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ABSTRACT: In this paper the existence and uniqueness of first order multi-integro —multi-impulsive equation has
been presented in details and explained their approach depended on some inequalities and estimations and some
special functions as estimators also, all these provided for interesting results that will be presented in all. The problem
formulation was presented as a first time with their suitable extension formulation with some conditions depended on
provided first order multi-integro —multi-impulsive problem. The nonlinear analytic of impulsive differential ordinary
equations and definition of generalized S-Ulam- Hyers -Rassias stable are used as a basis to establish technical of
proving as well as a fixed-point theorem have been used for existence and stability with some interesting estimators
for this type of stability to grantee the trajectory to be stable as well as the impulsive analytic and their extension of
the proposal first order multi-integro —multi impulsive problem are presented in this issue and given how all these
concepts work together. The perturbed impulsive part is presented in this problem as a first time. Also, some
illustrative examples have been presented in details to explain how is the results satisfies and true.

Keywords: 3-Ulam- Hyers -Rassias, Stability, Existence, Uniqueness, fixed point theorem, multi-differential

1. INTRODUCTION

Impulsive systems with continuous evolution which modelled by some ordinary differential equations with state
jumps also impulses, [11]. The nonlinear boundary value problems combine with scientific and engineering problems
such as second-order have been studied extensively, [1]. Impulsive systems modeled as a process that combine the
behavior of continuous and discontinuous. Many applications of impulsive systems such as logistics, robotics,
population dynamics, etc. The basis of mathematical theory of impulsive systems as well as the existence and
stability of solutions as fundamental results, [15], [24].

The impulsive differential equation and the impulsive integro diffential equation are interesting in modeling of many
applications of engendering and physics problems such that the difference of the differential between some discreet
points only satisfied of one side and the limits of two sides are not equal, so this needs some technique to find the
solution to study other properties of boundedness and existence and uniqueness and stability. The classes of the
impulsive integro differential equations are solve it with some necessary and sufficient condition suitable discusses
the modeling equations involving nonlinear functions.

The important subject is a stability of nonlinear system and that why studied by many researchers of applied
mathematics since it is applied in many a branch of scientific applications with some experiments of suitable input
function such as control function, see [13,14,23,32]. Also, the perturbed of system need it a study with different
necessary and sufficient conditions as without perturbed.

Also, we mention to the studies on the stability in [5,8,17,25], so our aim how to model the natural phenomena to a
linear and nonlinear control systems and interest on minimize the errors, see [14]. The stabilization depended the
perturbed coming from the control feedback which take a major role in many real-life control problems.

There is a nonlinear relation between input and output constraint of the feedback control negative or positive to be
the system perfect see, [18,20,23,25].
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2.

The method of stability and stabilization dependent on some necessary and sufficient conditions established on the
system under studied and these points are a fixed point for the solutions from effect it of the feedback closed control
system and perturbed parts of control and output matrices, as well as for another approach of stability is a Lyapunov's
rule for nonlinear system, see [4,8,9,21,26,27,33,37]. Problem mitigation of nonlinear vibrations, for approximate
stability have been used parallel compensator by using Lassalle’s [7] of closed loop.

Sometimes the phenomena appeared in many different real lives bur a big area in physics, medicine, population
dynamics the study of impulsive functional which the processes are depended on sort time that is perturbed during
evaluation of the solution state of differential equations and appeared as a discretely which comparison with the total
of the output of processes and phenomena under studied was simulated to a mathematical model

The important branch of qualitative analysis of ordinary and partial differential equations is the stability theory and
impulsive stability theory that which combine continuous of modules of ordinary differential equations with
instantaneous state jumps or resets which referred to as impulsive.

Akhmetov and Zafer [3] studied the second method of Lyapunov for impulsive differential equations to be stable.
The nonlinear impulsive Stochastic systems with dwell time condition in [10]. well as stability and stabilization of
some fractions systems with delay function studied from Lazarevic in [16]. As for nonlinear system with delay
impulsive have been presented in [16]. LIU and et.al. in [20], interested on analysis stability of some of impulsive
control systems and with time delay interested from LIU in [19]. Obloza [21,22] were among many approaches of
studding the behaviors of H-U-stable one of stability types for interesting differential equations. [36], There are many
authors studied with some problems a H-U-stable and H-U-R-stable as criteria for guarantee this issue. In [29,30],
the application of impulsive differential equations in different fields such as engineering and natural sciences. There
are different classes of impulsive differential equations with first order reported in- [28,35]. Also, system of integro-
differential equations with their stability explained in [22] with details information. Some of papers studied the
solutions by using fixed point theorems such as [2], also, the nonlocal boundary value of impulsive integro-
differential equations as a system studied in [34], interesting existence result, and the concept of Ulam stability have
studied in [6]. Ulam’s-type stabilities for class of bounded variable delays of first-order impulsive differential
equations on compact interval, [31].

The purpose of this paper the first order multi-integro —multi-impulsive equation have been studied in details. The
space of pointwise continuous bounded functions with divided intervals is used for sub solution depended on the
intervals. Also, the behaviors of stable existence solution and their extension have been presented in details as
proving of interesting results with illustrative example.

BASIC DEFINITIONS AND CONCEPTS:

Consider the following first order multi-integro —multi-impulsive equation

2 (x(®) + Jy k(tx())fi(s D) dr) = F(£2(0) + [, ks (£2()) ds [ ey (£5) ds
,t € (Spotpsr .k =0,1,...,m (1)

x(t) = g (tx (D), t € (tsel k=1,...,m,
x(0) =x, ER

Where 0=ty=s, <t; <5y < t; <...<tpy < Spy <tppy1=T

fk ki [0T]XR— R, ky, f; : [0,T] X [0,T] — R are a continuous function and gy, : [t;,sx] X R — Risa
continuous forall k = 1,...,m . Let0< 8 < 1, ¢ = 0 and ¢ €PC(/,R,) is nondecreasing.

If x satisfies x(0) = x, , x(t) = gk(t,x(t;)) ,t € (t,sy) Jk=1,.. m.and x(t) = x(0) —

fot k(tx(s))fi(s,t) ds — fot fot ke(tx(s))fi(st) drdo + fotf(t,x(t)) ds + fot fot ki (t.x(s)) ds fot k,(ts)dsdo, t €
[O'tl]

x() = g, (6x(t)) — fstk k(tx(s))fi(s,t) ds — fstk fstk ke(tx(s))fi(s) drdo + fstkf(t,x(t)) ds +
fstk fstk kq(tx(s)) ds fstk k,(ts)dsdo, t € (Sptrsi] k =0,1,...,m.

Now we need to apply fixed point approach for stability of impulsive multi-integro- differential perturbed with integral
function nonlinear equation (2).
Consider the following inequality integral equation:

y(®) = J, k(ty(©))fi(st) ds = f [} ke(6y())fi(s,7) drdo
+ fotf(t,y(t)) ds + fot fot ki (ty(s)) ds fot k,(t,s)dsdo

p(m@®)), t € (sptesa) k= 0,1,..,m,

P , t € (ty,sk] k=1...,m.

©)

<
ly(®) = gi(ty(ED)) | <
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Definition 2.1.
The B-Ulam- Hyers -Rassias stable for equation (2) satisfied if c¢g . , > 0 therefore the solution
y € PC(LR) Ny C1((spties1),R) of the inequality (3) there exists a solution x€ PC(I,R) Ny, C*((Spotis1),R) Of
the equation (2) with
Remark 2.2.
A function y € PC(I,R) N1, C* ((sk,tk+1],R) is a solution of inequality (3) if and only if there is
G Nio Ct ((Skrtk+1]rR) and g NiL, C* ((tkvsk]rR)
such that
i 16O < p(m(D), 1 € Uio(sitisa] and g0 < ¢, 1 € URko(ti,sil;
.. , t t rt t
i. Y@ = -/, k(ty(s))fi(s,t) ds — I [ ke(ty($))fi(st) drdo + N f(ty(®)ds +
fot fot ki (6y(s)) ds fot k,(t,s)ds do +G(t) ,t € (Sp,trsel, k =0,1,...,m;
i.  y@®) =g (tyEH)) +9@) ,te (trsil, k=1,....m
Remark 2.3.
Ify € PC(LR) NjL, Ct ((sk,tk+1],R) is a solution of the inequality (3) then y is a solution of the following impulsive
multi-integro- differential perturbed with integral function nonlinear equation
|y(t) - gk(try(tl-:))| < Il} , t€ (tkrsk] !k = 1"-'m5

y(©) = y(0) - f k(6y())fi(s.6) ds — f f ke(6y())fi (5,0 de do
0 0 0

+ fo Fley©) ds + fo t fo e (ty(®) ds fo y(ty(s)) ds do

) < qu)(fo m(T)dr)ds ;t €10,t4]
y(©) ~ gi(ty (D) — f k(ty())fi(s.t) ds - f f ke(ty(Dfi(s0) drdo

t t ot t
+f f(t,y(t)) ds +f f kl(t,y(s)) dsf k,(t;s)dsdo

Sk Sk

t t

<Y+ f @ (f m(t) d‘r) ds ,t € (sp,tesrl, k=0,1,...,m.
Sk Sk
4)

The extended of generalized 3-Ulam- Hyers -Rassias stability of the equation
x'(t) = e®Ox(t) — fot k(tx(s))fi(s,t) ds — fot fot ke(tx(s))fi(s,7) dr do

+ fot f(t,x(t)) ds + fot fot kl(t,x(s)) ds jot k,(t,;s)dsdo )

t € (Spotksr], =0,1,...,m, 1 >0

x(®) = gi(txtO)t € (tosil bk =1,2...m.
Definition 2.4.
The generalized B-Ulam- Hyers -Rassias stable for equation (5) if there exists ¢ g 4, , > 0 then the solution as
follows:
y € PC(LR) N C* ((sg,t+1],R)of the inequality

y'(t) — e*®y(t) + f k(t,y(s))f1 (s,t) ds +f f kt(t,y(s))fl(s,r) drdo
0 0 Jo

— fotf(t'y(t)) ds — fot fot ky (t,y(s)) ds J:kz(t,s) dsdo

< o(m®)t € (Sptreal, =01,..,m,21>0

|y(t) —gk(t,y(t,:’)) | < vy ,t € (sl k =1,2...,m,
(6)

there exists a solution x € PC(LR) Nty C* ((sitis1],R) of the equation
(5) with

() = xO1F < ¢t pg0 (VP + 0P (m(®)), c€1.

24



Anfal et al., Wasit Journal for Pure Science Vol. 3 No. 2 (2024) p. 22-34

Remark 2.5.

If y € PC(IL,R) NIy C* ((S.trs1],R) is a solution of the inequality (6) ,then y is a solution of the following

ly(® = g (tyED))] < ¥, t € (sl k=1,..,m
y() — e*®y(0)

—f k(t,y(s))fl(s,t) ds—f f kt(t,y(s))fl(s,r) dtdo
0 0 Jo

_ea(t—s)

+ftf(t,y(t))ds + ftftkl(t,y(s))dsftkz(t,s) ds do

t t
< f e®t=9) g <f m(t) d‘r) ds ,t € 0,t]
0 0
y() — e R g (tx(t))

t t t
—f k(ty(s))fi(s,t) ds—f f ke(ty(s))fi(st) drdo

_ea(t—s) Sk “Sk

t t t t
+f f(ty())ds +f f IAGIQ)) dsf k,(t,s) ds do

Sk Sk

t t
< e®t=sihy) +f e =g <f m(7) dr) ds ,t € (spotpsl, K =0,1,....m.
Sk Sk

)
3. PROBLEM FORMULATION

Consider the following first order multi-integro —multi-impulsive equation
d t t t
a(x(t) + f k(t,x(s))fl(s,r) d‘[) = f(t,x(t)) +j kl(t,x(s)) dsJ k,(t,s)ds
0 0 0

, te (sk;tk+1];k = 0,1,. ..,n
x(t) = gi(tx(tD)) t € (tesi] k=1,...m,
®)
Where 0=ty=s) < t; <5 <t <..<ty < Sy < tpy1=1T
fik ki :[0T]XR— R, kyf;:[0T] x[0,T] — R are a continuous function and gy : [t;,sx] XR— R is a

continuous forall k = 1,...,m . Let0< 8 < 1, yp = 0 and ¢ €PC(/,R,) is nondecreasing.
From (8) ,we have that

S x(6) + = [ k(X (0)fi(s) dr = £(£x(0)) + fy ky(2(5)) ds [ ko (ts) ds
X +k(tx())fi(s.t) + [ k(b)) fu(s,7) dT = f(£x(D))

+ fot ky(tx(s)) ds fot k,(t,s) ds
By Leibnitz

x(8) — x(0) * fot k(tx(s))fi(s,t) ds + fot fot ke (tx(s))fi(st) drdo = fotf(t,x(t)) ds +
S IS ky(6x()) ds [ ky(ts) ds do

x(t) = x(0) — ftk(t,x(s))fl(s,t) ds — ftftkt(t,x(s))fl(s,‘r) drtdo + J-tf(t,x(t)) ds

+ ftftkl(t_x(s)) dsftkz(t,s) ds do

THEOREM 3.6.

Suppose the condition as follows:
(1) kky, feCUXR;R)

(@) |k(txy) — k(tx)| < Lilxy — x5] |f0t fotfl(s'f) drdo| < t*M

ke (Ex1) — ke (Ex0)] < thlxl — x|,
ki (8x0) — by (632) | < Ly |1 — x5

s ka(es) ds| < [y lka(e)l ds < [ M ds < Mt
And [f(t,x1) — ftx2)] < Lelxy — x|
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For some Ly, Ly, Ly, Ly > 0 and foreach t € I,
(3) gk € C([tr,sk] X R;R) and for k= 1,...,m a positive constant L, satisfy

lgr(txq) — gr(tx2)| < Li|xq — x5|, fort € [ty,s,] and all x;,x, € R.
(4) A nondecreasing function ¢ € C(I,R,). Then

fot(p (fotm(r) d‘r) ds < c,(m(¢)) , foreach 7€ I,
And

fot fot(ﬁ (fotm(s, 7) ds) dtdo < (?(p(ﬁ(m(t, t)) ,foreacht €1, and ¢y >0.

Let é(p(ﬁ(ﬁl(t, t)) < c(p(p(m(t))
If y satisfing (3) the unique function as follows:

x© - [ Ky @GO ds = [ [ k(ex.©)f6o drdo
0 0 Y0

+f0f(t,yo(t)) ds +f0 fo k1(t.yo(5))d5f0 k,(t,s)dsdr, t € [0,t,],

y,(t) = ¢ 9 (ty.@), t € (tsid, k=1..m,
e(507.) - f Zk(t.yn(s))fl (s,6) ds - f f :kt(t,yocs))fl(s,r) drdo
+ ftf(t,yo(t)) ds + ft ft ky(ty.(s))ds ftkz(t,s) dsdrt,t € (Sptesr )k =1,...m,
st s sk st o
and Iy -y, @1 < LRl (10)
where p := max {Lgk + (Li(th)ﬁ + 1y (2M)F + 1 + Lﬁl(th)ﬁ) chlk = 1,...,m} <1 (11)

Proof.
Let I': x — x an operator defined by

¢ t ot
x(0) — f k(t,x(s))f1 (s,t)ds — f f kt(t,x(s))f1 (s,0)dtdo
0 0 Jo

t t ot t
+f0 f(t,x(t)) ds +f0 fo kl(t,x(s))dsf0 k,(t,s) dsdt,t € [0,t4],
(rx)(t) = G (tx(tD), t € (tosil k=1,...m,

¢ £t
gk(sk,x(t;)) — f k(t,x(s))fl(s,t) ds — f f kt(t,x(s))f1 (s,0)dtdo

Sk Sk

t t pt t
+f f(t,x(t)) ds +f f kl(t,x(s))dsf k,(t,s)dsdt,t € (sptpeilk =1,....m,
Sk Sk YSk 0
12)
where x € X andt € [0,T].
The operator I' € C(I X R,R),since kq, f,k : [0,T] X R — R and k,, f; : [0,T] X [0,T] — R ,for any gﬁ € x; and
C,,C, € [0,00], we have that

. B _(CloP(m®)t € (sp.treilk =01,...,m,

16(®) - h(o)| s{ 1#P(m(®)¢ € Giotins (13)
Czlpﬁ, te (tk,Sk] ,k = 1,...,m,

It is easy to see that (13) is equivalent to
1

R ~ CiBo(m(t)),t € (sptps1lk =0,1,...,m,

1900 - o] < {70 m®) £ € Gt (14)

C,B Y, t € (t,skl k=1,...,m
By the definition of " in (12), (2),(3) and (14) we have the following
Case 1. t € [0,t,], we get that
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(T © - (RO t o
x(0) — f k(t.g(s))fi(s,t) ds — f f k:(t.g(s))fi(sr) dr do
0 0 Y0

t
0

+ fo t F(6G®) ds + J; t fo t ky (£.4(s)) ds fo tkz(t,s) ds dr — x(0) + f k(tﬁ(s)) £(s,t) ds ,3

+ ftftkt (tﬁ(s))fl(s,‘r) dtdo — ftf (tﬁ(t)) ds — ftftkl (tﬁ(s)) ds ftkz(t,s) dsdt
( fo t (k (6h()) - k(t,g(s))) fu(s,) ds fo t fo t (kt (6h()) - kt(t,g(s))> fi(s) drdo
+ ‘ fof (f(t,g(t)) —f (tﬁ(t))) ds fot fot (kl(t, 9(s) — ke (tﬁ(s))> ds dt

S((th)Lk f IA(s) — §(s)| ds + (2MD)L, f f IA(s) — §(s)| dr do + L, f 16(s) — A(s)| ds
0 0 YO0 0

IA

+

+

f

t
f k,(t,s)ds
0

t pt B
+ (&4 M) Ly, f j |§(s) — fl(s)| ds dr)
0 Jo

< Ly (t,M)P [ [5|RGs) — §(s)] ds]ﬁ + L (M)P [ [} [3|R(s) — §(s)| dr do]B+L][f NG
h(s)| ds]ﬁ +1f, (2M)F [f, [;1a(s) — h(s)| ds dr]ﬁ

< Li(th)ﬁ [Cfl? f0t<p (fotm(r) dr) ds] +

1 B 1 B
Lit(th)ﬁ [Cf fot fot(i) (fotm(s,r) ds) drda] +L]€ CF fot ) (fotm(r) dr) ds] +

Ly (2M)F [cf I 1y o (f;m(s o ds) drda]

< L (6 MPCichof (mD) + L, 2M)P € e (m(e, ) + L€, of (m(D)) + L}, (e2M)P € ehp(m(e, 1))
< Ly (6 MPCichof (m(D) + Ly, (t2M)P € chof (m(0)) + LiCychof (m(D) + Ly (2 M)P Cych o (m(D)
< (Lt M) + L (2M)F + 1f + L, (t2M)F)Cich o (m(D)
Case 2. For t € (ty,si]

r® - RO = |9 6a6) - g (the)|

< (Lo g () R)))’

< L5, 9) — e

1 \B
<L (cfw)
<1 Cyf

Case 3. FOr t € (sy, b1 1| T (®) — (FR)(©)| = | Ir(sd (@) — f;k k(t.g(s))fi(s,t) ds ds —
[ J k(68 fi(s) drdo + [} f(£(®) ds + [} [} ki(£3(s)) ds [} ka(t5) ds dT—gi (suh(t) +
fstk k (tﬁ(s)) fi(s,t) ds ds + fstk fstk k, (tﬁ(s)) fi(s,1) drdo — fstkf (tfl(t)) dsds —
fstk fstk ky (tﬁ(s)) ds fstk k,(t,s)ds dr|ﬁ

< (ng(sk,g(t;>)—gk (seh(e)| + | f t (k (A - K(t.5() ) fits.0) ds

f t f t (kt (thes)) - kt(t,g(s))) fi(s7) dr do L t (f(t,g(t)) —f (tﬁ(t))) ds

f t f t (kl(t,é(s)) — Iy (tﬁ(s))) ds dt )ﬁ

Sk YSk

_l_

+

+

t
J- k,(t,s)ds
Sk
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s(Lgklg(t;)—ﬁ(tm+(t1M)Lk [ 1 =gl ds + @y, [ [ 1) =gl ds + 1, [ lgs) - ko)l ds

. . ﬁ’ Sk ¥ Sk
+ (th)Lklf f |§(s) — fl(s)| ds d‘r)
<1 g - A’ + L (e, M)P [ f;k|ﬁ(s) — ()| ds]ﬁ + Ly (£2M)F [ f;k fstk|f1(s) - 36| ds]ﬁ +Lf [ fstk| g(s) —

h(s)| ds]ﬂ + Lﬁl(th)ﬁ [ fstk fstk| g(s) — h(s)| ds dr]ﬁ
1 \PB 1 B
< Lgk (Cfl/)) + Li(th)B [Cf fstk ) (fstk m(7) d‘r) ds] +
1 B 1 B
Lit(th)ﬁ [Cf fstk fstk 1% (fstkm(s, 7) ds) d‘rdcr] +L? [Cf fstk 1) (fstkm(r) d‘r) ds] +

1

B rt rt A t
Lil (tZM)F [Cf fsk fsk ) (fskm(s,r) ds) drda]
< 15, P + L (6, MYP Cchof (m(D) + L, (2M)YP € ebp(m(t, ) + LiCichof (m())

+ L (E2MPCiebp(m(t, D)
< 15, Cyf + L (L MYPCichof (m(0) + Ly (EM)FCichof (m(D) +
L?Clcf;(pﬁ(m(t))+Lﬁ1(tle)ﬁClc(ﬁ(pﬁ(m(t))
< (L8, + (Lt MYP + L, (e2M)F + L) + Ly (E2M)F)ch)(Cy + C) (f (m () + wF).
we have that,
R ~ B

(rg)®) = (rR)(®)]" < max {1, + (L (e,M)P + L (2M)P + 1 + L (e2M)F) chlk = 1,...m} (C, +
C) (P (m(t)) + ¢P) Forte I.we know that,
d(rg.,ra) < p(C; + G)(@f (m@®) + vF)
Hence ,we derive g(I"gﬂFﬁ) < pd(gﬁ)
from condition (11) and g,k € X and from continuous property of g, and A g, we get for 0 < G, < oo as the

following:
follows that there exists a constant 0 < G, < oo such that

Y = —k(tx(s))fi(s.t) —f ke(tx())fi(st) dr + f(tx(8))
0
+ fot kl (t,X(S)) ds fot kz (t,S) ds
¢ t t ot ¢
f y(s)ds =~ f k(6x(9))fi(s,6) ds — f f ke (tx())fi (s,7) dT + + f F(tx(®)) ds
0 0 0 Jo o

t ot t
+f0 fo kl(t,x(s)) dsJ(;kz(t,s) dsdo B

<

8
ds < GypP (m(1)) < Gy (F(m(e) +¥F))

ft <y'(g) + k(t,x(s))fl(s,t) + tht(t,x(s))f1 (s,0) dt — f(t,x(t)) + J-tkl(t,x(s)) ds ftkz (t,s) ds> ds
0 0 0 0
then

d
([ meoe])
I(rg)® = g.@1F =

X - [ k(640G ds - j j k(8.6 e+ [ F(eg.©)ds
0 0 Yo Oﬁ

+ fo fo ky(t,9.(s)) ds fo k,(t,s) ds do — §.(t)

<GP (m(®)) < Gy (0 (m(e) +9F))
There exists a constant 0 < G, < oo such that
~ ~ A ~ B
I(Tg)® = §.®1F = |g:(t.9.(t)) — §.(0)]
S ézlpﬁ S éz((pﬁ(m(t)) + Il}ﬁ), te (tk,sk], kzl, e, m.
There exists a constant 0 < G5 < oo such that
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[ AIORNRGIY . -
) ‘gk(t.@,(t;))— J Megeneods- | [ kEanends |

Sk sk s

B

f(tg.(0)ds

t t t

+ f f ky(t,9.(s)) ds f k,(t,s) ds do — §,(t)
Sk YSk Sk

< Gg((pﬁ(m(t)) + lpﬁ), te (Sk'tk+1]l k :1, vee, M.

from continuous function y,./—R such that ' g, — y,,I" y, =y, then y, satisfies equation (9) for te I .

from equation (4) and condition (4) and (9) is the property have been needed in this prove, we have a unique

continuous function as follows:

dy.ry) < 1+ch. (15)

Thus, we derive

g
1 .
dv,y,) < —d(f_y;') < —:C“’ Jthat means (10) is true for t € I.

-p
Example 3.7.
Consider the following impulsive multi-integro- differential perturbed with integral function nonlinear equation

d Clx(s)l lx@1 (5 1xGIY (¢
E(x(t) +f0 35+et(s+r)d‘[) = a1 et ; (37+ef>f0 (ts)ds,t € (0,1]

lx(1)
(B4 +et=1)(1+ [xAH)])

d Cly)l ly@®l (5 1yl [*
E(WH , 35+et(s+f)d7>_24+ef . <37+et>fo(ts)ds

,t €(0,1]

A

x(t) =

,t € (1,2],

and

t
Sfetdt
0

ly(19)]
YO Garenaryanp | = reaz

Letg = % , T=2, =[0,2] and 0=ty=s, < t; =1 < s; = 2 ,als0

k(t,x(s)) = )| fist)=s+7

35+et’

Flta@®) =29 g (tx(s)) = ZDL g, (t,5) = ts

24+et’ 37+et’

_ lx(1*)]
and g, (t’x(t;)) T B4tet~D(1+|x(1H)])

letp(t) = ¢ (fotm(‘r) dr)=f0teT drandy = 1.
Then [y (f, e? dr)dt = [; (et — 1) ds

< fotet dt = c,e(m(1))

Therefore ¢, = 1
pi= max{Lgk + (Lt P + L (2M)F + L + L (t,M)F)ch 1k = 1, m}

1 1
= max {(i)z + ((i)z (tF M)z + i(tsz)ﬁ + %)} = 0.3375

(1+5) (0P (m)+wP)
ly(®) = y.@OF <———
2 (et—l)%+1
< 7( > , for € [0,2]

1-0.3375
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4. EXTEENSION PROBLEM FORMULATION

%(x(t) + fot k(tx(s))fi(s7) dr) =ax(t) + f(tx(®))

+ fot ky(6x(s)) ds fot k,(t,s)ds,t € (ty,Sks1] k =0,1,....m, (16)
x() = gr(6x(tD)) , tE€ (tse] k=1,...m,
x(0) =x, €R.

The classical solution x € PC(LR) NjL, C* ((sitis1],R)defined in (16) satisfies
If x satisfies x(0) = x,
x(t) = gk(trx(tlj))r te (tkrsk] k - 1

x(t) = e* x(0) — f a(t- s)k(tx(s))fl(s t) ds—f f =k, (t,x(s)) f1(s,7) drd0+f A= f (¢.x(t)) ds

f f a(t- S)kl(t x(s)) dsf k,(t,;s)ds do
te [0,t,],
x(t) = e =W g (sx(sP)) — fy e Vk(tx())fi(s.t) ds — f [, ek, (tx(s)) fi(s7) dr do +
Jy e® eI f(ex(®) ds + [y fy e Dhea (626(5)) ds [ ko (65) ds o (siatien], k = Lo,

THEOREM 4.8.
From condition (1),(4) and equation (6) .Then the unique solution y: I —R such that

e%x(0) — [ e®“k(ty.())fi(s.) ds — [, [5 e®“k,(ty.())fi(s7) dr do
+ fot e 9f (ty,(£)) ds + fot fot ek, (t,y.(s))ds f: k,(t,s)dsdr,t € [0,t]
gk(tryo(tl-:)) ) te (thsk]

t) = —s —S
y.L2) e g (507.(60)) = [ e“hk(63.(9))fi(51) ds
=I5 1, e Oke(ty.()fi(s0) drdo + [} e®f (1,y,(0) ds
+ fstk fstk e 9k, (ty.(s))ds fstk ky(t,s)dsdr  t € (spotpslk=1,....m

17)
eaBT 1+cg ((pﬁ(m(t))ﬂbﬁ)
and ly(®) = y.(OIF < ( )1 > €l, (18)
provided that
0, = eaBTmax{(Lgk + (Li(th)B +L5 (EMP +LE + L‘f(l(tiM)B) cff,) k=1,.. ,m} <1 (19)
Proof.
We define an operator I,;: x — x by
e®x(0) — [} e“k(t,y.(s))fi(s.)ds — [, [ e¥ ke (£.()) fu(s7) dT do
+ fot e 9f (ty,(t)) ds + fot fot ek, (ty,(s))ds fot k,(t,s)dsdtrt € [0,t,]
AEAC); , tE€(tselk=1,...m,
(Tax)e) = e gy (5,y.(60)) — I e®Ok(t.(5)) i (s.0) ds
— [} [} ¥k (ty.())fi(s,0) drdo + [} e?If (£y,(0) ds
+ fstk fstk e 9k, (t,y,(s))ds fstk ky(t,s)dsdr t € (spterl k= 1,...m.
(20)

From (1) , I, is a well-defined to show that I}, is strictly contractive on X.
Case 1. Fort € [0,t,],
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|rg)@® — (rh) @)

= [e%x(0) — J-te“(t‘s)k(t,g(s))fl(s,t) ds — J-tfte“(t‘s)k (t,4(s))fi(sv) drdo

_|_J-t =) f(£,G(D)) dS+J- f =g, (£,4(s)) dsf k,(t,;s) dsdt — e*x(0)

0

+J: a(t- s)k th(s))f1(5t) ds+f J. a(t=9)p, (th(s))fl(sf) dr do

J-t a=9f (£h(e) ds—f f att-, (th(s))dsf kz(ts)deTﬁ

ftea(t—s) (k (tﬁ(s)) - k(t,ﬁ(s))) fils,;t) ds| + U f ea(t—s) kt (t,h(s)) B kt(t,g”(s))) (o) dedo
+ ‘ fo e (£(6g(®) - f (£A®)) ds

t ot P

jo jo (kl(t,g(s))—kl (tﬁ(s))) ds dr)

t t t t
< (e“(t‘s)(th)ka |fl(s) - g(s)| ds + ea(t=s) (tle)thf f |fl(s) - g(s)| ds + e“(t‘S)Lff |§(s) - fl(s)| ds
0 0 Y0 0

X

t
+ fe“(t_s)kz(t,s) ds
0

t ot B
+ e“(t's)(th)Lklf f |g(s) - fl(s)| ds dT)
0 0/? 8
< eI (6P [[}|A(s) — g(s)| ds|” + ePCILE (e2M)P [ [11A(s) — §(s)| ds| +e*# 9L [[]g(s) -
h(s)| ds]ﬁ + eI (t2M)P [ Iy [19(s) = h(s)| ds dT]B

1 ,t t B
< eI F (1, M)F [Cff ) <f m(7) dr) ds]
0 0

1t ot t B 1t t
+ eaﬁ(t-S)Lit(th)ﬁ [Cff f 7 <f m(s, 1) ds) drda] eaﬁ(t's)L? [Cff ® (f m(7) dT) ds
0 Jo 0 0 0
1 et ot t B
+ eaﬁ(t_S)Lil(tle)B [Cff f %) <f m(s, 1) dS) deG]
0 Jo 0

< eI 1B (6, P C,chpf (m(D) + 918 ©2M)PC,ehp(m(t,0) + e EI1EC,chpf (m(2))
+ eaﬁ(f—S)Lil(th)ﬁC15<p<l3(m(t' t)

< eI 1E (6, M)PC, B pF (m(D)) + B (2M)F Cycb P (m(D)) + eI LB ¢, o (m(1))
+ eI (2M)PC,chof (m(©))

< B (L (e, M)F + Lit(tle)B + Lf + Lil(th)ﬁ)Clcg(pﬁ(m(t))

Case 2. Fort € (t;,s¢],

r)© - (FR)©) = |gu(ta) - g (65ED)|

< (Lo, |9t = A)])
<1f g - heh)|

1 \B
()

<1 Cypf

r
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Case 3. Fort € (sy,tys+1]
(@ - (r)®)|”
= ‘e“(t‘sk)gk(sk,g(t,j)) - f eI (,§(s))fi(st) dsds — f f eI, (£,§(s))fi(s7) dr do

Sk ¥Sk

t t t t
+ f e“(t‘s)f(t,g‘(t)) ds + J- f e@t=9, (t,g(s)) dsf k,(t,s) ds dt —e®5K) g, (skﬁ(t;))
Sk

Sk Sk ¥Sk

-+IZMPQkGﬁ@»fﬂ&ﬂdmh

Sk
t t t
+ f f e® =)}, (tfl(s)) fi(s,t)drdo — f e®t=s)f (tﬁ(t)) dsds
Sk “Sk Sk
t ot t B
- f f e®t=9}, (tﬁ(s)) dsf k,(t,s)dsdr
Sk “Sk Sk

< (e“(t_sk) |9k(5kv§(t;))_gk (Skvﬁ(t;))| + Ut ea(t=9) (k (tﬁ(s)) - k(t,@(s))) fi(s,;t) ds

+ fr ft palt=s) (kt (tﬁ(s)) - kt(t,g(s))) f.(s,7) dr do

Sk VSk

4-£3“F”0@@an—f0ﬁ“ﬁ%“

J-t fr (kl(t.ﬁ(s)) —k (tﬁ(g)) ds de

Sk “Sk

f

t ot t
+eW*M@Mnhf~fM@)—§@H@+f““”%fLﬂ@—ﬁﬁﬂﬁ
Sk

Sk Sk

t
+ fe“(t‘s)kz(t,s) ds

Sk

t
s(w“wnﬁma@—ﬁa@y+wW@@anf|M@—g@ﬂ@
Sk

t ot B
a(t—s) ~ N
1M)Ly
+ et (t, M)L if f |g(s)—h(s)|dsdr>

Sk “Sk

_ R ~ B _ ~ . B _ ~
< ePe=0Lf |g(e) — h(tD|" + e PEILE (e, M)P [ [; () = §(s))| ds] + e B L] (t2M)F [ IMNIOE

B ~ B ~ B
9()| ds| +eBCIL[[! |g(s) — ()| ds| + B @ 2M)P ] [} |a(s) - h(s)|ds di

1 \B
Seab’(t—sk)Lgk (CZB-L/)> +

s Sk

eaﬁ(t'S)Li (t,M)F [Cl% fstk 1) (ftk m(t) d‘r) dsr++eaﬁ(t_s)l‘€t(t12M)B [C? fstk fstk ® (ft m(s,T) dS) deUr"'

i i i i
eaﬁ(t'S)Lﬁ [Cf f;’;{ 1) (fotm(‘r) dr) ds] + e"‘ﬁ(t‘s)Li1 (t2M)P [Cf fstk fstk ) (fstk m(s, 1) ds) d‘rda]
< e“ﬁ(t‘sk)LgkCzll)B + eaﬁ(t‘s)Li(th)BClcf;(pﬁ(m(t)) + eaﬁ(t_s)Lit(th)BQCAg@(m(t, t))

+ e“ﬁ(t_s)LﬁClcf;(pB(m(t)) + ea["(t‘S)Li1 (tle)ﬁClc"g@(m(t, t))

< e®C=KIE CpP + eI LE (6, MPCrchof (m(D) + e P LE, (2M)PCych P (m(D)) +
e“ﬁ(t_S)L]é Clcg(pﬁ (m(t))+e“ﬁ(t‘5)Li1 (tle)ﬁClcf;(pﬁ(m(t))
< (e®E=sWLh, + eI (LE (6, M)P + L, (2M)P + LF + L}, (t2M)F)ch)(C, + C)(@F (m(D)) + )
From condition (19) is strictly continuous and d(T,§ T,h) < p,d(&h)From B- fixed point theorem, therefore y :I—R
such that A" g, — y, and Ay, =y, the from condition (4) and equations (7) , (17) we get
dy,l'y) < e®T(1+ cg).

afT B
hence, d(y,y,) < el(ﬂ,that means (18) is true for t € I.
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5. CONCLUSION

1. The interesting results determined and computed on impulsive multi-nonlinear integral equation which coming
from impulsive differential equation.

2. The results depended on special function and constant as estimation of  inequalities of solutions for the
impulsive multi-nonlinear integral equation.

3. The Lipchitz conditions for components of impulsive integral equation with
delay function is very interesting for prove the existence and uniqueness as well as stability.

4. The fixed-point theorem and their conditions are used for existence and uniqueness a stability depended on
estimators for each proposal equation.

5. The extension problem of proposal problem is under the same conditions of main results.

6. The difficulty of examples coming from the formulation of the problem and the necessary and sufficient
conditions of the results.

7. The multiplication between integral equation and nonlinear equation needs a particular analytic.
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