + b 42w, — k|
= ve(1 = vP([we — Aw |
< @ =v)llwe = h|* + v | = ¢ )ue = k| + ved || A%u, — A%k ]°
= Vetbe(1 = pIP([|ue — Auc ) = ve(@ = vp([|we — A%we [
= llue = hl|* = ve et = pwCllue = A2 1) = ve (1 = ve)p([lwe — 42w |)
Therefore,
Vede(1 = p([luc = A2uc|]) < vede(1 = pP([[ue — A%uc|) +ve (@ = vow([we — A*w |
< @ =v)llue = h|* + v = ¢) lu - |
< flue = A1 = llttees = Rl
Hence,
e2(Juc — A%uc|)) < |luc = h||* = [Juess — h||*. Which ensures that lcl;)rg||A2uC —u|| = 0. Using the same

argument as the proof of Theorem 2.1. {u.} converges to best proximity point of 4 in A.

3. MAIN RESULTS I

In this section we calculate the approximate value for the best approximate point for Chatterjee mapping using two types
of iterations. The first one is the Mann iteration.

Theorem 3.1. Suppose A and I' are subsets of U.C.B.S Y, suchthat ANT =@. Let A:AUT - AUT be a cyclic
Chatterjee contraction mapping that satisfies the H-property for t, € A. Define the iteration
Ueyr = (L —v)ue + v.A*u,, Ve €N.

Wheree <v, <1-¢, & € (0, %]. Then {u.} is strongly convergent to best proximity point of A.
Proof. Using theorem (1.10), there exists h € I}, such that |h — Ah|| = D(4,T), to calculate h, we shall first show
that h is a fixed point for the self-mapping A%:T - T.
D(AT) < || A%h— A

< {ll4%h = r|| + | AR = AR])) + (1 = 4)D(A, 1)

< {||A*h = k|| + (1 — 40)D(A, T)

< {||A*h = k|| + (1 — 40)D(A, ).
Using lemma 1.7, ||A%h — k|| > 0. We get D(A, ') < ||A%h — Ah|| < (1 — 40)D(A,T) < D(A,T).
Since
| A%2h — AR|| = D(A, ).
| A2 — h|| = ||Ah — AR| = 0.
By lemma 1.7, therefore, A2h = h. Now,

luces — R = (X —voue + A%u, — (1 = v)h — v A%h]||
< @ =v)|lue — k| +v| A%, — A%
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< u. - h|.
So, {[|uc — A|| }C"21 is a s!elquence of non-negative real numbers which is decreasing. Assume that [im luc—r||=1=
D(A,T). Now, by using lemma (1.5), that there is an increasing and continuous function : [0, ©0) — [0, ), with
1 (0) = 0 such that
|l ucss — 2| 2= | =vou. —ved?u, — (1 —v)h — v A% ?
= | (1 = vo)(ue — ) + ve(dPu, — A%R) |
<@A-v) ||uc - h||2 + v, ||A2uc - AZh"2 —a(l - vc)tp(”uc - AzuE”)
< Jlu. = || = v.(@ = v)u(||u. — A% |)).
Therefore,
eP([Jue — Auc[)) < ve@ —vw(fluc - A%uc)
< Naters = hlI* = flue = 21",
We will get éi_mw( |uc — A%u.||) = 0, where ¢ is convergent to 0. in view of the truth that 1 is strictly increasing.

We will get ||u, — A%u.|| is convergent to zero. Now, since every U.C.B.S is reflexive, /A is a weakly compact set,

e = Auc || < ||ue — A%uc|| + || A%u. — Au.||
< Jlue = A% || + ¢(| A% — u|| + ||Aue — Aw ||) + (1 - 49D, T).
But || A%u, —u.|| - 0,50 ||u. — Auc|| < (1 —40)D(A,T) < D(A,T).
Therefore, ||u, — Au,|| is convergent to D(4, I') Because {uy}i»; = 7 *€ A. We have ||+ —Ar * | < liminf || ue —
1—00
Auci ||
< lim|lu, — Aug|
[—00
< lim|u, — Au.||
C—00
=D(A,T)

Given that (4,I") possesses the p-property, and uniqueness of best proximity point, we must have Ah = r * and h,
convergent to r *.

Secondly, we use the Ishikawa iteration in calculation.

Theorem 3.2. Suppose that A and I" are subsets of U.C.B.SY suchthat AN T = @. Let A:AUT —» AUT be acyclic
Chatterjee contraction mapping that satisfies H-property for t, € A. Define the iteration:
Uepr = (1 —v)we + VCAZWC'
we = (1 — ¢p)t. + p.A%u,, Ve € N.
Where 0 <e<v, <1, 0<ée<¢.(1—¢.),Vc€eN. Then ||u, — A%u.|| convergent to zero and {w.} strongly
convergent to best proximity point of A.

Proof. Using the same reasoning as the one in the proof of theorem (3.1). Now using Ishikawa iteration to A%: " — I one
has,

llwces — Rl = (@ = vowe + v A2w, — (1 = v)h — v AR
< A =v)llwe =kl +v ]| 4w, — A%h]|
< (vl — k] vl =l = o, — 4]
Also,
"Wc_h" = " (1_¢c)uc+¢cA2uc_(1_¢c)h_¢cA2h"
S A= llue =l + ¢ [|4%u — 4% n]
<A =¢)fluc—nll + o fluc —nl| = [lu. - n].

Therefore, ||uc; — k|| < |uc =R
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So, the sequence {||u, — ||} is descending, and therefore él_)TL}”uc — k| exists for any h € Fix(A?|I}). We notice that
there is a significant increase and continuous function . Since Y is a U.C, there are strictly increasing and continuous
function Y: [0, ) — [0, ©) with Y(0) = 0 such that
luesr = h|* = | = voke +ved2k, — (1 = v)h — v A%h|*
= | = v we = B) + vers (AP — 420 ||°
<A -v)l|w. - h"2 + v || 4w, — A2h||2
—ve(1 = v )Y (||we — 42w
< @=vollwe = hlI* + v = ¢ llue = h|)*
Ve (1= ) [ 42ue — AR " = vepe(1 = )P ([|ue — A%uc|))
—ve(1 =Y ([ we — 42w [

= Jlue = R||* = vepe (1 = p)b(||lue — A2, [|) = ve(1 = ve)p(||we — A2w,||)

Therefore,
Vebe(X = )b ([lue = A2uc ) < vedpe(1 = ([ ue = A2 ) + ve (1 = vo)ip([|we = Awe |))
< @ -v)|u - h|* +v.@ —v)|u —r|
< Jue =1 = e =2l
Hence,
e2(||ue — A%u.|)) < |lue = h||* = |Jucses — h||”, where c is convergent to o, we will get ICE’QlP(" u. — A%u.|)
equal to zero.
Using the same argument as the proof of Theorem 2.1. {t.} converges to best proximity point of A in A.
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