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ABSTRACT: In this work we will use a novel approach to solving linear partial differential equations (PDES)
utilizing the transformation (“Albazy Altememe Integral Transform’), which is defined by the integral:
1

(-il)n f(lnx)n f(x) dx; nez*." . (D)

"HA[f(X)]=

0
Also presenting the characteristics, theorems, and transformations of some functions such as (constant functions,
logarithm functions and others. finding the way to use it in solving PDEs

Keywords: partial differential equations, integral transformation, Albazy Altememe Integral Transform, linear
systems, partial derivatives, ordinary differential equations

1. INTRODUCTION

A lot of integral transformations have appeared in recent years, the researcher Ali Hassan Mohammad has encountered
integral changes, such as the Al-Zughair transformation [3] and the AL-Tememe transformation [2] in addition to Batoor
Al-Tememe and Batoor Al-Zaghair's changes, as well as the growth of Al-Zughair [4] and Al-Zughair metamorphosis
[5], Kuffi Al-Zughair and Kuffi Al-Tememe [6], as well as the transformation we'll employ in this work, Albazy
Altememe Integral Transform. All these works are used to solve many types of ordinary and PDEs, beside integral
equations.

This research will present Albazy Altememe Integral Transform [7] which appeared at 2023 A.D. as a way for solving
some types of PDEs, this transformation formulated (1). We will make changes in the parameters of above formula to

use it in our work and it will be:

HA[u(x, Int)] =

1
—1)n
( n,) f(lnt)“ u(xInt) dt; n € z*
. 0
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Proposition 2.1

The functions u, (x,Int) and u, (x, In t) are defined where t € (0,1], and A , B are constants, then:
HA[Au;(x,Int) + B up(x,Int)] = AHA [u;(x,Int) ] + BHA [u,(x,Int) ],

Proof:

(-D"

n!

1
HA[Au,(x,Int) + Bu,(x,Int) | = [f (A(Int)" uy(x,Int) £ B(nt)" u,(x,Int))dt],

1

[f A(lnt)” ul(x,lnt)dtif B (Int)" u, (%, Int)dt],
0 0

=D"

n!

=D"

n!

=AHA [u;(x,Int) ] + BHA [u,(x,Int)],

D"

=A
n!

1 1
f (Int)™ uy(x,Int)dt + B f (Int)" uy(x,Int)dt,
0 0

Theorem 2.2 [7]
Let f(x) be a function, our conversion for some basic functions are listed in the table below:

f(x) HA[Fx)] = % [} nx® fodsne 2+
1 1
(Int) —(n+1)
(Int)~! —
(Int)® ED™ n+a)! ae z*
(Int)=2 E0 n-a)! ae z+
sinhlnlnt —(+1D + 1
2 2n
coshlnlnt —t1) 1
2 2n
sinfAInInt ﬂ(n+a)! - ﬂ(n—a)! a€e z*
2n! 2n!
cosHAInInt (_1)a(n +a)l + ﬂ(n—a)! a€ zt
2n! 2n!
1
t
2n+1
t2 1
3n+1
e _ ac 2+
(a+ 1)ntt
t% (a)n+1 a€e zt
(a+ 1)ntt
t% (b)n+1 a&b € zt
@+ byt

3. MAIN RESULTS
In this section, the linear systems of first-order PDEs with variable coefficients—the Albazy Altememe equation—wiill

be solved using the Albazy Altememe transformation.
The linear systems of PDEs-of 15t order with variable coefficients, will be considered as following:

uq,(Int, u;(Int, u,(Int,
(Int,x) 1t(t %) =ay 1(t )S)+a12 Z(t )S)+f1(lnt'>S),
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u,. (Int, u,(Int, u,(Int,
(Int, %) zt(t %) =a,, 1(t )S)+a22 Z(t )S)+f2(lnt,)g) - (3.1)

where a4, a;,,a;,and a,, are constants, u;  (Int, x), u, (Int, x) are the first partial derivatives of the functions u, (In t, x)
and u, (Int, x) respectively, such that u;(Int,x) and u,(Int,x) are continuous functions on (0,1] and it is known what
the (#A) of f; and f, are known . After simplifying, we take (#A) to both sides of equation (3.1) in order to solve the
systems (3.1).

., U;(Int, . Uy(Int, o

U, = }fA[g],U2 = }[A[g], F, = HA[f,(Int,%)],
F, = HA[f,(Int,x)] in equations (3.1) we get :

. U;(Int,x)
—-(p+ 1)7{1’“\[%] =ay Uy +aU; +F

. Uy(Int, %)
—-(p+ 1)7{A[%] =ay,U; +aU, +F, -
So,
_((p + 1) + diq )Ul - azzUZ = Fl e (3.2)
_321U1 - ((p + 1) + azz)UZ = FZ e (3.3)

Through the multiplication of eq. (3.2) by a,, and eq. (3.3) by
((p + 1) +ay; ) we obtain:

_321((P +1)+ay, )U1 —azjax,U; = aFyq,
_321((P +1)+ay, )U1 - ((P +1)+ 311)((9 +1)+ azz)Uz = ((p +1)+ a11)1:2 :
Thus, if we subtract the two equations above, we obtain:

—a18,,U, + ((p+ 1) + a1, )((p+ 1) +ay, )U, =aFy — ((p+1) +ay, ) Fs,
So,
agF —((p+D+a,;)F, .
[ —aziaz, + ((P +1)+ 322)((9 +1)+ a11)] ’
Such that the denominator not equal to zero .

U, = .. (34)

Using a similar approach, we discover U;.
By applying eq. (3.2) by ((p + 1) + a,, ) and eq. (3.3) by a,, obtain:

—((p+ D +a1)((p+1) +ay)U; —ay((p+1) +a5 )U, = ((p+1) +a,, )F,
tajia,,U; + azz((P +1) +ay, )Uz = Fay,F, -
Thus, if we subtract the two equations above, we obtain:

_((P +1)+ 311)((9 +1)+ azz)U1 + aza,,U; = ((P +1) +ay, )F1 —aF,; -

So,
= ((p+ 1) + a5, )F; —azF, ; .. (35)
_((P +1)+ 311)((0 +1)+ 322) +ajiay;
Such that the denominator not equal to zero.
From equations (3.4) and (3.5), we obtain (HA)™!
u, =i7-[1°\_1[((p+ 1) +ay; )F; —ayF, ],..(3.62)

—((p+ D +a)((p+1) +ay)+azay
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azF —((p+1D+a;;)F,
—ajidz; t ((P +1)+ azz)((P +1)+ 311)
Eqg. (3.6) represents the solution of system (3.1).

U, = HA_I[

] ..(36b)

3.1 Table of Albazy Altememe Integral Transform to the partial derivatives

1
2 (=1)°P
u(Int,x) HA[u(nt,x)] = —— f (Int)? u(lnt,x) dt =v(x,p) ;p€z’
p: J
Int,
(Int) M —(p+ 1) v(x,p) te (0,1]
Int)?2
9 et (b +2)(p + 1) v(x,p) te (1]
t
(Int)3
——uy(Int,x) —(p+3)p+2)(p+1)v(xp) t € (0,1]
(Int)*
— wntx) (P+HP+3)pP+2)(pP+DvEp t e (0,1]
(Int) dv
e - — te (0,1
—U(Int ) (p+Dg (1]
Int)? dv
A0 ent ) (b +2)(p+ D te (0,1]
(Int) d?v
— Uyt (IN't, %) —-(p+1) o t € (0,1]
Int)? d2
ﬁ Uit (Int, %) p+2)(p+1) d_XZ t € (0,1]
EXAMPLE 1
In order to solve the PDEs first-order linear system:
Int Int
Tu1t+ZTu2t=lnt+1, ..(3.7)
lnTtult—ZlnTtuzt=lnt—1, ..(3.8)

111



Tuga et al., Wasit Journal for Pure Science Vol. 3 No. 2 (2024) p. 108-118

The referred conversion is applied to both sides of above equation,

we arrive at:
. Int . Int . o
}[A(Tult) + Z%A(T uzt) = }[A(ll’l t) + }[A(l) ,
, Int . Int . o
}[A(Tult) - ZﬂA(Tuzt) = }[A(ln t) - }[A(l) ,
So,
o Uq o Uy
~(p+DHAC) — 200+ DHACD =~ + D +1,
o Uq o Uy
~(p+ DHAC) + 200+ DHACD =~ + 1D -1,

So, from first equation , we get:

— R — 2Ry = —P .(3.9)
t t p+1)
And, from second equation , we get :
o Up o Uy —(p+2)
—HA(—) + 2HA(—) = —— ..(3.1
HACD +20ACD =" (310)

By addition the last two equations , we get:
o Uq
—ZHA(T) =-2,
o Ug
}fA(T) =1,
The inverse of the referred conversion is applied to both sides of above
equation, we get :
oy — P 0N —
(#A) 1}[A(Tl) = (#A) (),

U

=1, .'.u =t,
t 1

And so, by multiplying equation (3.9)by (—1)and by simple calculations,

we obtained:

HACY) + 2HACD) = —2
t t p+1)
o Uq o Up _(p + 2)
—HA(—) + 2HA(—D) = ——,
( t )+ ( t ) (p+1)
By addition of the last two equations , we obtain :
—4 . u —(p+2
HA(_Z) __P (p )’
(p+1) t” (p+1)  (p+D
-4 u -2 u -2 +1 1
HACD) = ——, HACZ) = e+ _1
(p+1) t p+1) t p+1) -4 2

By taking ( #£A~1) to both sides we obtain:

X 1
HADHACD = HAHE),

1 . _t
2, ..u2—2,
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EXAMPLE 2
The 1° lineman PDEs must be solved as follows:
Uzex
lnt 4 In t t lnthlnt , ..(3.11)
Uz 2
lnt . 4 In t . +lntT=(lnt) , ..(3.12)

;U(—00,%x) = u(—o0,x) = 0,u;(Int,0) = 1,u,(Int,0) = 0

The referred conversion is applied to both sides of above equation,

we arrive at:

o u o
HA®nt +7-[A(lnt 1ttX) HA(nt ﬂ):}m(lnt),
HA®nt = )+fI-[A(lnt 1tx)+}[A(lnt 2tX)—}[A((lnt))
( +1)57{A°(u1) e+ DY o+ 2o 1
P t P dx P ax P ’

9 ul dVl de
—(p+1)}fA(T)—(p+1)E—(p+ DE: P+2)p+1),

So, from the first equation, we get:

-V —%+%= -1, ..(3.13)
dx dx

And from the second equation, we get:

R S TP .. (3.14)
dx dx

By addition of the last two equations together, we obtain:

2V, zdvl—(+2 1)
1 dx_p ’

dv;
-2V, -2—=(p+1),

dx
%+v1 _ —(pz+ D ’
(jjxl eX +V,eX = _(p2+1)ex,
vex =" o @,
Vi = # +e X, (1),
?fA(—) = M +e e (D),

The inverse of the referred conversion is applied to both sides of above equation, we get

on—1_ o U -1 —(p+1)
(#4) " HACD = (#A) " (—5—+eFeu(),
u Int 1
— =5 te e, 03(0) = (HA) ™ (02(1),
tint
Uy = + te Xp5(t), since u;(Int,0) = 1,
tint 0 tint
1=T+te ©s(t) , t(p3(t)=1—T,
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© = 2—tint (t)—l Int
P30 = ot , @30 = t 2
tint 1 Int tint tint
—_ X(_-___" . —__ X _ "X
u = > + te (t 2), Sy > +e > e,
tint

Uy =T(1 —eX)+e¥,

Also, from equation (3.13) and equation (3.14) we can get:

dv; dv,
T T T
dv, dv,
-V -———-—= 2) ,
17k dx (p+2)
By addition the last two equations together, we get:
de de _(p + 3)
—2— = _—=
dx (b+3), dx 2
Zfdvzz—f(p+3)dx, 2v, = —(p+3)x+c,
—(p+3) c s Uy —(p+3) c
= x4 R(=2) = — o4~
Vy > X + 5 H (t) > X+ 5
The inverse of the referred conversion is applied to both sides of above equation, we get:
o . U -1 —(p+3 c
k)1 HAC) = (3¢4) 1(%){ +3)
uz_(lnt—Z) +c1 _(tlnt—Zt) +t
t v 2 T b =y XAy
¢ = (}[A)_l (o , Since u,(Int,0) =0 ,
tint— 2t t t
0=(T)(0)+EC1 ) EC]_:O, C1=0,
. thnt—2t
..u2 == f X,
EXAMPLE 3
The1l? linear PDEs must be solved as follows:
Uz, Uty U2y :
lntT—lnt T+lnt . = Int(cosh (Inlnt+ sinhInint) , ..(3.15)
u u u
Int = —Int —%—Int =% =0 , ..(3.16)
t t t

;u(—00,x) = ug(—o0,x) = 0,u;(Int, 0) = 1,u,(Int, 0) = tint,
The referred conversion is applied to both sides of above equation,

we arrive at:

u u u
HA(nt %) — HA(nt %) + HA(nt %) = #A (Int(cosh Inlnt+ sinhInInt)),

HA(nt %) — HA(Int %) — 7A(nt %) = HA(0) ,

So,

P+ DV + O+ D o+ D2 =L (o4 2014 (1)
P 1+ P ax P dx  2p! P " 2p! P

1 1
— ——(p!
350+ =550,
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(e+1)V, +( +1)dv1+( +1)dv2—0
p 1 p dX p dX_ 1]

So,

dv; dv,
—(p+1)V1+(p+1)a—(p+1)E= pP+2)(p+1),

(+1v+(+1)dv1+(+1)dvz—0
p+ 1DV +(p T -0

So, from the first equation, we get:

L dvz—( +2) 3.17
1T T ax WP ’ - (317)
And from the second equation, we get:
v 4, e 3.18
T dx odx ’ -+ (3.18)
By adding of the last two equations together, we obtain:
2v,+2 W (12 2V, +2 M (42
1 ax (p ) 1 dx (p ),
dv, (p+2)
T
dv, (p+2)
X__-_aXY X ,
dx € 1 2
—(p+
er ="t oy
—(p+2 o U —(p+2
vV, = % +efo () HA(Tl) = %

The inverse of the referred conversion is applied to both sides of above equation, we get:

+ eX (pl(t) )]

0)

on—1_ o U -1, —(p+2)
(3A) " HACDH = (#A) (—— + e . (0)
u; Int-1 on—1
T 2 +eXs3(t) @30 = (HA) (p1(D),
tInt—t tlInt—t
U = +tefps(® , 1= > +te* p3(D),
tlnt+t 2—tlnt+t
1- =te’@3(0  , tes()= ————
2 2
0 = 1 lnt+1
(p3()_ t 2 2 )
_tlnt—t+t ! lnt+1
= CGTz Y
) _tlnt—t+ . tint ot
Ll = e S e toet,
By multiplying equation (3.17) by (—1), we obtain:
dv; dv, dv, dv,
T 2 — — 2=
! dx+dx (b+2), Vl-I_dx-i_dx
By adding of the last two equations together, we obtain:
dv,
ZE=—(p+2) , Zfdv2=—f(p+2)dx,
—(p+2 c
2V, =—(p+2)x+c , V2=¥X+E )
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g Uoo —(p+2) C
ﬂA(T) = 2 X+ 2 )
The inverse of the referred conversion is applied to both sides of above equation, we get:
oy — . U -1, —(p+2 c
(#R) I%A(TZ) = (HA) ™ (% x+3),
u; Int—1 +C1 _ tlnt—t +tcl _ 30yt
T_ 2 X ? ’ uZ_( 2 )X ? 'Cl_( ) (C),
tint—t C1 t
tint=( > )(O)+t? , tlntzzc1 , ¢ =2Int,
) _(tlnt—t) +t nt
Sy = 5 X 2( nt),
EXAMPLE 4
The 1° linear PDEs must be solved as follows:
u u
Int % +Int % = (Int)® + 3(Int)? + Int , ..(3.19)
u; u
Tl - Tz = x(Int — (InH)?) .. (3.20)

u(—o0,x) = ui(—o0,x) = 0,u;(Int,0) = u,(Int,0) =0,
The referred conversion is applied to both sides of above equation,

we arrive at:
HA(nt %) + HA(nt %) = HA((Int)®) + 3HA((Int)?) + HA(Int) ,
A (u—tl) — %A (%) — 7A(x(Int — (InH)2)) ,
So,
dv, dv,
—-(p+ 1)&— (p+ 1)5 =—(pP+3)(p+2)+D+3(+DE+D-(+1)

. /U . /U
HA(Z) - HA(Z) =x(=+D -G+ D +1D),
So, from the first equation, we get:

W W D —30+2) +1 3.21
= (D +D -3+ +1, ~(321)

And, from the second equation, we get:
vi—v,=x(=(p+D-(p+2)(p+1),

By differentiating the last equation, we get:

W W -+ D+ D) 3.22

dX dX - p p p ) ( . )

By adding of the last two equations (3.21) and (3.22) together, we obtain:
dv

2——==(+3)(+2) -3+ +1-(+D -+ +1),
dv

Zd—xl=(p+2)p—(p+1)(p+3)+1 =p?+2p—-p*—4p-3+1=-2p-2,

dv;
E:—(p—l—l), de1=_J(p+1)dX;

u
vi=—(p+1x+c, HA(Tl)z—(p+1)x+cl,

The inverse of the referred conversion is applied to both sides of above equation, we get:
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(#8) "#A () = (O6R) (= + Dx+ ),
%:xlnt+c3 ,C3 = (?—[A)_l(cl), u; =xtint+tcs,

Since u;(Int,0) =0 , c3=0,
L.uy = xtint,

And so, by multiplying equation (3.22) by (—1) and by simple calculations, we obtain:

dvy; dv,
—E+a=(P+1)+(P+2)(p+1), -« (3.23)
dv, dv,
E+E=(p+3)(p+2)—3(p+2)+1 , .. (3.24)

By adding of the last two equations (3.23) and (3.24) together, we obtain:

27 = (0 + (e +2) ~ 3+ + 14+ D+ (p+ 2+ D),

=p?+5p+6—-3p—6+1+p+1+p*+3p+2,
=2p*+6p+4,

dv,
E=pz+3p+2=(p+2)(p+1).

Jdvzzf(p+2)(p+1) dx , v, =(p+2)(p+1)x+cy,

U
HA(—) =(p+2)p+1)x+c,,
t
The inverse of the referred conversion is applied to both sides of above equation, we get:
on—1_ o (U on—1
(#R) " A (TZ) =(HR) (p+2)(+Dx+c,),

u oy —
Tz =x(Int)? +c,, c,=(HA) (), u, = xt(Int)? + tc,,

Since u,(Int,0) =0, ¢, =0,
Su, = x t(Int)?.

4. CONCLUSIONS

The transform subject of the work has been used to find a solution for linear systems of PDEs with variable
coefficient from the first order with some initial conditions
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