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ABSTRACT: This paper processes numerically and analytically the magnetohydrodynamic flow among two porous
solid plate intersections at an angle or through non-parallel porous walls, which can be interpreted as a mix of Jeffery
Hamel fluid flow additives from suction-injection parameters. In fluid mechanics, the equations of governing, which
are transferred to the non-linear ordinary differential equation of third order, are modeled instead of the conventional
Navier-Stokes equations by Maxwell's electromagnetism. In this study, the results obtained from the differential
transform method (DTM) and the numerical method BVP4c are compared to the results obtained from the optimal
methods (ODTM), which include the collocation differential transform method (CDTM), the subdomain differential
transform method (SDTM ), the least squares differential transform method (LDTM), and the Galerkin differential
transform method (GDTM) A comparison is made between the approximate analytical and numerical solutions for
different parameters like open angles (g), Reynolds numbers (Re), injection parameters (S), and Hartmann numbers
(Ha). The results demonstrate that the two approaches are very similar.

Keywords: Jeffery-Hemal, Fluid Flow, The Differential transform Method, MHD Flow.

INTRODUCTION

The Jeffery Hamel problem is a mathematical term for incompressible viscous fluid flow among non-parallel walls for
convergent diverging channels, which Jeffery feigns [1] and Hamel [2]. This type of flow was first created by pioneers, who
managed to make it famous by elevating it to a key position in the study of flow dynamics and establishing a solid mathematical
formula for various mechanical circumstances. The numerous applications in biomedical engineering for MHD generators can

<

be summarized as in Fig.1:
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FIGURE 1. The Applications of MHD
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Since they are used in many industrial and natural environments and are considered useful in daily life and work, many scientists
have been interested in this field in recent years [3-6]. Magneto-hydrodynamics has been the focus of many researchers [7-10]. In
contrast, the flow of magnetic hydrodynamic nature is considered about the current induced in fluid moving in the presence of a
magnetic field. The damping and control of electrically conductive fluids can be achieved by electromagnetic body force which is
why the study of such flow is so interesting and has different applications in a variety of fields of technology and engineering. For
example, Asghar et al [11] examined the boundary stresses stipulated in the tractive boundary condition on an incompressible
magnetic hydrodynamic flow from Jeffrey Hamel for a viscous fluid. Dinarvand et al [12] analyzed the converging-diverging
channel heat transfer and flow with the multiple slips effect which is a development of the Jeffery Hamel problem utilizing the mass-
based hybrid nanofluid algorithm. Nadeem et al [13] investigated how mass and heat transfer affected blood flow through a stenosed,
tapered porous artery using Newtonian bio-magnetic fluid. Chutia [14] looked into how an inclined magnetic field and variable
thermal conductivity affected MHD plane poiseuille flow in a porous channel with a non-uniform plate temperature. Jasim [15]
used the derivative series algorithm to investigate the non-slip and slip of unsteady flow fluid. Jasim [16] Studied the effect of MHD
on squeezing flow of water-based Casson nanofluid in a porous medium between two parallel plates. Many researchers have been
keenly interested in different analytical methods for studying fluid flow problems [17-28]. This research utilizes a significant
method, called Differential Transformation, to address extremely nonlinear situations. This approach is specifically applied to
evaluate ordinary differential equations [29,30]. The main objective of this work is to investigate the behavior of an unstable
Magneto hydrodynamic fluid flow in divergent/convergent channels. DTM is a type of analytical approach for discovering
approximate analytical solutions to nonlinear equations that cannot be solved exactly. It may be used to explain, forecast, and
describe occurrences in systems induced by nonlinear processes. This analytical approach has been successful in solving the problem
of fluid flow, producing the approximate- analytical solutions for the velocity, and studying differential equations governing the
MHD Jeffery Hamel fluid flow. The impacts of the Reynolds number, Hartmann number, angle open, and injection-suction
parameters on velocity profiles are graphically discussed.This article introduces a new approximation method called the optimal
differential transform method. This method combines several techniques, including DTM,CDTM,SDTM,LDTM and
GDTM .The primary characteristic of the ODTM strategy is its ability to rapidly converge while minimizing computational
expenses. In order to validate the outcomes achieved by the ODTM, the identical problems were additionally examined utilizing
both the DTM and the numerical methodology. BVP4c. The remaining sections are organized as follows: section two presents the
statement of equations, section three discusses the ideal basis of DTM for ordinary differential equations, section four explores the
application of DTM and BVP4c, section five focuses on improving the analytical aspect, section six presents the convergence test,
and section seven provides the results and discussion. Section eight contains the conclusion.

2. THE STATEMENT OF EQUATIONS

Two-dimensional and incompressible conducting viscous of fluid flow of two rigid plane walls which are in the intersection state
from a source or sink with an angle of 2¢. geometric interpretation of physical phenomena that can be represented in the language
of mathematics in the form of a model with physical parameters as depicted in Fig.2. The velocity (z(f, 8), 0) is depend on # and
6 [31,32] and only along a radial direction. The polar coordinates that represent this model using the momentum equations and the
continuity equation, which are the Navier-Stokes equation, in the following form can be written as:

2 (P 0) — psin @) + - (pcos ) =0, @
(af(f,é)—ws;nré)(aﬁf(fﬁ)) LW c:s E)B(ﬁf(i@;;wsin@) (W co: )’ _ _% % . (az(ﬁf(f,zgz—wsiné) +

+Fl262(ﬁf(1_”,§%;wsin o) _ (ﬁf(fﬁ)F—zwsin o) _ 26(:12;%55)) _ Z_l:g (@ — Y sin @), @)
(tz(t,0) — Psin h) a(np;;)s 9 + W C(r_)s 9 a(w(;(zs 9 _G C(r_)s 9 (TUx(F,0) — Psinh) == —% g—(pﬁ +

" (62(4;§c;>s ) W cfc;s o) %B(ﬁf(?,ggglpsin 5)) 3)

The flow can be described from the line source purely radial. Therefore, assume that Gz = Uz(F, ) with using Eq.1as follows:

Uy =2ysinf + (o) (4)

T
all derivatives are calculated with respect to ¢ and substituting Eq. 4 in Eq.2 and Eq.3, yield
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( +1]Jsm9)( ) (wcose)(wco 9+idy(€)) M=l%+(2—y+%(2)+iﬁf(ld2y(f)—¢sin0_)—

d& r p r3 r2 r2 r déz
£ Psin @ 2 . __0Bg (1dy(§) .
(f3 + 2 ) + 2 Wsin 9) pT? (f ag Wsin 9)' ®)
(LIJ cos8) (111 cos8) (y 1 9p(Ycosd Ycosd 2y cos @
Ysinf +—~ ( + Y sin 9) = % ( = = + — Y+ = ), (6)

after simplification, the Eq.5 and Eq. 6 can be formulated as follows:

1 9p 5 1dg® A 1d*y(§)  gBg (1dy(§)
5 ar—r3+,2¢sn9 = ar Ycost + Y a2 prZ(r pT: +lIJsm9) (7)
%g—g———¢c039+¢2dy(f) 8)

Derivation Eq. 7 with respect to 8, Eq. 8 with respect to ¥, become

1 9% _ 2¢dy(§) 1dy(€)
p 9td0 13 df r2

1 d?y(8) 1 dy(f) Y a3y oB2 (1dy(®)
llJSll‘l9+ - cosf — B ae Y co 9+ Ysinf + = = e = (f pr: +

P cos 9) ©)]

1 9*p 4 dy($)
S =% cosh - Y (2 ) (10)
subtract the last two equations, the result is:

By | 2y dy@ | 4 dy@)
agd v daf -y dg

g 1d%) A 4@ oBE (dy(®) = .7 _
Psin 6 TS Ycosf +4 T pw( T +l|Jrcost9)—0, (11)

Eq.9 is normalizing of the velocity distribution at & = 0. The non-dimensional variables can be introduced as follows:

»(6) _5 ¥
Y =0 =2 8=_ (12)

Eq.13 and Eq. 11 are given the following equation

d3y(€) |, 2&%4(0) dy(§) 2£rdy($)

=2 sin(eg) — = 2YE) Y cos(ef) + 4&2 dy(a

ags v dg ¥ v ag?
0B’ [ > dy(f)
T (e T y(O) — e rcos(sf)) (13)

The final form of the mathematical model can be predicted after using non-dimensional transformations with a third-order
nonlinear differential equation, which is

a3y®

() d ()

+ (2&S sin(g€) + 4e2 — Ha sz)%(;() 13 03 cos(e8) = 0, (14)
The groups of boundary conditions and initial are:

YW =0y =1 L2=0, (15)
There are two cases in which channels can be described:

e The channel of divergent: &€ > 0, %pmax > 0,

e The channel of convergent: € < 0, %pmax <0,

Thus, the definition of the Hartmann parameter is Ha = = ¢

and the suction- injection

parameteris S = % where 1 is the kinematic viscosity,  is the length and § is injection velocity for the fluid. In addition, S
denoted the ratio of inertial to viscous forces can be divided as follows:

e injection parameter: S < 0,

e impermeability: S = 0,

e  Suction parameter: S > 0.
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Figure 2. The Designation of Problem

3. THE OPTIMAL FUNDAMENTAL DIFFERENTIAL TRANSFORM SCHEME FOR ORDINARY DIFFERENTIAL
EQUATIONS
Obtaining approximate- analytical solution for some of different fluid flow problem. Consequently, in this section we will display
the basic rules of one of the semi- analytical methods which we have adopted in finding these solutions, namely differential transform
scheme which was first introduced by Zhou in (1986). The DTS is an iterative scheme based on the utilize of the Taylor series
expansion of differential equations. The differential transformation of a function Y (€) of the kth derivative is introduce as:

=y _ 1 (dy©
w(E) =5 () (16)
=So

Where W (k) is the transformed function and Y (¢) is original function. The inverse transform for the function W(k) gives the n-
terms approximation solution can be written as the following:

Y© = TiooW(k) (€ — &)* 17)
Substituting equation (16) into equation (17), gives

_yn  EE8F(dy®
Y@ = hoT(F)f#’o’ (18)

Now, if t(¢) and v(&) are two functions of ¢ and T(E)and V(E) are the transformed functions corresponding to t(¢) and v(¢),
The basic arithmetic operations that are performed by differential transformation and are explained in Table 1 as follows:
Table 1: The functions of differential Transformation

Basic function Changed function
Y=t v w(k) =7 (k) £V (k)
2 Y©&) =ct(d) W(E} = cJ (k)
k
3 YE) = v w(E) = > OV (E-1)
i=0
dre(§) k+n)! .
4 YO =g ( E!”) F(k +n)
. _
5 Y(©) = sin(zf +7) W) = sin (”—2" n T>
k
6 Y (&) = cos(Z§ + 1) w(E) = %cos <% + T)

4. MAGNETO HYDRODYNAMIC JEFFERY HAMEL FLOW WITH SUCTION-INJECTION USING DTM AND
BVP4C

In this section, two schemes DTM and BVP4c are implemented to solve magneto hydrodynamic Jeffery Hamel flow with
suction-injection problem in order to obtain approximate analytical and numerical solutions respectively, which can be summarized
as follows:
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According to the differential transform method and after utilizing the basic operations of differential transform scheme to
Eq.16, we obtain the iterative scheme given as follows:

(k+1)(k+2)(k+3)w(k + 3) =eSTE, g"—i%(i +1DE+2)W( + 2)

k-i

—2e Rez’?zo((E —i+ OWk - i+ 1)W(i))— 2e SYF sk—ism@%;)(i + DWGE + 1)

(k
2(% A 2 7 7 R+3 Cos(ni)
—4e’(k + YW(k + 1) —&® Ha(k + )W(k + 1) + e***SHa—=2, (19)
The boundary condition reduces to
wo)=1, w@)=0,w@) =1 (20)
where I1 can be determined by using Y (1) = 0 with using the iterative formulas (19), yield
‘yl(f) = 1!

Yo(§) = 1+ 1182,
Y@ = 1+182 +(

2HS£Re+£3HaS) £
i)

6Re
3
Y, (6) =1+ 1ME% + (Z”SER:+”“S) £+ (ﬁ (2M1€2S?Re + Hae*s?) — ——(2Halle? + 4¢lIRe — 8ns2)) £,
3
Y(&) =1+ &% + (Z”SER:+”“S) £+ (ﬁ (2M1€2S?Re + Hae*s?) — ——(2Halle? + 4¢lIRe —

2\ r4 [ (Hae*s?-10Me3s + 2113 S*Re — 4M1e?ReS? + 211 e3Has? 2e2[1SRe + HaSe3 +211e*S
8le%) )¢ —
120 60¢?2

( 611e3SHaRe—8I1e3SRe— 4Ha584Re+55Ha25Re—ssHas) £
120Re ’

The required approximate analytical solution is
3
YE) =1+ 1% + (w) P (L (211£25%Re + Hae*s?) — - (2Halle? + 4ellRe — +817£2)> &

6Re 24Re
Hae*S? — 10M1e3S + 2Me3S*Re — 4l1e?ReS? + 211 e3HaS? 2¢%[ISRe + HaSe? + 2I1&*S
_l_ —
120 60¢e?
n (sns35HaRe—8ns3SRe—:;;c;is”'zee+55Ha25Re—55Ha5)) E5 4 .. 1)

The equation of nonlinear ordinary differential Eq.14 with boundary conditions are solved numerically by using BVP4c function
technique by MATLAB. For finding the solution, the prerequisites are reducing a higher order initial assumptions for the new
variables. Also, the transformed governing equation is reducing into equation of first order ordinary differential equation, some new
variables were defined as

ay(§) d?y(&)
'y(g) = Gl ) It/if = GZ ’ dgz = G3’ (22)
3 3
ddg(f) = &S cos(e€) Gy — 2eRe G, G, — (2€S sin(e&) + 4% — €2 Ha)G, + = ;:a cos(g§). (23)

Hence, a coupled of first-order ordinary differential equations and new boundary conditions were created from the coupled higher
order differential equation and its accompanying boundary conditions. The ordinary differential equations topic to the boundary and
initial conditions:

Gi(1) =0, G(0)=1, G,(0)=0,
Eq .22 and Eq .23 having been numerically integrated to a predetermined end point as an initial value problem. All these
simplifications were necessary in order to use the MATLAB packages. This program is run with a step size of 0.1 and then solved
for the range of 0 to 1 and back again.

5. IMPROVE ANALYTICAL ASPECT

For bettering the estimated analytical solution derived from DTM in Equation (21) that incorporates
£, E2,83,84 85 86,87, 88,89 £10 suppose the estimated analytical solution takes the subsequent form:
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Y =1 =) + (8% =) + M7 =M + M5(8% — ) + ML (8% — &M + M5 (62 — &%) + M (62 — §°) + M, (82 — ¢7) +
Mg(§% — &%) + Mo (8% — §7) + Myo(§? — §19). (24)

To determine the appropriate values for II,, k = 1,2,4,...,10 , We utilize the weighted residual methods to obtain the optimal
coefficients for & The Weighted Residuals approach, a numerical technique, was used to approximate solutions to differential
equations. Let's examine the use of a differential operator D of a given function Y (&) , which produces a new function £.
D(Y() =f(9. (25)

The approximation of the Y variable is often accomplished by representing it as a linear combination of fundamental functions¥y
chosen from a linearly independent collection. This can be understood as,

Y=U=3L1,;0. (26)

Applying the difference operators D usually does not result in £( £). Consequently, it is anticipated that an inaccuracy or residual
will be present.

R(E =D (T(O)-F(&) 0. (27)
The basic idea of weighted residual methods aims to achieve a zero residual throughout the entire domain by averaging. To put it
differently:

[ R(E) Widt,i =12, ..., (28)
The total number of weight functions, shown as W, is the same as the number of unknown values in the function Y, shown as II;.

The outcome is a set of n algebraic formulas that describe the unknown constants I1;. The parts that follow describe three different
ways to use weighted residual methods.

In this approach, the weighting functions are obtained by utilizing a collection of Dirac ( 8 ) functions within the specified domain,
specifically isw, = (§) = §( & — §;).The Dirac delta function is precisely defined as
.. 1 i =¢;

W= 008 =38) = {0 O]tchgrwiiles (29)
The residual functions can be obtained by substituting Eq. (24) into Eq. (14), and denoted as R(I1,, 1, ..., 1,4, £ ) may be
determined,

Ry, My, ..., 1) = 611, + 241158 + 601,82 + 12011583 + 210M1,8* + 3361165 + 5041156

+720M4¢7 — Secos(e€) (=2 + M,(6& — 2) + M3(128% — 2) + M,(2083 — 2) + M5(30&* — 2) +
Mg (428° — 2)+10,(568° — 2) + Mg(7287 — 2) + Mo(90&8 — 2)) + 28R, (1 — &2 + M,(83 — &) +

Ma(§* = &%) + M,(8° — §) + Ms(§° — &) + Me(§7 — §) + M,(§° — §2) +TMa(8° — §2) +

Ho (810 = §2)) (=28 + Mp(38% — 2§) + M3(4&° — 28) + M,(58* — 28) + M5(68° — 2§) +
Me(78¢ — 28) + Me(78° — 28) + M,(887 — 28)+ Mg(9¢° — 2§) + My(10¢° — 28)) +

(2Sesin(ef) + 4e? — H,e?) — 28 + M,(382 — 28)+ M5(483 — 28) + MMy(108° — 28)) +

HgSe3 cos(ef)

R (30)
Neverthealess, the residual functions must approximate 0. To accomplish this goal, it is important to choose four unique positions
inside the domain &; € [0,1]. Finally, by plugging in these points into the residual function, denoted as R(I1,, I1,, ..., [1;4, & ), a set
of ten equations and ten unknown coefficients was obtained. After determining the unknown parameters (114, I, ..., I1;o), they will
be inserted into Equation (24) to get the approximation solution.
5.2 - The Sub-domain Collocation Method
This is an alternate approach that can be utilized to calculate the parameters I1;, 0,1, ..., n. The domain is divided into n sections.
.. 1 if §<¢&<¢;
W = {0 ! S(z)lthefwisilﬂ' (31)
The objective of this strategy is to minimize the remaining error within each of the chosen subdomains. Therefore, equation (15) is

satisfied in each subdomain, leading to a change of Eq. (30).

7 WR(E) d§ = f;“lR(E) dé=0,fori=12,...n (32)

The trial function must adhere to the boundary condition stated in Equation (15) and can be as the function that's stated in Equation
(24). The residual will be represented by Equation (30). By replacing the residual function, denoted as R(Ily, ..., [1;o, ), in equation
(32), a system of four equations is obtained. By calculating this system of equations, one can derive the coefficients as follows
(M, ..., My,). It is important to mention that the sub-domains might be freely selected. Under many circumstances, evenly

partitioning the entire domain is the optimal choice. Nevertheless, choosing for an irregular selection might be more advantageous
if a greater level of detail is required in a particular region.
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The reason for the name becomes clear when we consider the goal of reducing the total of squared residuals. To put it succinctly,
at least of

. b b

G = [ ROR(EdE = [ R*(§) de. (33)

In order to obtain the minimum value of this scalar function, it is necessary to equate each derivative of that function with respect
to all the unknown variables to 0. To put it differently:

G _ b OR _

a_ni_zfa R(f)anidf— 0. (34)
Upon comparing with Equation (28), it is apparent that the weight functions exhibit the subsequent qualities:

. aR

w, = 2 6_I1L-' (35)

However, the value of the coefficient of two can be excluded as it cancels out within the equation. Therefore, the weight functions

used in the least-squares approach are equivalent to the derivatives of the residual with respect to the undefined values.

oR
w, = 6_l'll . (36)
The trial function has to satisfy the boundary condition specified in Equation (15), and thus it will be considered as the function
defined in Equation (24). The residual will be denoted by Equation (30). By substituting the residual function, represented as
R(Iy, ..., 1T, &), into Equation (34), a set of four equations may be derived. Resolving this set of equation will allow for the

calculation of the values (114, I1, ..., I1;).

This approach may be regarded as a modification of the least-squares Approach (LSM). Instead of using the derivative of the
residual to the unidentified variable I1;, the derivatives of the approximate function or trial function are employed. Weight functions
are used in this approach.

W, = ;’—g =12 ..,n (37)

To begin, let us examine the trial function, referred to as Eq. (24), which satisfies the specified boundary condition described in Eq.
(15). The weight functions may be obtained by employing Equation (45), allowing for the establishment of a set of algebraic
formulas. Afterwards, resolving this collection of equations results in the coefficients as follows (I1,,..,I1,,). The approximate
result can be obtained by inserting them into Equation (24).

6.

This section will go over the analytical approximation solutions that converge when DTM is applied to ordinary differential
equations that are nonlinear. We will also look at how to derive the convergent condition to test the results that come out of this
method, which are power series. To further understand how these results converge, we will be discussing some relevant theorems:

Theorem [33]: Let 2 be an operator from a Hilbert space H,, into #, and let W be an exact solution of Equation (15) , then
Z,‘—f:OW(IE)EE which is obtained by Equation. (17), converges to the exact solution, if there exists 0 < m < 1 such that
[Wraall < /Wl vk € N U {0}.

Proof: we have

l'po =0
@1=¢0 +W1 =W1.
@2=¢1+W2=W1+W2.

P =P _ +W, =W, + W, + -+ W,.

We will demonstrate that the sequence {(pn}::o is a Cauchy sequence in the Hilbert Space H,.

Now for

[Prsr = @l = Whiall < TUW,LI| < P Wyyll + - < T Wl

For any natural numbers n and m, n = m we have,

[P = Pl = [(Fo = Pacs) + (Pacs = Facz) + - Pz = Prnea) + (Frner = P | < | %o = P
+||fpn_1 - lT’n—zu + o ”(pm—z - lFpm+1|| + ”ipm+1 - LFpm” ST Wy |l + T Wl + T2 Wy | +
FO Wl + -+ TR W | + Wl < (R 4 2 ) [ W] = S [[ W

m
1-m
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It may be inferred that lim ||%, — ¥, || = 0, meaning {@n}:_o is a Cauchy sequence in the Hilbert space £
n,m-oo =

and it converges to ¥ for any ¥ € . From the theorem can be determined the convergence of DTM through introducing the
convergence condition in the following definition and corollary.

Definition [34]: For every j € N U {0}, m; can be defined as

wW.
(Wl
x={ Twl .
0wl o

Corollary [35]: If 0 <m; <1 , j=1.2,.., then ¥, W, is converges to the exact solution W. To determine the convergence of

the solutions, we can apply the convergence condition using the L.-norm. DTM. Since m, = ::zl:: =0<1,m = ::Zz:: =0<1,
0 1
2= ::33:: =0<1,... In a similar manner, m; = 0 for all j . All answers have been obtained for the result. therefore Y($) =
2

Y, W(k)EF is convergent.

7. RESULTS AND DISCUSSION

A brief work of the influence of physical parameters such as ¢,S,Re and Ha is discussed on the velocity profile Y(€).The
comparison of the results for DTM, CDTM, SDTM, LDTM and GDTM with the numerical results generated using the BVP4c is
provided in Tables 2—7. Also, the errors of percentage were derived in Tables 8-11, It is evident from these data that
CDTM,SDTM, LDTM and GDTM all outperform DTM in terms of accuracy. The values of © demonstrate consistency to the
decimal place and remain constant when the iterative techniques are expanded, as shown in Table 11. The results of these solutions
can be represented graphically which is the impact of the dimensionless velocity Y () as shown in Figs. 3-10 for various parameters
for both cases divergent and convergent channel. Fig. 3 and 4 show that it is important to note that, as the Hartman number rises,
the velocity Y (&) increases for both convergent and divergent channels. The momentum that stabilizes the velocity profile is moving
in the opposite direction of the Lorentz force effect. In Fig 5 and Fig 6 depicted the influence of the injection- suction parameter S.
Because the radial component of the velocity § and the radial velocity u; follow the same course in the diverging channel, the
suction exerts an impact that favors the radial velocity, the suction has an effect that favors the radial velocity. However, in the case
of convergent channels, Because the radial component of & direction is opposite that of the flow radial velocity, the suction velocity
responds in the opposite way, decreasing. The impact of the dimensionless velocity Y (%) prove that in Fig 7 and Fig 8 with various
values of € angle for some constant values of Re, Ha and S. As result that, it can see that in the convergent channel, the velocity
rises with the € angle, whereas it falls in the divergent channel. In Fig 9 and Fig 10, it is important to note that the behavior of the
number Reynolds Re, which denotes the proximity of the inertia effect in comparison to an impact of viscosity. In the divergent
case, the velocity distribution decreases with rising Re, and the convergent case, where it behaves oppositely. It is clear that the
velocity profile increases as Re increases.

Table 2: Comparison between BVP4c, DTM,CDTM,SDTM,LDTM and GDTM for R, = 15,5 = 10,H = 100 and
£ =3

& BVP4c DTM CDTM SDT™M LDTM GDTM
0.0 1.00000000 1.00000000 1.00000000 1.000000000 1.00000000 1.00000000
0.1 0.990725861 0.990724328 0.990725844 0.990725861 0.990725863 0.990725774
0.2 0.962371821 0.9623656019 0.962371787 0.962371822 0.962371818 0.962371678
0.3 0.914292468 0.9142782997 0.914292422 0.914292471 0.914292461 0.914292293
0.4 0.846038007 0.8460125454 0.846037951 0.846038009 0.846038007 0.846037788
0.5 0.757326222 0.7572861240 0.757326161 0.757326223 0.757326228 0.757325981
0.6 0.647990091 0.6479323586 0.647990030 0.647990091 0.647990089 0.647989865
0.7 0.517900053 0.5178234271 0.517899999 0.517900053 0.517900043 0.517899858
0.8 0.366860237 0.3667697084 0.366860195 0.366860237 0.366860232 0.366860080
0.9 0.194477428 0.1943965110 0.194477403 0.194477427 0.194477427 0.194477338
1.0 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
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Table 3: Comparison between BVP4c, DTM,CDTM,SDTM,LDTM and GDTM for R, = 25,5 =15 ,H = 500, and

g =2".

& BVPA4c DTM CDTM SDTM LDTM GDTM
0.0 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000 1.000000000
0.1 0.990884418 0.990882733 0.990884366 0.990884420 0.990884407 0.990884350
0.2 0.963001599 0.962994761 0.963001495 0.963001606 0.963001598 0.963001484
0.3 0.915670458 0.915654868 0.915670315 0.915670468 0.915670478 0.915670325
0.4 0.848362234 0.848334187 0.848362064 0.848362244 0.848362236 0.848362067
0.5 0.760665540 0.760621305 0.760665358 0.760665551 0.760665516 0.760665349
0.6 0.652225146 0.652161323 0.652224966 0.652225155 0.652225130 0.652224967
0.7 0.522652553 0.522567600 0.522652394 0.522652562 0.522652562 0.522652404
0.8 0.371406239 0.371305479 0.371406115 0.371406245 0.371406241 0.371406115
0.9 0.197638101 0.197547569 0.197638030 0.197638107 0.197638093 0.197638030
1.0 0.000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000

Table 4: Comparison between BVP4c, DTM,CDTM,SDTM,LDTM and GDTM for R, = 20,5 = 20

H=150, ande =1".

& BVP4c DTM CDTM SDTM LDTM GDTM
0.0  1.0000000000 1.0000000000 1.0000000000 1.0000000000 1.0000000000 1.0000000000
0.1  0.990618331 0.990618603 0.990618328 0.990618331 0.990618333 0.990618329
0.2  0.962092829 0.962093871 0.962092823 0.962092829 0.962092829 0.962092826
0.3  0.913929007 0.913931154 0.913929000 0.913929008 0.913929001 0.913929008
0.4  0.845729211 0.845732510 0.845729202 0.845729211 0.845729210 0.845729210
0.5 0.757178619 0.757182707 0.757178610 0.757178619 0.757178625 0.757178614
0.6  0.6480211648 0.648025177 0.648021155 0.648021164 0.648021166 0.648021161
0.7 0.518024835 0.518027452 0.518024826 0.518024835 0.518024830 0.518024834
0.8 0.366935910 0.366935802 0.366935904 0.366935910 0.366935908 0.366935908
0.9 0.194421566 0.194418860 0.194421562 0.194421566 0.194421567 0.194421564
1.0 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

Table 5: Comparison between BVP4c, DTM,CDTM,SDTM,LDTM and GDTM for R, =15,5 = 10H = 50, and
e =-3"

& BVP4c DTM CDTM SDTM LDTM GDTM
0.0  1.0000000000 1.0000000000 1.0000000000 1.0000000000 1.0000000000 1.0000000000
0.1  0.989567288 0.989566549 0.989567277 0.989567287 0.989567294 0.989567310
0.2 0.958807821 0.958804910 0.958807801 0.958807822 0.958807813 0.958807856
0.3  0.908261678 0.908255198 0.908261652 0.908261680 0.908261655 0.908261733
0.4 0.838159131 0.838147708 0.838159100 0.838159132 0.838159132 0.838159187
0.5 0.748487787 0.748470072 0.748487755 0.748487788 0.748487810 0.748487835
0.6  0.639070032 0.639044797 0.639070001 0.639070032 0.639070032 0.639070085
0.7  0.509652415 0.509619048 0.509652388 0.509652416 0.509652391 0.509652468
0.8  0.360008802 0.359969124 0.360008781 0.360008801 0.360008793 0.360008833
0.9  0.190058589 0.190022440 0.190058577 0.190058588 0.190058594 0.190058606
1.0  0.0000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000

Table 6: Comparison between BVP4c, DTM,CDTM,SDTM,LDTM and GDTM for R, = 25,5 =20 H = 500, and

€ =—-1".

& BVPAc DTM CDTM SDTM LDTM GDTM
0.0 1.0000000000 1.000000000 1.000000000 1.000000000 1.0000000000 1.0000000000
0.1 0.989656178 0.989656707 0.989656174 0.989656177 0.989656174 0.989656163
0.2 0.958994465 0.958996504 0.958994459 0.958994465 0.958994462 0.958994439
0.3 0.908409561 0.908413884 0.908409554 0.908409561 0.908409563 0.908409538
0.4 0.838105992 0.838113062 0.838105984 0.838105992 0.838105993 0.838105961
0.5 0.748132841 0.748142697 0.748132833 0.748132841 0.748132839 0.748132802
0.6 0.638425667 0.638437800 0.638425658 0.638425667 0.638425664 0.638425635
0.7 0.508856022 0.508869235 0.508856015 0.508856022 0.508856022 0.508856000
0.8 0.359289154 0.359301378 0.359289148 0.359289154 0.359289154 0.359289131
0.9 0.189650336 0.189658472 0.189650332 0.189650336 0.189650335 0.189650323
1.0 0.0000000000 0.00000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000
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Table 7: Comparison between BVP4c, DTM,CDTM,SDTM,LDTM and GDTM for R, =20,H = 250, = 15 and

£ =-2",

& BVP4c DTM CDTM SDTM LDTM GDTM
0.0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000
0.1 0.989606383 0.989607651 0.989606368 0.989606381 0.989606386 0.989606473
0.2 0.958959829 0.958964596 0.958959803 0.958959830 0.958959826 0.958959967
0.3 0.908593093 0.908602789 0.908593059 0.908593095 0.908593078 0.908593297
0.4 0.838724573 0.838739417 0.838724534 0.838724575 0.838724568 0.838724792
0.5 0.749319506 0.749338106 0.749319466 0.749319508 0.749319516 0.749319705
0.6 0.640159618 0.640178660 0.640159580 0.640159620 0.640159621 0.640159824
0.7 0.510922879 0.510937224 0.510922845 0.510922881 0.510922869 0.510923077
0.8 0.361275318 0.361279426 0.361275293 0.361275319 0.361275312 0.361275448
0.9 0.190976577 0.190969639 0.190976562 0.190976577 0.190976577 0.190976648
1.0 0.000000000 0.000000000 0.000000000 0.0000000000 0.0000000000 0.0000000000

Table 8: Comparison between the error BVP4c, DTM,CDTM,SDTM,LDTM and GDTMfor R, = 30, ,H = 400,S =

15 ande =1",
& DTM CDTM SDTM LDTM GDTM
0.0 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
0.1 3.25x 1077 2.01x 10710 9.08x 10710 4.03x 107° 1.96x 1078
0.2 1.34x 1076 1.24x 107° 1.04x 107° 5.20x 10710 2.30x 1078
0.3 3.21x 107 1.97x 107° 1.31x 107° 6.58x 107° 5.12x 1078
0.4 6.21x 107 1.78x 107° 2.49x 107° 2.37x 10710 6.42x 1078
0.5 1.09x 1075 2.13x 107° 3.19x 107° 1.10x 1078 5.67x 1078
0.6 1.82x 1075 1.24x 107° 4.37%x 107° 8.12x 107° 6.65x 1078
0.7 3.01x 1075 1.17x 107° 5.29x 107° 4.31x 107° 9.15x 1078
0.8 497%x 107° 2.77x 107° 6.11x 107° 1.01x 107° 8.47x 1078
0.9 8.28x 1075 2.63x 10710 1.05x 1078 1.73x 1078 8.05x 1078
1.0 0.000000000 0.000000000 0.000000000 0.000000000 0.000000000

Table 9: Comparison between the error BVP4c, DTM,CDTM,SDTM,LDTM and GDTM for R, = 25,H = 200,S =
10and e = 3"

& DTM CDTM SDTM LDTM GDTM
0.0 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
01 4.68x10°° 4.94x 107° 2.52x 1077 7.57x 10710 1.61x 1078
02 1.95x1075 1.03x 1078 7.80x 107° 4.16x 107° 2.60x 1078
03 4.68x107° 1.46x 1078 1.20x 1078 1.74x 1078 3.58x 1078
04 9.09x 1075 1.82x 1078 1.58x 1078 4.52%x 107° 4.95x 1078
05 159x107* 2.08x 1078 2.02x 1078 1.80x 1078 6.00x 1078
0.6 2.68x107* 2.30x 1078 2.38x 1078 6.26x 107° 6.61x 1078
0.7 4.44x107* 2.52%x 1078 2.67x 1078 2.52x 1078 7.34x 1078
08 7.36x107* 2.68x 1078 2.79x 1078 1.70x 1078 8.38x 1078
09 1.22x1073 3.01x 1078 2.48%x 1078 1.27x 1078 8.99x 1078
1.0 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000

Table 10: Comparison between the error BVP4c, DTM,CDTM,SDTM,LDTM and GDTM
forR, =15,H =500,§ =30 and € =

& DTM CDTM SDTM LDTM GDTM
0.0 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
0.1 523X 107° 6.43%x 1078 2.02x 107° 1.25x 1078 1.97x 1078
0.2 2.08x 107* 1.23x 1077 9.86x 107° 1.04x 107° 4.34x 1078
0.3 4.77x 107* 1.64x 1077 1.60x 1078 2.30x 1078 3.68 x 1078
0.4 8.98x 107* 1.99x 1077 1.82x 1078 5.34%x 107° 4.66x 1078
0.5 1.53x 1073 2.25% 1077 2.10x 1078 4.60x 1078 7.06x 1078
0.6 251%x 1073 2.47%x 1077 2.32x 1078 2.79%x 1078 7.19x 1078
0.7 4.08x 1073 2.63x 1077 2.66x 1078 2.48x 1078 5.71x 1078
0.8 6.68x 1073 2.72x 1077 3.44x 1078 9.25x 107° 7.05x 1078
0.9 1.11x 1073 2.82x 1077 4.89%x 1078 5.33x 1078 7.86%x 1078
1.0 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
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Table 11: Comparison between the error BVP4c, DTM,CDTM,SDTM,LDTM and GDTM
For R, =20,H =300,S =25 ande = —1",

& DTM CDTM SDTM LDTM GDTM

0.0 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
0.1 1.18x 10~* 8.08 x 10710 5.05x 10710 6.26x 107° 1.61x 1078
0.2 4.66x 1074 8.35x 10710 2.08x 10710 1.04x 10°10 2.60x 1078
0.3 1.02x 1073 9.94x 10710 2.20x 10710 1.23x 1078 3.58x 1078
0.4 1.77x 1073 1.44x 107° 4.80x 10710 2.40x 10710 4.95%x 1078
0.5 2.69x 1073 1.88x 107° 8.08x 10710 1.82x 1078 6.00x 1078
0.6 3.70x 1073 2.21x 107° 1.10x 10~10 8.55x 107° 6.61x 1078
0.7 4.86x 1073 2.19x 107° 9.97x 10710 1.55x 1078 7.34x 1078
0.8 6.04x 1073 3.12x 107° 1.13x 107° 7.94x 107° 8.38x 1078
0.9 7.22%x 1073 3.77x 107° 2.69x 107° 1.99% 108 8.99x 1078
1.0 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000

Table 12: The convergence of values IT.

Approximate R,=10, S=0,H, =100 R, =20, $=10,H, =250

Order e=1 e=-1 e=3" e=-3°
Order15 -1.020983218 -0.9747006257 -1.715275705 -0.9796786038
Order16 -1.020983218 -0.9747006257 -1.836816580 -0.9795422259
Orderl7 -1.020983223 -0.9747006257 -1.900702406 -0.9796325464
Order18 -1.020983223 -0.9747006295 -1.966734487 -0.9795737763
Order19 -1.020983222 -0.9747006295 -2.034963996 -0.9795954808
Order 20 -1.020983222 -0.9747006294 -2.105441316 -0.9795911523
Order 21 -1.020983222 -0.9747006294 -2.178216074 -0.9795911393
Order 22 -1.020983222 09747006294 -2.253337384 -0.9795922592
Order 23 -1.020983222 -0.9747006294 -1.020983222 -0.9795915917

-1.020983222 -1.020983222 -0.9795918737
Order 24 -0.9747006294
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FIGURE 3. Velocity distribution for different Ha diverging
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FIGURE 4. Velocity distribution for different Ha in converging
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8. CONCLUSIONS
In this paper, A third-order magnetic-hydrodynamic Jeffrey Hamel flow with suction-injection has been resolved numerically and

analytically. The comparison demonstrates that the proportion of errors related with the ODTM is much lower than that related to
DTM . Based on our analysis, it can be inferred that the ODTM exhibits more accuracy compared to the differential transform
method. The examination shows that the ODTM has a substantially reduced proportion of mistakes compared to DTM . Our
research suggests that, when contrasted with the differential transform method, ODTM is more precise. Since DTM and ODTM
does not require any parameters, linearization, discretization, or minor perturbations, it can be utilized to solve a variety of non-
linear ordinary differential equations and have been successful in doing so. It can be seen that there is excellent agreement with
numerical findings. Also, it is a potent way for solving in high magnetic field MHD Jeffery-Hamel flow. The main out coming of
this investigation can be listed as:

e As Reynolds numbers rise, an unfavorable pressure gradient results, which lowers velocity close to the walls. And in the event
of a convergent channel, the opposite behavior.

¢ Both divergent and convergent channels will experience rising velocity as the Hartmann number increases.

o |t is because the vertical velocity in the divergent channel has a radial velocity in the same direction of fluid flow and behaves
in the opposite way in the case of the convergent one that changing the suction-injection parameter permits the velocity to
increase for divergent channels and has the opposite effect in the case of convergent channels. he general conclusions of this
study can be explain in Fig 11 and Fig 12 as follows:

FIGURE 11. The behavior of the velocity for convergent channel.
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Diverging
channel

FIGURE 12. The behavior of the velocity for divergent channel.
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