Wasit Journal for Pure Science

Journal Homepage: https://wjps.uowasit.edu.ig/index.php/wjps/index

Ali H. Maran!®, Abdul Rahman S. Juma2®, Raheam A. Al-Saphory3®*

13Department of Mathematics, College of Education for Pure Sciences, University of Tikrit, Tikrit, IRAQ.

2Department of Mathematics, College of Education for Pure Sciences, University of Anbar, Ramadi, IRAQ.
*Corresponding Author: Raheam A. Al-Saphory

DOI: https://doi.org/ 10.31185/wjps.422
Received 10 May 2024; Accepted 26 Jun 2024; Available online 30 September 2024

ABSTRACT: The main goal of the present paper is to introduce a new class of harmonic multivalent functions
defined by a new linear operator in the open unit disc U = {z: |z| < 1}. Thus, some geometric properties have
examined, including coefficient inequality, extreme points, convolution conditions, convex linear combinations, and
integral transforms for the class }[;f, 0.6® 0,%,%,0).
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1. INTRODUCTION

The study of analytic and harmonic functions is of great importance in the field of mathematics and its applications
[1]. These functions are essential in complex analysis, for example the theory of geometric functions, and harmonic
mapping, they play a crucial role in various mathematical contexts, such as the study of Riemann surfaces and the theory
of univalent functions, which make them a powerful concept in the field of mathematics [2]. One of their most important
properties is starlikeness, convexity, close to convexity, extreme points, and the convolution condition [3][4].

A continuous function f = u + iv is complex valued harmonic function in a complex domain C, where both u and
v real harmonic in C [5]. Thus, in any simply connected domain D < C [6],[7].We can write f = h+ g where hand g
are analytic in D [8],[9].We call h the analytic part and g the co-analytic part of f, a necessary and sufficient condition
for f to be locally univalent and sense-preserving in D is that |h'(z)| > |g'(z)| in D [10]. Denoted by
ﬂ-[,‘f‘q‘m(p, q,%,%,6) the class of function f = h + g that are harmonic multivalent and sense pressing in the unitdisk U =

{z:|z| <1}, forf=h+ g€ }[;f_q‘{(p, q,%,%,8), we may express the analytic functions h and g as [11],[12] by the form
h(z) =2" + X3 an 27, g(2) = XL, by 27, by < 1. @

Now, Sharma et al. [13] study the following operator
9,(p,q,6;2) = 2" + Xpis

where, 6§ > —¢,f€EN,0<qg<p<1.
and Hussain et al. [14] investigate the following operator

(p(f, q, t, Z) = Z{) + Z?:t’+1[x + (1'0 - 1)]2 ZX' (3)
Here, the Hadamard product (or convolution) of the above mappings 9,(p, q, 8; z) and @ (¥, q, t, z) is characterized the
new linear operator via the next form

Kl e = Wo* 9)f(2) = 28 + 5524,

([6+2p,q),_, .
[x—2lp,q z5 (2)

B+ -0 ([6+2]pq),_,
[x—{’]p_q

a,z’. 4
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Thus,
Hp o of (2) = Hp g oh(2) + H ,9(2),
where
v+ (£ - 1)]5([6 + f]p‘q) ~
?-[Ifq‘{,h(z) =zt 4 Z 7] LA

¥=f+1 pa
and

o _ t

m _ [x+ (¢ 1)]q([6 + e]m)r_e e
p.q; L [x — 'g]p,q

Hence

[r+(-1)14 ([6+€1pq) [s+(£-1)14 ([6+21p.q) —_—
) ) <) q P.q)_p q P.q)—_p ¥
}[p.q,ff(z) =z + ZT=€+1 [X_{)]p,q [‘f_f]p,q b?fZ . (5)

Thus, one can define a subclass of }[gq‘{(p, q,%,%¢,6) multivalent harmonic functions, which satisfying the
conditions:

az” + Y,

R 2(18q0@) 2233 q00@) > g, (6)

Z(ng’{;h(z)),+Z(ng,€g(z)),
where0<o0<1,6>—-¢,7eN0<qg<p<1
Lemma 1.1.[15] Let @ = 0. Then R{6} = a if and only if |6 — (1 + a)| = |6 + (1 — a)|, where 6 be any complex
number.

2. COEFFICIENT INEQUALITY

In this section, we prove that the sufficient condition for f to be in the class }[If,q,[(p, q,%,%,8), given by the next
outcome.
Theorem 2.1. Let f = h + g is define by (1). If

[+ (e-D15([6+2] Fr+(e—1)]E ([5+2]
[s(Gs = 1) +5(1 = ) T2y iy — 1o+ lpa)y.. a7+ [ —1) —¥(1+0)] X2, a([8+1pq)
[r—Llpq —tlpq

0. (7
Then, f is harmonic multivalent sense — preserving U and € }[,fq,{,(p, q,%%,6) .
Proof. To prove that if the inequality (7) holds, then

=t bTZT Z

n

22 (H2h(@) — 22 (1],,9(2)) . {A(z)}

z(}[gq’eh(z)), +z(7—[§q’{,g(z))’ 5@

where
A@) = 22 (4 (@)~ 22 (H],,9@)
and

B(z) =z (}[gq'{;h(z)) +z (}[z‘f_q_{,g(z)>
By using lemma 1.1 it can get
|A(z) + (1 = 0)B(2)| - |A(z) = (1 + 0)B(2)| = 0 8)
Then, by the substituted A(z) and B(z) in the inequality (1.8), we obtain

"

22 (H34h(@) — 22 (#2,,0@) + 1 ~0) <z (#24,6h@) +2 (}fgq’{,g(z)),)’ |2 (362,.00@) " -

Hence,
|{’({’ D = DY,

[x+(¢- 1)]}"Z ([6+€]p"7)v—4’
[¥=£lp,q
[r+({’—1)]f1([6+{’]p,q)v_£,
[—tlpq

Lr+(e= D15 ([8+)p,9), b7 4 (1
¥

az” —¥(x—-1) Y5,

b+ (6= D15 ([6+£1,4)
[v—¢lp,q

~tlpq

- |£’(1? - Dz +¥(x -

o) (fze + ¥ Y a, 72" +¥ Y, =t bxz*>
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[r+(e—1)]g([5+e]p,q)r r+-DI5([6+€)p,q)

D Xler

a7z —¥v(x—1)Y2,

=t ph z* — (1 + 0) ({’Zf +

[x~tlpq —tlpq
e+ (e-D1E ([5+¢] [r+e-1)]5([5+¢] —
¥¥ 01 x a( p.a)5—p a,z" +¥3%, ¥ a( p.a)y_y b.z" )| = 0.
v ~tlpq v Br—4lpq

Consequently,
[ —1)+¢—Lolzl +¥(x — 1) X ,04

[7f+(e—1)]g([5+e]p,q)mr

ot (-DIG([5+¢0pg),_, o
[r—f]p_q - T(T - 1) Zr:f

[r+-1)14([6+¢]
— aTZr + TZ;(;{; v q( p.q)

Br+-DI5([6+¢)p,q)
[x—*lp,q

=t h,Z¥ +

£ 0 £ £
2" + ¥ Yo =t b,z¥ —ofz" —

r—Clpgq [v—£lp,q
e+ (=115 ([6+4] e+ (e-D)]15([5+¢] —
0¥ e pi1 il a(8+pa),, 2" — 0% Yoy i a(l5+tna)y b,z* [ —1) — £ — to)z +¥(¥ —
v= [~Clpq ¥ [x=tlpgq

[r+(e-D15(16+pq),_, o [HE=-DIG([6+81p,q)
[T_e]p,q aTZ - X(X - 1) ZT:{’ [r_{]p,q
B+ (- DI ([6+€1p,9),_, [r+(e-DIL ([6+¢1p,q)

DX =t p 7% + £z —

¥ Yt -t AZ” — ¥ Yep = =t p 7% — gbz% —
b+ (=D ([8+1p,q),,_ [+ (6= D1 (16 +€1pq),_, ——
P [rq_{]pq p.q ta,z" —o¥ e, [T‘l_g]pq PUs=t} 5w
= [+ @@= DS + £,
> 208 — 2 — )]|z|* = 2[x(x — 1) + ¥(1 — 0)] Z ol pq)r_flarllzlf
[¥—¥l,gq
o ¥y={+1 ( j
s+ (€ — DI +£]pg)
2P — 1) — ¥ (1 +0)]Z L PVt TpT12l* > 0.
[» — {’]p q
— .

By virtue of (7), this implies that £ € 32 ,(p,q,%,£,6). m
Thus, the following theorem demonstrates the condition (6) and it is also necessary for functions f(z) = h(z) + g(z).

Theorem 2.2. Suppose f € J{qu‘{(p, q,¥,%,6), ifand only if
t t
[5G = 1)+ 5(1 = 0)] 52 gy O s vy = 1) — 51 + o)) g, I o
[T—{’]p,q [W_f]p,q
0. 9)
Proof. we only need to prove the " only if " of the theorem. to this end, for functions f of the form (1) with condition (6),
we notice that the condition

z? (}[gq‘{h(Z))” - W

z (Hziq.f‘h(z)) +z (Hlf_q‘fg(z))
The above inequality is equivalent to

[v+(£— 1)111([6”]1"1)7 ¢, [x+(£— 1)]q([5+€]p Qe

7l S S o A o >0 (10)

[v+(-1)1% ([6+€1p,q).._ [x+(-1)]E ([6+€1p,q).._ =
843, [rq—f’]p,q =L 02T+ I, [Xq_{,]p'q ¥=lp 75

Thus, this inequality must hold all values of z, such that |z| = r < 1.
So, the above inequality can reduce to
[x+(£— 1)]q([6+‘£’]pq)mr 0,

>0,

-1zl +¥(x-1) T2 pat

br+(e-014(I8+¢1p,q) ey

({’—1)+7r(7r—1)§];° a1 =y 7r(7r—1)2mr v =y >0 11
o - 1L ([6+£’]pq)7r ¢, o (- 1)],1([6+£’]pq)7f . = ( )
¥ Yol oir -llpg +¥ Yol -flpg Dy

In the case where r — 1~ and if the condition in (9) doesn’t hold, then the numerator in (11) is negative. This is a
contradiction with our assumptions and then, f € .’H‘gq‘[(p, q,%,%,6).
Since f € H2, ,(p, q,%,¢,8), then for

The harmonic univalent function

[oe]

o, t—-2—-0)[r—1],,4
f@)=z"+ ;H G -1 +v0 - s+ @~ DI + €l,q)._,
+Z t—2—-0)v—"tly,
[*(xr—1) —vA+o)]lr+ -] ( [6 + f]pq)
Demonstrates the equality in the coeff|0|ent bound given by (9) is sharp.

¥
Xz
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3. EXTREME POINT

Now, the next result proves extreme point in the class }[gq‘f(p, q,%,%,06).
Theorem 3.1. Afunctionf =h+g € }[gq’{;(p, q,%,%,8) ifand only if f(z) can be expressed in the form

f(Z) = Z;O:E[th(z) + ng(z)]' (12)
where
h,(2) = z*
and
o, tt—2-0)[x—*tl,4
M) = A T D v — o)t (= D6 + g)., 22
with,
9(2) =2 + tt—2—-0)xy—*tlpq Fr>1

Fx—1)—v1+)][r+#-D]t (6+€pq)

X,=1- z X, +ZY

y=£+1

The extreme points of f € .’I-[gq_g(p, q,%,%,6) are h(z) and g(z) .
Proof. Let f(z) is define by (12). Then, we have

@) =) Xeh(@ + Vg ()]
¥=f

So,h(z) 20,9(2) =0.

Hence,
'~ . X -2 v —1tl,, .
f@ = ;(xx +1) 2+ Z g e (N
< Ll —2-0)x—4],, vt
* ; [x(r—1) —x(1+)llx+ (¢ —DI4([6 + f]pﬂ)v—# v
Thus,

[oe]

£

- Ll —2-0)x—t],,
fo=as Zﬂ [r(vr —D+x(1-o)llx+ ¢ - D8 + £1pq),_,

tE=2-0)x—"tl,, ,
+Z -1 -1 +o)][x+ - 1)]f([5+€]pq) Yoz

X,z

Furthermore, let

) = i r(xr—1) +¥(1—o)]lx+ € - D6 + {)]P"I)r—f

¥=t+1 tE—2-0)[v—{]p, a,z*
o G = D) =31+ D[s + (£ = DIG([8 +€1,4)._,
+Z {’({’—2 _O—)[T_f]p,q bxzf.

¥=F
Then,

o 3G =D+ 31—l + (¢ = DIG([8 + £lpq). _,
f@ =X=Z[+1 - 2-0)w— 1], x

t—2—-0)[vr—1],,
([w(w—1)+w(1—0)][w+(€—1) ([6+{’pq) >
+§: (-1 —¥(1+o)][x+ ¢ - DI4([6 +"p]p.q)x_
& t-2—-0)v—"tlyq
( -2 -0y — 2], Y)
G =1 =51+ )lx + ¢ = DIS([6 +¢lpq),

Consequently,

[ee]

f(2) = Z XT+iYT=1—X[s1

¥={+1 ¥v={
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Hence, f(z) € 5q[(p, q,%,%,06).
Conversely, if f(z) € K qg(p q,%,%,6) . Assume that for (x= 2)

X, =1- Z X, —

where T{)H
_ [rer—1) +¥(1—o)]lx+ € —-DI5([6 + {J]P"?)x—f
%= s . 2.
=) = w1+ o)+ (€= DIG(6 + £, \
L= @-2-o)v— 1, 1541
One can put
f(z2)=2z"+ Z a,z” +Zbrz7‘
Then, ¥={+1
3 t—2-0)[x—*tl,,4 .
f@ =2+ 2;1 oG = 1) +5(1 = s + (¢~ DI([5+ ), , Koz
-2 a)w—4l,, _
Y, Z".
* Z [*(r—1) -5 +o)][r+ - 1)]5([6 + f]p_q)r_{, z
Therefore,
f@ =2+ ) [z +h@X+ ) [ + g @Y.
Consequently, e =
f(z)=[1—z Z z +ZXh(z)+ZYTg(z)
¥={+1 y={+1

Then,

£() = Z X, h(z)+zyrg(z) .

y=f+1

4. CONVEXLINEAR COMBINATIONS

Next result demonstrates convex linear combinations for the class }[qu_{,(p, q,%,%,06).
Theorem 4.1. The class }[gq,{,(p, q,¥,%,8) is closed convex linear combination.
Proof. Let each of the functions

fi(z2) =z° + z |ar]|z +Z|bﬂ|z (aw,b”>0]—12)

y={+1

be in the class }fziq,{;(p, q,%,%,6). Thus, it is sufficient to show that the function G (z) defined by
G(z)=ph@+A-wfHh),0<u<l)

is also in class 7, ,(p, q, 7,4, 6).

Since (0 < u < 1), then

G() =2+ Z [1lay:| + @ - wlaz|] 2 +Z[u|bﬂ|+<1—m|bm|]z
¥={
and with the aid of theorem 2 2, |mpl+|és

Z [l ] + (= wlayal] 2 +Z[u|bﬂ|+<1—u>|b”|]

¥={+1
(o2}

> =D+ 30 - Olfufan |+ (4 - wla,l] 7+ Z[m — 1) + 31— )] [p|bya| + A — Wby |7
Thgrie%lre, !

= Z (lrCr — 1) +5(1 — )]|aya| + ¥ — 1) —w(1 + )]|bys[) 2°

¥={+1
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+(1 - ) z (v — 1) + 51 — )]|ay,| + [ — 1) = ¥(1 + 0)]|by,|) 2"
< wll{(f - 27;:_41;1) —({=2+0)}b ]+ A= wt{(£ =2 —0)— (£ =2+ 0)}|b,l]
Su{(f—2-0)— -2+ 0)}b,l]
which show that G (z) € H5, ,(»,q,%,%,5).

5. CONVOLUTION CONDITION
For harmonic functions

f(2) =2 +32,.1la,12" + ¥2,1by| Z° (13)
and
M(z) = z* + Y sl 27+ Yer,ldy | Z° (14)
Defines the convolution of f and M as
(f*M(2) =2+ Yot pilayCel 2% + Yor slbyd,y | z". (15)

The following theorem examines the convolution property of the class }[ﬁq,{,(p, q,%,%,0).
Theorem 5.1. If fand M € ], ,(p,q,%,¢,8), then f = g € HJ, ,(p, q,%,¢,6).

Proof. Since f(z) =z" + ¥ 10, 2" + X0, by 2°

be in the class 2, ,(p, q,4,6), and

bein 27, ,(p.q.%,¢,0).
Consider convolution functions f * g the following:

¢ 2—DI([6+¢
[x(x — 1) +¥(1 — 0)] Z [x+ @ = DIG(8 + 2oa),,

2. w4, 6
+ G —1) =51 +0)] 2 b+ - [1; I (;](: tha)se d 7"
< (s — 1) + (1 - 0)] il[” ({)—[13] ({,i:’?]”") o
FIr—1) =51 +0)] Z Shkn [173]_2%: Uoadsety v 1w

6. INTEGRAL TRANSFORMS

This section, presents an important result for the class }[gq,[(p,q,x, £,8) under the generalizes Bernardi-Libera-
Livingston integral operator which described by

F(f@) =22 [ 7 f(2)dt,u > -1 (16)
Theorem 6.1. Let £, (2) € H2, ,(p, ,%,¢,6), then F,(f,(2)) € &, q{,(p, q,%7%,8).
Proof. From definition of Fu(fr(z)) given by (16), it follows that

[oe]

F(];(z))—— tw [P + Z axt*+ZthT dt.
¥={

¥=0+1
(oo}

u -+ —
L ru_szrzx.
¥+u +u

¥= {’+1

=zP + Z Y, z* +ZK 7z,

¥={+1

where,
u+p u+p
= a, and K, =
Tox+u ” T ox+u

b,.
Hence,
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< 2—DI([6+ ¢
-1 +31-0)] [+ 0= DI + 4pa),,

h [v —lpq v
2+ -DIE(5+ ¢
FIxr—1) —w(1+ 0)1; v+ [r)]—q(e[]p,q [
< [x(x — 1) + w(1 — 0)] XZI B+ - [173]_5(;]‘: Cloa),, o
+ s —1) —¥(1+0)] Z b+ - Ejl_q({)[i: o), b<1

Thus by using theorem 2.2, F,(f,(2)) € H2, ,(p,q,%,¢,6) . m

7. CONCLUSION

This article have been introduced a new class of multivalent harmonic functions defined by linear operator
J{If’q'[(p, q,¥,%,8). Thus, some interesting outcome are studied and demonstrated such as the coefficient bound for the
class fl-[zf 0.¢® 4,%,%,6). Consequently, some geometric properties have been investigated and analyzed for the consider
functions, like the coefficient inequality, extreme points, convolution condition, convex linear combinations, and integral
transforms in connection to the class }[If‘q‘[(p, q,%,%,8). Finally, many problems remain opened for instance: extension
of the obtained results to an operator applicable in partial deferential equations as in [16], [17].
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