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ABSTRACT: Suppose that V is any inner ideal of L. The core of V is an inner ideal of L with special requirement.
In this paper we prove. If L is a 4-dimension Lie algebra a with 1-dimensional derived, then the core of every inner
ideal of L is zero. Moreover L containing a sandwich element if L' ¢ Z and every element in L is sandwich if L' <
Z.

Keywords: Lie algebras, The core, (V), Sandwich element, four dimensional

el

1. INTRODUCTION

The idea of inner ideals was initially introduced in 1976 by American scientist Georgia Benkart [1]. According to
Benkart, an inner ideal or (simply I — ideal) is a subspace V of a Lie algebra L suchthat [V,[V,L]] SV .If[V,V ] =
0, then an inner ideal V is said to be commutative. Inner ideals of the Lie subalgebra of simple associative rings were
studied in [1] and fully classified in 2009 by Benkart and Fernandiz Lopez in [2]. In 2016, Brox, Fernandez Lopez, and
Gomez Lozano examined the case of centrally closed prime rings with involution of characteristic not equal 2, 3, or 5
[3].

Premet explains in [4] and [5] that the inner ideals of Lie algebras perform a similar role to the one-sided ideal of algebras
of associative relations; hence, by taking into account the inner ideals of Lie algebras, one can provide instruction for
Acrtinian theory for Lie algebras. Lie algebra is called Artinian if and only if it possesses a descending chain of inner
ideals [6]. Shlaka, and Mousa, in 2023 study inner ideals of the special linear Lie algebras of associative simple finite
dimensional algebras (see [7]). It is demonstrated in [8, Proposition 2] that each one-sided ideal of a finite dimensional
associative algebra A accepts a Levi decomposition and, under certain minimal circumstances, can be created by an
idempotent. Baranov and Shlaka achieve the same results for inner ideals in [8], demonstrating that each inner ideal of
the Lie algebra [ 4, A ] permits Levi decomposition and may be created by a pair of idempotent elements (if it satisfies
some minimal conditions) [9].

Additional incentive to study inner ideals arises from [10], where Fernandez Lopez et al demonstrated that when L is any
non-degenerate Lie algebra over an abelian ring F, equipped with two and three invertible elements, then every
nonzero commutative inner ideal V of finite length in L is complemented by a commutative inner ideal [10].

In 2023, Shlaka and Saeed [11] studied inner ideal of the four-dimensional Lie algebras depending on Schobel
classification of Lie algebras in [15]. Shlaka, and Kareem, described abelian non-Jordan-Lie inner ideals of the orthogonal
finite dimensional Lie algebras in [13]. The notion of core Of an inner ideal is introduced in [9] by Baranov and
Shlaka. Let V be an inner ideal of a Lie algebra L. It is well-known that [V, [V, L] ] isalso an I — ideal of L. Take V, =
V and consider the following I — ideal of L : V, = [V,_y,[V,_y,L]] € V, forallintegersn > 1. ThenV = V, 2
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V. 2V, 2. As L is finite dimension, this series terminates, so there is an integer n such that V,, = V,,, . Such ¥, is
said to be the core of |4 , is denoted by core, (V)

In this paper, we study the core; (V) of the 4- dimensional Lie algebras with 1-dimensional derived. We also
study sandwich elements of the four-dimensional Lie algebras with 1-dimensional derived. In section two, we start with
some preliminary information about inner ideal (or simply I -ideal), the cor;, (V) of I-ideal, sandwich elements. The third
section we state basic concept about 4-dimensional Lie algebra with a 1-dimensional derived. In section four, we showed
that core;, (V') = 0 for every I-ideal of a real 4-dimensinal Lie algebra with a 1-dimensional derived. Section five we
proved that if L is a 4-dimensinal Lie algebra with a 1-diensional derived then L contain sandwich element if L' & Z.
Moreover, every element in L is sandwich elements if L' € Z.

2.

In this section we state some definitions about I-ideal, the cor; (V) of inner ideal, extremal and zero divisor or
(sandwich)element.

Definition 2.1 [8]: Suppose that V is a subspace of L. Then V is said to be an I — ideal of L when [V,[V,L]] € V.
We denoted by I-ideal to be an inner ideal of L . The I-ideal is said to be commutative if [V,V ] = 0.

Let V be an inner ideal of L. Then [V,[V,L]] S V. It's widely recognized [V,[V,L]] € V isan I-ideal of L (see
[11, Lemma 1.1]). Take V, = V and suppose that the following I — ideals of :V, = [V,,_1,[ V1, L]] E V,_4 for
alln = 1. Then=V, 2 V; 2 V, 2 ---. As L is finite dimension, this series terminates. This motivates the following
definition.

Definition 2.2. [9]: let V be an I-ideal of L and L as a finite dimension Lie algebra. Then there is an integer n such that
V, = V,_;. Thus V, is called the core of V, denoted by core, (V).

Definition 2.3.[14]: Let x € L be non zero element, then x is called extremal if [ x,[ x,L]] S Fx, where Fx =
span{x | x € L}.
The element x is said to be zero-divisor (sandwich) if {x € L| [x,[x,L]] = 0}.

3.

In this paper p = 0, L, V and Z are field of any characteristic, the characteristic of R. Lie algebra over R. Inner ideal
of L, and the center of L, respectively. Recall that the center of L. Z, n-dimensional center. We denoted by U, is two-
dimensional Lie algebra with the following property [u,, u, ] = u,, Where is a basis for U,. H; is j-dimensional Lie
algebra with the following property [h,, hs | = [hy, hs] = - = [hj_l,hj] = hy, and [h,, h,, ] = 0 otherwise, where
hy, hy, ... hj are a basis for H;.

Let L be a four-dimensional. The dimension of L' may be 1,2 3 or 4 . In [15] Schobel classified the real four-
dimensional Lie algebra by relating the dimension of L’. Suppose that the dimensional of L' is 1. Then we have the
following result. For the proof see [15].

Theorem 3.1. [15]: Consider L as a real n-dimensional Lie algebra with a 1-dimensional derived. Then L is one of the
following :

1. IfL'¢ Z,thenL=U, & Z,_,.
2. IfLl' c Zthenl=H®Z, ;(j=2m—1m > 2).

Where in the case (1) we have L' & Z, while in the case (2) we have L' € Z,
Proposition3.4. [11]: If L= U, @ Z,and L' &€ Z,then

1. L contains a 1-dimensional I-ideal.
2. L contains a 2-dimensional non-commutative I-ideal.
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3. L contains a 3-dimensional non commutative I-ideal.

Remark 3.5. According to [11], if L is a real 4-dimensinal with 1-dimensional derived and L’ € Z, then L has basis
{uy,uy,2,2,} } and the Lie multiplication of this basis is [ u; ,u, ] = u, and otherwise is zero. Thus
1. span{u,}, span{z,}and span{z,} are all 1-dimensional I-ideal. However, span{u,} is un l-ideal as proved
in [11, Remark 3.3].
2. The only non-commutative I-ideal of a 2-dimensional I-ideal of L is span{u,, u,}.
3. The only non-commutative I-ideal of L are span {u,, u,, z, } and span{u,, u,, z, }.

Proposition 3.6. [11]: LetL = H; @ Z;, and L' € Z. Then every 1-dimensional subspace of L is
an I-ideal.

Proposition 3.7. [11] Let L = H; @ Z, and L' < Z . Then every 2-dimensional subspace of L is an
I-ideal.

Proposition 3.8. [11] Let L = H; €@ Z; and L' < Z . Then every 3-dimensional subspace of L is an
I-ideal.

In this section we show that, if L is a real 4-dimensitional with 1-dimensional derived. Then L has a core, (V) = 0
for every I-ideal.

Proposition 4.1. Let L=U, @ Z, and L' & Z, then

1. cor, (V) =0 forevery 1-dimensional I-ideal.
2. cor, (V) =0 forevery 2-dimensional I-ideal.
3. cor, (V) = 0 forevery 3-dimensional I-ideal.

Proof. By Theorem 3.1 L has basis { u; ,u,,z;,z, } such that [ u, ,u,] = u, and otherwise is zero, and by
Proposition 3.2, if L = U, @ Z,and L' € Z, then L contain a 1, 2 and 3-dimensional I-ideal. Suppose that y € L.
Theny = Au; + pu, + az; + Bz, forsomed,u,a,B € R.

1. LetV bea l-dimensional I-ideal of L. Then by Remark 3.5V = span{u, } or V = span{z; }orV = span{ z, }.
Since zy,z, € Z(L), itis clear that core, (V) = 0 if V = span{z;} or span{z,} . It remains to V = span{u,}. We
need toshowcor, (V) =0.Letx € cor, (V), a, b € V.Thena= A, u;andb = yu, u, forsome 4, ,u; €
R .

Since x=[a[by]] =[Au,[mu,Au; + pu, + az, + fz,]]
=[Aiug, g Alug,wy ] + pgpfug,up] + g afu,z ] + uflug,z]]

=[Aiu,upu] = A pugpfu,u ] =0,
socor, (V) =0.

2. LetV be a2-dimensional I-ideal of L. Then by Remark 3.5V = span{ u, ,u, } is only non-commutative I-
ideal of L . We claimthat cor;, (V) = span{u, }andcor, (V) S V, ,weneedtoshowV, S cor, (V).
Since
Vi =[V,[V,L]]
let x € V;, then there existsa,b € Vandy € L. Thena= a;u; + Byu,,b= a,u + f,u,and
y=Au + pu, + az + Bz, forsomea,,a,,B;,B2,1,u,a,8 €R.
Thus
x=[al[by]]
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=laflau + Bruy,Auy + puy + az; + f2,]]

[ayuy + Brug,aapuuy — BrAug]

a @ [ug,uy ] — g Bolug,ug ] + Brag[ug,us ] — BB Aluz, g ]
=—pfrazuy + B frAu; = (BB — Braz)uy € span{u, }.

and
V, =[Vi,[V1,L]].

Letx; € V,,thenthereexistsa,,b; €Vyandy € L.Thena; = ayu, by = ayu;andy = Auy + pu, +
az; + fz, forsomea;,B;,A,u,a,5 €R.
Thus
xy=[ap,[b,y]]

=[layu, [Brur, Auy + puy, + az + fz,]]

=[layu, fruws] = ayBrifug,us] =0,
socor;, (V) =0.

3. Let V be a 3-dimensional I-ideal of L. Then by Remark 3.5V = span{u, ,u,,z, }and V = span{u, ,u,,z, }
are only non-commutative I-ideal of L . We claimthatcor, (V) =span{u, }andcor, (V) € V; ,we
need to show V; < cor, (V). Since

Vi =[V,[V,L]]
let x € V; , then there exists a,b € V.and y € L . Then a= a;u; + f1u, + y121,b= a,uy +
Bou, + ypzzandy =Au, + pu, + az, + Bz, forsomea,,a,,B1,B2,71,Y2, 4, 4,2, € R.
Thus
x=[al[by]]
=[a[azuy + Bous + V221, Auy + pu; + az + f2z;]]
=laa; Alug,ug | +az plug,up ]+ ay afug,ug |+ ay Blug 25 ] + Ba A[uy , vy ]
+ B uluz,vo] + B aluy 21 1 + B2 Bluz,z2] +v2 Alu,vi | +vo ulug ,uy ]
tyv2alz,z]+v: B[z ,2; ]
=laiu + Bruy + iz, apuy — BrAug]
=—prazpuy + PifrAduy =(BrfaA — Pragu)uy € spanfu, }.
and
V, =[Vi,[V1,L]].

Letx; € V,,thenthereexistsa,,b; € Vandy € L.Thena; = a;uy,by = ayu;andy = Av, + pv, +

az; + pz, forsomea;,B;,4,u,a,8 €R.

Thus

x1 =[ay,[by,y]]

=layw,[frug,dus + pu, + az; + Bz;]]

=[ayu,fruu] = ayBri[ug,us] =0,

socor, (V) =0.

Proposition 4.2. LetL = H; @ Z; and L' < Z. Then every 1-dimensional subspace of L hascore, (V) =0 for
every l-ideal.

Proof. Let V be a 1-dimensional subspace of L and let v € V be a nonzero. Then {v} from a basis of V. We extend {v}
to form a basis { h , h, , h3 , v}, where h, , h, , h; € H; such that the Lie multiplication of this basis satisfy the
condition of Theorem 3.1 and by Proposition 3.4 let L = H; @ Z,and L' < Z. Then every 1-dimensional subspace
of L isan I-ideal. we need to show cor e, (V) =0.Letx € core,(v),ab € Vandy € L.Thena= Av,b=
uvandy = ah; + Bh, + yhy; + dvforesomeA,u,a,B,y,6 € R.Then

x=[a[by](1)
By Theorem 3.1 we need to consider four cases dependent on the multiplication of h, , h, , h; and v whether
[Ay,h;] = hy,v € Zy,0r[hy,h3] =v;hy € ZyOr [V,hy] = hy ,h, € Zyor[h,,v] = hy,h; € Z;.

Case 1. Suppose initially that V € Z, and [ h, ,h3 ] = h, , otherwise is zero. By Equation 1
x=[al[by]] =[aluv,ahy + Bh, + yh; + §v]]
=lapalvh ] +pB[vh ] +pylvhs] +pdvv]]
=[a0] =0,socorL (V) =0.

Suppose now that hy € Z, and [ h, , h; | = v, otherwise is zero. By Equation 1
x=[al[by]] =[a0] =0,

socorelL (V) =0.

Suppose Next that h, € Z; and [v,hy ] = h, , otherwise is zero. By Equationl
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x=[al[by]] =laluv,ah, + Bh, + yhs + 5v]]
=[Av,uy[v,h3] =[Av,uyhl] = Auy[v,h1] =0
socorelL (V) =0.

Finally let h; € Z, and [ h,,v] = h,, otherwise is zero. By Equationl
x=[al[by]] =[Av,[uv,ahy + Bh, + yhy + 6v]]
=[Av,—puBh] =—-2Aup[v,h1] =0,
socore, (V) =0.

Proposition 4.3. Let L = H; @ Z; and L' < Z. Then every 2-dimensional subspace of L has cor e, (V) = 0 for
every l-ideal.

Proof. Let V be a two-dimension subspace of L , and let v, , v, € V be a non-zero. Then { v, , v, } from a basis of V.
We extend { v;, v, } to form a basis { h; , h, , v;, v, } such that the Lie multiplication of this basis satisfies the condition
of Theorem 3.1 and by Proposition 3.5let L = H; @ Z, and L’ € Z. Then every 2-dimensional subspace of L isan I-
ideal. We need to show that cor e, (v) =0.
Letx € core, (V),a,b € Vandy € L.Thena= A, v; + yyv,,b= A, vy + yyv,andy = ah; + fh, +
yv, + 6v, forsome Ay, A, , U1, U4z, a,B,7,8 €ER.
Then

x=[a,[by](2)
By Theorem 3.1 we need to consider six cases depending on the multiplication of h, , h, , v; and v, whether
[vy,hy] = vy hy, € ZyOr[Ry,v,] = vy;hy, € Zy0OF[hy ,hy] =v;v, €E Zy0OF[V,,v,] = hy; h, €
Zior[vy,hy] = hy;v, € Zyor[hy,,vy] = hy;v, € Z;

Case 1. Suppose first that h, € Z; and [v,,h; | = v, , otherwise is zero. By Equation 2
x=la,[by]
=[a[dvy + ppvy,ahy + Bhy + yv + v, ]]
=Alplfvy,v] + Lhwalvy,v] =0,
socor, (V) =0.

Case 2. Suppose now that h, € Z; and [ hy,v, | = v, otherwise is zero. By Equation 2
x=[a[by] =[al[lvy + uzv;,ahy + Bhy + yvy + 503 ]]
=[la-—wavy] =[hvy + vy, —ppav]
=—Ahpalvy,v] —mpalvy,v] =0,
socore, (V) =0.

Case 3. Suppose that v, € Z; and [ h; ,h, ] = v, , otherwise is zero. By Equation 2
x=[a,[by] =[a0] =0,
socorelL (V) =0.

Case 4. Suppose that h, € Z; and [ v, ,v, ] = h, , otherwise is zero. By Equation 2
x=[a[by] =[a[dvy + tvy,ahy + Bhy + YV + 6v2]]
= Mg [vi bl = pp[vi b ] — e 6 (v, hy] — pappy [v2,hy ] =0,
socore, (V) =0.

case 5. Suppose that v, € Z, and [v,,h, ] = h,, otherwise is zero. By Equation2
x=[a[by] =[al[dvy + Hyv,,ahy + Bhy + yv, + 6v,]]
=la,dal[vi b ] + LB [vi ha]l + Ly [vi,v1] + w0 6[v,v,] + wpa[vy, ] + u fvy,hy]
+ ¥ [vy,v1] + w8 [vy,v;]
=[Av + vy, 4,80
=ML B[vi, ] + u A B[va k] =0,
socorelL (V) =0.

Case 6. Suppose that v, € Z; and [ h,,v, | = h,, otherwise is zero. By Equation 2
x=[a[by] =[a[A12v]1 4+ pu2v2,ahl +Bh2+yvl+6v2]]
=la,da[v, b ]+ LB [vi he]l + Ay [vi,v1] + w6 [v,vo] + wpafvy, by ] + py vz, hy]
+ u2y[v2,v1] 4+ u2é6[v2,v2]
=[Avy +mvy,— A Bh]
=—-MhAhBlvi,h] — A B[V, 0] =0,
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socorelL (V) =0.

Proposition 4.4. Let L = H; @ Z; and L' < Z. Then every 3-dimensional subspace of L hascore, (V) =0 for
every l-ideal.

Proof. Let V be a 3-dimensinal subspace of L and { v; , v, , v5 } be a basis of V . we extend { v; ,v,,v; }to forma
basis { hy ,v;, v, ,v3 } such that the Lie multiplication of this basis satisfies the condition Theorem 3.1 and by
Proposition prop 3.6 let L = H; @ Z, and L' € Z. Then every 3-dimensional subspace of L is an I-ideal.
We need to show cor e, (V) =0.Letx € core,(v),a,b € Vandy € L.Thena= a, v, + a,v, +
asvs,b= pyv, + Byv, + Bsvgandy = A, hy + A, v, + A3 v, + A, v; for some
ay,q,B1,B2,21,22,23,4, €R.Then

x=[a[by](3)
By Theorem 3.1 we need to consider four cases depending on the multiplication of h; , v, , v, and v; whether
[vy,v3] =vy; hy € ZyOr[vy,,hy] = vy,v3 € ZyOr[hy,v,] = v;,v3 € ZyOr[vy;,v,] = hy;,v3 € Z;.

Suppose first that v, v,,v; € Z,and [ v, ,v3 | = v, otherwise is zero, and x; € Z, . By Equation 3
x=[a[by]]

=[a,[Bivy + Bovy + B3v3, A hy + vy + A3v, + A,

=[a,Br A [vi h ] + Bida[vi v ] + Bids [V, 2] + BiAa[vi,v5] + BoAi[va, b ] + B A [vy, vy ]
+ Bo A3 [V, 0] + BoAa[ Vo, 03] + B3 A [vs, b ] + B3 A [V, 01 ] + B3As[vs,v;]
+ B34 [vs,v;]

[ay vy + av; + a3 v3,B 4401 — B33 Vg ]

ay B A [v1,v1] — a1 B3 A3 (v, v ]+ ap B Ay [V, 01 ] — @ B3 A3 [v1,v1 ] + az B3 A3 [vs, v ] =0,

socor, (V) =0.

Suppose now that vy, v, € Z, and [ v,,h; ] = v, otherwise is zero, and v € Z; . Then

x=[a[by]] =layv, + azv; + azvs,f 4 v, ]

= Py [vi,v1] + @By [V, ] + as Pty [vs,v4] =0,
socor, (V) =0.

Suppose next that v,, v, € Z,and [ h,,v, ] = v, otherwise is zero, and v; € Z, . By Equation 3
x=[a[by]]
=layvy + ayv; + az vz, — Py Ay Vg ]
=[—a P [V, v1] —ay Bo Ay [V, 01 ] — as B A [vs,v1] =0,
socore, (V) =0.

Finally let v;,v, ¢ Z,and [ v, ,v, ] = h, otherwise is zero, and [ v, ,v, | = h, . By Equation 3
x=[a[by]]
=[ayvy + ay v, + azvs, B Az hy — B A hy ]
ay fr Az [vi hi]l— a1 Bo A [V Ry 1+ ap BrAs [vy Ryl — an B A [vo Ry 1+ a3 By A5 [vr, Ry ]
—a Ay [va, ] =0,
socore, (V) =0.

Theorem 4.5. Suppose that L is a real 4-dimansional Lie algebra with a 1-dimensional derived, then cor, (V) = 0 for
every I-ideal.

Proof. Since L is 4-dimension with a 1-dimensional derived. Then by Theorem 3.1 either L = U,®Z, or L = H;®Z;.
Suppose first that L = U,@Z,. Then by proposition 4.1. cor;, (V) = 0 for every I-ideal.

Suppose now that L = H;BZ;.

Thus

1- By Proposition 4.2 every 1-dimensional subspace has core, (V) = 0 for every I-ideal.

2- By Proposition 4.3 every 2-dimensional subspace has core, (V) = 0 for every I-ideal.
3- By Proposition 4.4 every 3-dimensional subspace has core, (V) = 0 for every I-ideal.
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5. SANDWICH ELEMENTS OF A REAL FOUR DIMENSIONAL LIE ALGEBRAWITH
1-DIMENSIONAL DERIVED

In this section we proved that if L is a 4-dimensinal Lie algebra with a 1-diensional derived then L contain sandwich
element if L' € Z. Moreover every elements in L is sandwich elements if L' < Z.

Proposition 5.1. LetL = U, & Z, and L' € Z, then L contain a sandwich element.

Proof. By Theorem 3.1 L has basis { u; ,u,,z;,z, }such that [ u,; ,u, ] = u, and otherwise is zero .
Supposethatx € L,andy € L.
Thenx = wy;andy = Au; + pu, + az, + Bz, forsomed,u,a,8 € R.
Since
[us, [us,y]] =[us, [us,duy + pus+ azy + fz;]]
=[ug, Aug, ] +plug, ] +aluyz ]+ fluy,z]]
=[u1'#u1]
=plu,u ] =0,
S0 u, is a sandwich elements.

Remark 5.2. Proposition 5.1 is not true if we state let L = U, @ Z, and L' & Z, then every elementsin L is a
sandwich element. As one can see in the following example.

Example 5.3. Consider x € Landy € L. Thenx = u,andy = Adu; + pu, + az; + B z,.
Since
[uz,[uz,¥]] =[uz,[uz,duy + pu; + az; + fz,]]
=[ug, Aluz,vi ] + uluz,vy] + aluz,z1] + Bluz,z2]]
=[uz,— 2w | =—-2[uy,uy ]
= Au,.
Thus, u, is non-sandwich elements.

Proposition 5.4. Let L = H; @ Z; and L' € Z. Then every basis of L is a sandwich elements .

Proof. By Theorem 3.1 L has basis {hy, h,, h3, z} such that [ h, , h; ] = h, and otherwise is zero. Lety € L. Then y =
ah, + Bh, + v h; + 6z we need to show that each basis element is sandwich. Since z € Z(L) it is clear that z is
sandwich element. It remain to show that h,, h, and hs are all sandwich elements.

Suppose firstthath, € Landy € L. Theny= ah; + Bh, + yhy; + dzforesomeA,u,a,B8,y,5 € R.
Since
[hi,[h,y]] =[hy,[hy,ahy + Bhy + Yhs + 62]
=[h1,0] :0,
S0 h, is sandwich element.

Suppose now thath, e Landy € L.Then y=ahl + fh2 + yh3 + §zforesomeld,u,a,B8,y,6 € R.
Since
[hy,[he,¥]] =[hz,[ha,ahy + Bhy + yhy + 62]]
=[hy,a[hy,hi] + B[hy,hy] + v [hy,h3] + 6[hy,2z]]
=[hy,yh] =y [hy,hy ] =0,
S0 h, is sandwich elements and let

Finally leth, € Vandy € L.Theny = ah, + Bh, + yh; + §zforesomeA,u,a,B,y,5 € R.
Since

[h3,[hs,y]] =[hs,[hs,ahy + Bhy + yhy + 6z]

=[hs,al[hs,hy] + B[hs,hy] + y[hs,hs] + 6[h3,z]]

=[h3'_ﬁh1] =_ﬁ[h3'h1] =0,

S0 hg is sandwich elements.

Theorem 5.5. Suppose that L is a real 4-dimansional Lie algebra with al-dimensional derived, then L contain a
sandwich element if L' ¢ Z and every element in L is a sandwich if L' € Z.
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Proof. Since L is 4-dimensional Lie algebra with a 1-dimensional derived. Then by Theorem 3.1 either L = U,@®Z, or
L = H3®Z1.

Suppose first that L = U,@®Z,. Then by proposition 5.1. L contain a sandwich element.

Suppose now that L = H;@Z,;. Then by Proposition 5.4. L has a sandwich element for every basis of L.
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