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1. INTRODUCTION 

   Impulsive systems with continuous evolution which modelled by some ordinary differential equations with state 

jumps also impulses, [11]. The nonlinear boundary value problems combine with scientific and engineering problems 

such as second-order have been studied extensively, [1]. Impulsive systems modeled as a process that combine the 

behavior of continuous and discontinuous. Many applications of impulsive systems such as logistics, robotics, 

population dynamics, etc. The basis of mathematical theory of impulsive systems as well as the existence and 

stability of solutions as fundamental results, [15], [24]. 

The impulsive differential equation and the impulsive integro diffential equation are interesting in modeling of many 

applications of engendering and physics problems such that the difference of the differential between some discreet 

points only satisfied of one side and the limits of two sides are not equal, so this needs some technique to find the 

solution to study other properties of boundedness and existence and uniqueness and stability. The classes of the 

impulsive integro differential equations are solve it with some necessary and sufficient condition suitable discusses 

the modeling equations involving nonlinear functions. 

The important subject is a stability of nonlinear system and that why studied by many researchers of applied 

mathematics since it is applied in many a branch of scientific applications with some experiments of suitable input 

function such as control function, see [13,14,23,32]. Also, the perturbed of system need it a study with different 

necessary and sufficient conditions as without perturbed.  

Also, we mention to the studies on the stability in [5,8,17,25], so our aim how to model the natural phenomena to a 

linear and nonlinear control systems and interest on minimize the errors, see [14]. The stabilization depended the 

perturbed coming from the control feedback which take a major role in many real-life control problems. 

There is a nonlinear relation between input and output constraint of the feedback control negative or positive to be 

the system perfect see, [18,20,23,25].  
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The method of stability and stabilization dependent on some necessary and sufficient conditions established on the 

system under studied and these points are a fixed point for the solutions from effect it of the feedback closed control 

system and perturbed parts of control and output matrices, as well as for another approach of stability is a Lyapunov's 

rule for nonlinear system, see [4,8,9,21,26,27,33,37]. Problem mitigation of nonlinear vibrations, for approximate 

stability have been used parallel compensator by using Lassalle’s [7] of closed loop.    

Sometimes the phenomena appeared in many different real lives bur a big area in physics, medicine, population 

dynamics the study of impulsive functional which the processes are depended on sort time that is perturbed during 

evaluation of the solution state of differential equations and appeared as a discretely which comparison with the total 

of the output of processes and phenomena under studied was simulated to a mathematical model  

The important branch of qualitative analysis of ordinary and partial differential equations is the stability theory and 

impulsive stability theory that which combine   continuous of modules of ordinary differential equations with 

instantaneous state jumps or resets which referred to as impulsive.       

 Akhmetov and Zafer [3] studied the second method of Lyapunov for impulsive differential equations to be stable. 

The nonlinear impulsive Stochastic systems with dwell time condition in [10]. well as stability and stabilization of 

some fractions systems with delay function studied from Lazarevic in [16]. As for nonlinear system with delay 

impulsive have been presented in [16]. LIU and et.al. in [20], interested on analysis stability of some of impulsive 

control systems and with time delay interested from LIU in [19]. Obloza [21,22] were among many approaches of 

studding the behaviors of H-U-stable one of stability types for interesting differential equations. [36], There are many 

authors studied with some problems a H-U-stable and H-U-R-stable as criteria for guarantee this issue. In [29,30], 

the application of impulsive differential equations in different fields such as engineering and natural sciences.  There 

are different classes of impulsive differential equations with first order reported in- [28,35]. Also, system of integro-

differential equations with their stability explained in [22] with details information. Some of papers studied the 

solutions by using fixed point theorems such as [2], also, the nonlocal boundary value of impulsive integro-

differential equations as a system studied in [34], interesting existence result, and the concept of Ulam stability have 

studied in [6]. Ulam’s-type stabilities for class of bounded variable delays of first-order impulsive differential 

equations on compact interval, [31].  

The purpose of this paper the first order multi-integro –multi-impulsive equation have been studied in details. The 

space of pointwise continuous bounded functions with divided intervals is used for sub solution depended on the 

intervals. Also, the behaviors of stable existence solution and their extension have been presented in details as 

proving of interesting results with illustrative example. 

 

 

2.  BASIC DEFINITIONS AND CONCEPTS: 

 
   Consider the following first order multi-integro –multi-impulsive equation  

{
 
 

 
 
𝑑

𝑑𝑡
(𝑥(𝑡) + ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0
) = 𝑓(𝑡‚𝑥(𝑡)) + ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠

𝑡

0

𝑡

0

‚ 𝑡 ∈ (𝘴𝑘‚𝑡𝑘+1]‚𝑘 = 0‚1‚. . . ‚𝑚   
          

      𝑥(𝑡) = 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))‚                       𝑡 ∈ (𝑡𝑘‚𝘴𝑘]  ‚𝑘 = 1‚. . . ‚𝑚‚                                      

𝑥(0) = 𝑥0 ∈ ℝ                                                                                                               

(1) 

Where 0=𝑡0=𝑠0 < 𝑡1 ≤ 𝑠1 ≤ 𝑡2 <. . . < 𝑡𝑚 ≤ 𝑠𝑚 < 𝑡𝑚+1= T    

𝑓, 𝑘, 𝑘1 ∶ [0‚𝑇] × ℝ ⟶ ℝ ‚ 𝑘2, 𝑓1 ∶ [0‚𝑇] × [0, 𝑇] ⟶ ℝ are a continuous function and 𝑔𝑘 ∶ [𝑡𝑘‚𝑠𝑘] × ℝ ⟶ ℝ is a 

continuous for all 𝑘 = 1‚. . . ‚𝑚 . Let 0< 𝛽 ≤ 1‚ 𝜓 ≥ 0 and 𝜑 ∈PC(𝐼‚ℝ+) is nondecreasing.  

If x satisfies 𝑥(0) = 𝑥0 ‚ 𝑥(𝑡) = 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+)) ‚ 𝑡 ∈ (𝑡𝑘‚𝘴𝑘)  ‚𝑘 = 1‚ … ‚𝑚. and 𝑥(𝑡) = 𝑥(0) −

∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0
−∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0
𝑑𝜎 + ∫ 𝑓(𝑡‚𝑥(𝑡))

𝑡

0
𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠

𝑡

0

𝑡

0

𝑡

0
𝑑𝜎‚ 𝑡 ∈

[0‚𝑡1]  

𝑥(𝑡) = 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))  − ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

𝑠𝑘
−∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜎 + ∫ 𝑓(𝑡‚𝑥(𝑡))

𝑡

𝑠𝑘
𝑑𝑠 +

∫ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜎, 𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1] ‚𝑘 = 0‚1‚. . . ‚𝑚.  

Now we need to apply fixed point approach for stability of impulsive multi-integro- differential perturbed with integral 

function nonlinear equation (2).  

Consider the following inequality integral equation: 

{
 
 

 
 |
𝑦ˊ(𝑡) − ∫ 𝑘(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

0
−∫ ∫ 𝑘𝑡(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0
𝑑𝜎

+∫ 𝑓(𝑡‚𝑦(𝑡))
𝑡

0
𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑦(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠

𝑡

0

𝑡

0

𝑡

0
𝑑𝜎

|

                                            ≤ 𝜑(𝑚(𝑡))‚ 𝑡 ∈ (𝘴𝑘‚𝑡𝑘+1] ‚ 𝑘 = 0‚1‚. . . ‚𝑚‚

|𝑦(𝑡) − 𝑔𝑘(𝑡‚𝑦(𝑡𝑘
+)) |  ≤   𝜓                ‚   𝑡 ∈ (𝑡𝑘‚𝘴𝑘]  ‚𝑘 = 1‚. . . ‚𝑚.  

                    (3) 
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Definition 2.1. 

The β-Ulam- Hyers -Rassias stable for equation (2) satisfied if cf‚β‚gi‚φ > 0 therefore the solution  

y ∈ 𝑃𝐶(𝐼‚ℝ) ⋂ 𝐶1((𝑠𝑘 ‚𝑡𝑘+1]‚ℝ)
𝑚
𝑘=0  of the inequality (3) there exists a solution 𝑥 ∈ 𝑃𝐶(𝐼‚ℝ) ⋂ 𝐶1((𝑠𝑘 ‚𝑡𝑘+1]‚ℝ)

𝑚
𝑘=0    of 

the equation (2) with  

|𝑦(𝑡) − 𝑥(𝑡)|𝛽 ≤ 𝑐𝑓‚𝛽‚𝑔𝑘 ‚𝜑(𝜓𝛽 + 𝜑𝛽(𝑚(𝑡))) ‚ t ∈I. 
Remark 2.2. 

  A function 𝑦 ∈ 𝑃𝐶(𝐼‚ℝ)⋂ 𝐶1𝑚
𝑖=0 ((𝑠𝑘 ‚𝑡𝑘+1]‚ℝ) is a solution of inequality (3) if and only if there is 

𝐺 ⋂ 𝐶1𝑚
𝑘=0 ((𝑠𝑘 ‚𝑡𝑘+1]‚ℝ) and 𝑔⋂ 𝐶1𝑚

𝑘=1 ((𝑡𝑘‚𝑠𝑘]‚ℝ)  

such that  

i. |𝐺(𝑡)| ≤ 𝜑(𝑚(𝑡))‚ t ∈ ⋃ (𝑠𝑘‚𝑡𝑘+1]
𝑚
𝑘=0  and |𝑔(𝑡)| ≤ 𝜓 ‚ t ∈ ⋃ (𝑡𝑘‚𝑠𝑘]

𝑚
𝑘=0 ; 

ii. 𝑦´(𝑡) = −∫ 𝑘(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0
−∫ ∫ 𝑘𝑡(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0
𝑑𝜎 + ∫ 𝑓(𝑡‚𝑦(𝑡))

𝑡

0
𝑑𝑠 +

∫ ∫ 𝑘1(𝑡‚𝑦(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0
𝑑𝜎 +G(𝑡) ‚t ∈ (𝑠𝑘 ‚𝑡𝑘+1] ‚ 𝑘 =0‚1‚…‚𝑚; 

iii. 𝑦(𝑡) = 𝑔𝑘(𝑡‚𝑦(𝑡𝑘
+)) + 𝑔(𝑡) ‚ t ∈ (𝑡𝑘‚𝑠𝑘] ‚ 𝑘 =1‚…‚𝑚. 

Remark 2.3. 

  If 𝑦 ∈ 𝑃𝐶(𝐼‚ℝ)⋂ 𝐶1𝑚
𝑘=0 ((𝑠𝑘 ‚𝑡𝑘+1]‚ℝ) is a solution of the inequality (3) then y is a solution of the following impulsive 

multi-integro- differential perturbed with integral function nonlinear equation 

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
|𝑦(𝑡) − 𝑔𝑘(𝑡‚𝑦(𝑡𝑘

+))|  ≤   𝜓 ‚   𝑡 ∈ (𝑡𝑘‚𝘴𝑘]  ‚𝑘 = 1‚. . . 𝑚,                                            

|
|
𝑦(𝑡) − 𝑦(0) − ∫ 𝑘(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

0

−∫ ∫ 𝑘𝑡(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0

𝑑𝜎

+∫ 𝑓(𝑡‚𝑦(𝑡))
𝑡

0

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑦(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑦(𝑠)) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜎
|
|

≤   ∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏
𝑡

0

)
𝑡

0

𝑑𝑠       ‚𝑡 ∈ [0‚𝑡1]

|
|
𝑦(𝑡) − 𝑔𝑘(𝑡‚𝑦(𝑡𝑘

+)) − ∫ 𝑘(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

𝑠𝑘

−∫ ∫ 𝑘𝑡(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜎

+∫ 𝑓(𝑡‚𝑦(𝑡))
𝑡

𝑠𝑘

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑦(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜎
|
|

≤ 𝜓 + ∫ 𝜑(∫ 𝑚(𝜏) 𝑑𝜏
𝑡

𝑠𝑘

)
𝑡

𝑠𝑘

𝑑𝑠  ‚ 𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1] ‚  𝑘 = 0‚1‚. . . ‚𝑚.

 

                                                                                                                                 (4) 

The extended of generalized β-Ulam- Hyers -Rassias stability of the equation 

{
 
 

 
 𝑥ˊ(𝑡) = 𝑒𝑎(𝑡)𝑥(𝑡) − ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

0
−∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0
𝑑𝜎

+∫ 𝑓(𝑡‚𝑥(𝑡))
𝑡

0
𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠

𝑡

0

𝑡

0

𝑡

0
𝑑𝜎

                                         ‚𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1]‚ = 0‚1‚ … ‚𝑚 ‚ 𝜆 > 0

𝑥(𝑡) = 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))‚𝑡 ∈ (𝑡𝑘‚𝑠𝑘] ‚ 𝑘 = 1‚2… ‚𝑚.                                             

(5) 

Definition 2.4. 

 The generalized β-Ulam- Hyers -Rassias stable for equation (5) if there exists 𝑐𝑓‚𝛽‚𝑔𝑘‚𝜑 > 0 then the solution as 

follows: 

y ∈ 𝑃𝐶(𝐼‚ℝ) ⋂ 𝐶1𝑚
𝑘=0 ((𝑠𝑘 ‚𝑡𝑘+1]‚ℝ)of the inequality 

{
 
 
 

 
 
 

|
|
𝑦ˊ(𝑡) − 𝑒𝑎(𝑡)𝑦(𝑡) + ∫ 𝑘(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

0

+∫ ∫ 𝑘𝑡(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0

𝑑𝜎

−∫ 𝑓(𝑡‚𝑦(𝑡))
𝑡

0

𝑑𝑠 − ∫ ∫ 𝑘1(𝑡‚𝑦(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜎
|
|

≤ 𝜑(𝑚(𝑡))‚𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1]‚ = 0‚1‚ … ‚𝑚 ‚ 𝜆 > 0

|𝑦(𝑡) − 𝑔𝑘(𝑡‚𝑦(𝑡𝑘
+)) |  ≤   𝜓        ‚  𝑡 ∈ (𝑡𝑘 ‚𝑠𝑘] ‚ 𝑘 = 1‚2… ‚𝑚‚              

 

                                                                                                                                 (6) 

 there exists a solution 𝑥 ∈ PC(I‚ℝ)⋂ C1m
k=0 ((sk‚tk+1]‚ℝ) of the equation 

(5) with  

|𝑦(𝑡) − 𝑥(𝑡)|𝛽 ≤ 𝑐𝑓‚𝛽‚𝑔𝑘 ‚𝜑 (𝜓
𝛽 + 𝜑𝛽(𝑚(𝑡))) ‚ t ∈ I. 
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Remark 2.5. 

If 𝑦 ∈ 𝑃𝐶(𝐼‚ℝ)⋂ 𝐶1𝑚
𝑘=0 ((𝑠𝑘 ‚𝑡𝑘+1]‚ℝ) is a solution of the inequality (6) ‚then y is a solution of the following   

 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
|𝑦(𝑡) − 𝑔𝑘(𝑡‚𝑦(𝑡𝑘

+))|  ≤   𝜓 ‚   𝑡 ∈ (𝑡𝑘‚𝘴𝑘]  ‚𝑘 = 1‚. . . ‚𝑚                                              

|

|

𝑦(𝑡) − 𝑒𝑎(𝑡)𝑦(0)                                                                                                

−𝑒𝑎(𝑡−𝑠)

[
 
 
 
 −∫ 𝑘(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

0

−∫ ∫ 𝑘𝑡(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0

𝑑𝜎  

+∫ 𝑓(𝑡‚𝑦(𝑡))
𝑡

0

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑦(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜎
]
 
 
 
 

|

|

≤   ∫ 𝑒𝑎(𝑡−𝑠)𝜑 (∫ 𝑚(𝜏) 𝑑𝜏
𝑡

0

)
𝑡

0

𝑑𝑠   ‚𝑡 ∈ [0‚𝑡1] 

|

|

𝑦(𝑡) − 𝑒𝑎(𝑡−𝘴𝑘)𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))

−𝑒𝑎(𝑡−𝑠) |
|
−∫ 𝑘(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

𝑠𝑘

−∫ ∫ 𝑘𝑡(𝑡‚𝑦(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜎

+∫ 𝑓(𝑡‚𝑦(𝑡))
𝑡

𝑠𝑘

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑦(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜎
|
|
|

|

≤ 𝑒𝑎(𝑡−𝘴𝑘)𝜓 +∫ 𝑒𝑎(𝑡−𝑠)𝜑 (∫ 𝑚(𝜏) 𝑑𝜏
𝑡

𝑠𝑘

)
𝑡

𝑠𝑘

𝑑𝑠  ‚ 𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1] ‚  𝑘 = 0‚1‚. . . ‚𝑚.

 

(7) 

3.  PROBLEM FORMULATION 

 
Consider the following first order multi-integro –multi-impulsive equation 

{
 
 

 
 𝑑

𝑑𝑡
(𝑥(𝑡) + ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

) = 𝑓(𝑡‚𝑥(𝑡)) + ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

                              ‚ 𝑡 ∈ (𝘴𝑘 ‚𝑡𝑘+1]‚𝑘 = 0‚1‚. . . ‚𝑚

𝑥(𝑡) = 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))                       ‚ 𝑡 ∈ (𝑡𝑘‚𝘴𝑘]  ‚𝑘 = 1‚. . . ‚𝑚‚                                      

 

                                                                                                                                 (8) 

Where 0=𝑡0=𝑠0 < 𝑡1 ≤ 𝑠1 ≤ 𝑡2 <. . . < 𝑡𝑚 ≤ 𝑠𝑚 < 𝑡𝑚+1= T    

𝑓, 𝑘, 𝑘1 ∶ [0‚𝑇] × ℝ ⟶ ℝ ‚  𝑘2, 𝑓1 ∶ [0‚𝑇] × [0, 𝑇] ⟶ ℝ  are a continuous function and 𝑔𝑘 ∶ [𝑡𝑘‚𝑠𝑘] × ℝ ⟶ ℝ  is a 

continuous for all 𝑘 = 1‚. . . ‚𝑚 . Let 0< 𝛽 ≤ 1‚ 𝜓 ≥ 0 and 𝜑 ∈PC(𝐼‚ℝ+) is nondecreasing. 

From (8) ‚we have that  
𝑑

𝑑𝑡
𝑥(𝑡) +

𝑑

𝑑𝑡
∫ 𝑘(𝑡‚𝑥(𝑡))𝑓1(𝑠‚𝜏) 𝑑𝜏 = 𝑓(𝑡‚𝑥(𝑡)) + ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠

𝑡

0

𝑡

0

𝑡

0
  

 x´+𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) + ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏 =
𝑡

0
 𝑓(𝑡‚𝑥(𝑡)) 

+ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0
 

By Leibnitz   

𝑥(𝑡) − 𝑥(0) + ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0
+∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0
𝑑𝜎 =  ∫ 𝑓(𝑡‚𝑥(𝑡))

𝑡

0
𝑑𝑠 +

∫ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0
𝑑𝜎 

𝑥(𝑡) =  𝑥(0) − ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0

−∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0

𝑑𝜎 + ∫ 𝑓(𝑡‚𝑥(𝑡))
𝑡

0

𝑑𝑠

+ ∫ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜎 

THEOREM 3.6.   
Suppose the condition as follows:  

(1) 𝑘, 𝑘1‚ 𝑓 ∈ 𝐶(𝐼 × ℝ;ℝ) 

(2) |𝑘(𝑡‚𝑥1) − 𝑘(𝑡‚𝑥2)| ≤ 𝐿𝑘|𝑥1 − 𝑥2|   ,  |∫ ∫ 𝑓1(𝑠‚𝜏)
𝑡

0
𝑑𝜏 𝑑𝜎

𝑡

0
| ≤ 𝑡2𝛭 ‚  

       , |𝑘𝑡(𝑡‚𝑥1) − 𝑘𝑡(𝑡‚𝑥2)| ≤ 𝐿𝑘𝑡|𝑥1 − 𝑥2| ‚ 

, |𝑘1(𝑡‚𝑥1) − 𝑘1(𝑡‚𝑥2)| ≤ 𝐿𝑘1|𝑥1 − 𝑥2|  

, |∫ 𝑘2(𝑡‚𝘴) 𝑑𝘴
𝑡

0
| ≤ ∫ |𝑘2(𝑡‚𝘴)|

𝑡

0
𝑑𝘴 ≤ ∫ 𝛭 𝑑𝘴 ≤ 𝛭𝑡

𝑡

0
 

And |𝑓(𝑡‚𝑥1) − 𝑓(𝑡‚𝑥2)| ≤ 𝐿𝑓|𝑥1 − 𝑥2| 
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     For some 𝐿𝑘, 𝐿𝑘𝑡𝐿𝑘1 , 𝐿𝑓 > 0  and for each t ∈ 𝐼,  

(3) 𝑔𝑘 ∈ 𝐶([𝑡𝑘‚𝑠𝑘] × ℝ;ℝ) and for k= 1‚. . . ‚m  a positive constant 𝐿𝑔𝑘 satisfy  

|𝑔𝑘(𝑡‚𝑥𝟣) − 𝑔𝑘(𝑡‚𝑥2)| ≤ 𝐿𝑘|𝑥𝟣 − 𝑥2|‚ for t ∈ [𝑡𝑘‚𝑠𝑘] and all 𝑥1‚𝑥2 ∈ ℝ . 

(4) A nondecreasing function 𝜑 ∈ 𝐶(𝐼‚ℝ+). Then  

          ∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏
𝑡

0
) 𝑑𝑠 ≤ 𝑐𝜑𝜑(𝑚(𝑡)) 

𝑡

0
‚ for each 𝑡 ∈ 𝐼‚  

   And  

         ∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠
𝑡

0
) 𝑑𝜏𝑑𝜎 ≤ 𝑐̂𝜑𝜑̂(𝑚(𝑡, 𝑡)) 

𝑡

0

𝑡

0
‚ for each 𝑡 ∈ 𝐼‚ and  𝑐𝜑 >0. 

    Let 𝑐̂𝜑𝜑̂(𝑚̃(𝑡, 𝑡)) ≤ 𝑐𝜑𝜑(𝑚(𝑡))       

If y satisfing (3) the unique function as follows: 

𝑦˳(𝑡) =

{
 
 
 
 
 

 
 
 
 
 

 

𝑥(0) − ∫ 𝑘(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠 −∫ ∫ 𝑘𝑡(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0

𝑑𝜎
𝑡

0

+∫ 𝑓(𝑡‚𝑦˳(𝑡))
𝑡

0

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑦˳(𝑠))𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠𝑑𝜏
𝑡

0

𝑡

0

𝑡

0

‚  𝑡 ∈ [0‚𝑡1]‚

 

𝑔𝑘(𝑡‚𝑦˳(𝑡𝑘
+))‚ 𝑡 ∈ (𝑡𝑘‚𝑠𝑘] ‚                               𝑘 = 1‚. . . ‚𝑚‚                           

𝑔𝑘(𝑠𝑘 ‚𝑦˳(𝑡𝑘
+)) − ∫ 𝑘(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝑡)

𝑡

𝑠𝑘

𝑑𝑠 − ∫ ∫ 𝑘𝑡(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜎

+∫ 𝑓(𝑡‚𝑦˳(𝑡))
𝑡

𝑠𝑘

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑦˳(𝑠))𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜏
𝑡

𝑠𝑘

‚𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1]‚𝑘 = 1‚. . . ‚𝑚‚

 

                                                                                                                                 (9) 

and   |𝑦(𝑡) − 𝑦˳(𝑡)|𝛽 ≤
(1+𝑐𝜑

𝛽
)(𝜑𝛽(𝑚(𝑡))+𝜓𝛽)

1−𝜌
                                                          (10) 

where  𝜌 ∶= 𝑚𝑎𝑥 {𝐿𝑔𝑘
𝛽
+ (𝐿𝑘

𝛽(𝑡1𝛭)
𝛽 + 𝐿𝑘𝑘

𝛽 (𝑡1
2𝛭)𝛽 + 𝐿𝑓

𝛽
+ 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽) 𝑐𝜑

𝛽
|𝑘 = 1‚. . . ‚𝑚} < 1.                                  (11) 

Proof.  

 Let 𝛤: 𝑥 → 𝑥  an operator defined by  

(𝛤𝑥)(𝑡) =

{
 
 
 
 
 

 
 
 
 
 𝑥(0) − ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠 −∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0

𝑑𝜎
𝑡

0

+∫ 𝑓(𝑡‚𝑥(𝑡))
𝑡

0

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑥(𝑠))𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠𝑑𝜏
𝑡

0

𝑡

0

𝑡

0

‚𝑡 ∈ [0‚𝑡1]‚      

           

𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))‚ 𝑡 ∈ (𝑡𝑘‚𝑠𝑘] ‚                                               𝑘 = 1‚. . . ‚𝑚‚          

𝑔𝑘(𝑠𝑘 ‚𝑥(𝑡𝑘
+)) − ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡)

𝑡

𝑠𝑘

𝑑𝑠 − ∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜎

+∫ 𝑓(𝑡‚𝑥(𝑡))
𝑡

𝑠𝑘

𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑥(𝑠))𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

𝑠𝑘

𝑑𝜏
𝑡

𝑠𝑘

‚𝑡 ∈ (𝑠𝑘‚𝑡𝑘+1]‚𝑘 = 1‚. . . ‚𝑚‚

 

              (12) 

where  𝑥 ∈ 𝑋 and t  ∈ [0‚𝑇]. 

The operator  𝛤 ∈ 𝐶(𝐼 × 𝑅‚𝑅)‚since 𝑘1, 𝑓, 𝑘 ∶ [0‚𝑇] × ℝ ⟶ ℝ  and 𝑘2, 𝑓1 ∶ [0‚𝑇] × [0, 𝑇] ⟶ ℝ ‚for any 𝑔̂‚ℎ̂ ∈ 𝑥 ;  and 

𝐶1‚𝐶2 ∈ [0‚∞], we have that  

|𝑔̂(𝑡) − ℎ̂(𝑡)|
𝛽
≤ {

𝐶1𝜑
𝛽(𝑚(𝑡))‚𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1]‚𝑘 = 0‚1‚. . . ‚𝑚‚

𝐶2𝜓
𝛽 ‚ 𝑡 ∈ (𝑡𝑘‚𝑠𝑘] ‚𝑘 = 1‚. . . ‚𝑚‚                  

                        (13)         

It is easy to see that (13) is equivalent to  

|𝑔̂(𝑡) − ℎ̂(𝑡)| ≤ {
𝐶1

1
𝛽𝜑(𝑚(𝑡)) ‚ 𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1]‚𝑘 = 0‚1‚. . . ‚𝑚‚   

𝐶2
1
𝛽 𝜓 ‚         𝑡 ∈ (𝑡𝑘‚𝑠𝑘] ‚𝑘 = 1‚. . . ‚𝑚               

                    (14)           

By the definition of  𝛤 in (12) ‚ (2)‚(3) and (14) we have the following  

Case 1. t ∈ [0‚𝑡1]‚ we get that 
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|(𝛤𝑔̂)(𝑡) − (𝛤ℎ̂)(𝑡)|
𝛽

= |𝑥(0) − ∫ 𝑘(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0

−∫ ∫ 𝑘𝑡(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎
𝑡

0

𝑡

0

+∫ 𝑓(𝑡‚𝑔̂(𝑡)) 𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑔̂(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜏
𝑡

0

− 𝑥(0) + ∫ 𝑘 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0

+∫ ∫ 𝑘𝑡 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎 − ∫ 𝑓 (𝑡‚ℎ̂(𝑡)) 𝑑𝑠 − ∫ ∫ 𝑘1 (𝑡‚ℎ̂(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜏
𝑡

0

𝑡

0

𝑡

0

|

𝛽

 

≤ (|∫ (𝑘 (𝑡‚ℎ̂(𝑠)) − 𝑘(𝑡‚𝑔̂(𝑠))) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0

| + |∫ ∫ (𝑘𝑡 (𝑡‚ℎ̂(𝑠)) − 𝑘𝑡(𝑡‚𝑔̂(𝑠)))
𝑡

0

𝑡

0

𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎|

+ |∫ (𝑓(𝑡‚𝑔̂(𝑡)) − 𝑓 (𝑡‚ℎ̂(𝑡)))
𝑡

0

𝑑𝑠| + |∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

| |∫ ∫ (𝑘1(𝑡‚𝑔̂(𝑠)) − 𝑘1 (𝑡‚ℎ̂(𝑠))) 𝑑𝑠
𝑡

0

𝑡

0

𝑑𝜏|)

𝛽

 

≤ ((𝑡1𝛭)𝐿𝑘∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

0

𝑑𝑠 + (𝑡1
2𝛭)𝐿𝑘𝑡 ∫ ∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|

𝑡

0

𝑑𝜏 𝑑𝜎 + 𝐿𝑓 ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

0

𝑑𝑠
𝑡

0

+ (𝑡1𝛭)𝐿𝑘1 ∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

0

𝑑𝑠 𝑑𝜏
𝑡

0

)

𝛽

 

≤ 𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 [∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

0
𝑑𝑠]

𝛽

+ 𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

0
𝑑𝜏 𝑑𝜎

𝑡

0
]
𝛽

+𝐿𝑓
𝛽
[∫ |𝑔̂(𝑠) −
𝑡

0

ℎ̂(𝑠)| 𝑑𝑠]
𝛽

+𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

0
𝑑𝑠 𝑑𝜏

𝑡

0
]
𝛽

 

≤ 𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 [𝐶1

1
𝛽
∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏

𝑡

0
)

𝑡

0
𝑑𝑠]

𝛽

+

𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

0
) 𝑑𝜏𝑑𝜎

𝑡

0

𝑡

0
]

𝛽

+𝐿𝑓
𝛽
[𝐶1

1
𝛽
∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏

𝑡

0
)

𝑡

0
𝑑𝑠]

𝛽

+

𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

0
) 𝑑𝜏𝑑𝜎

𝑡

0

𝑡

0
]

𝛽

 

≤ 𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐̂𝜑

𝛽
𝜑̂(𝑚(𝑡, 𝑡)) + 𝐿𝑓

𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) + 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐̂𝜑

𝛽
𝜑̂(𝑚(𝑡, 𝑡)) 

≤ 𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) + 𝐿𝑓

𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) + 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) 

≤ (𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 + 𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 + 𝐿𝑓
𝛽
+ 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽)𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) 

Case 2. For t ∈ (𝑡𝑘 ‚𝑠𝑘]   

|(𝛤𝑔̂)(𝑡) − (𝛤ℎ̂)(𝑡)|
𝛽
= |𝑔𝑘(𝑡‚𝑔̂(𝑡𝑘

+)) − 𝑔𝑘 (𝑡‚ℎ̂(𝑡𝑘
+))|

𝛽

 

≤ (𝐿𝑔𝑘|𝑔̂(𝑡𝑘
+) − ℎ̂(𝑡𝑘

+)|)
𝛽

 

≤ 𝐿𝑔𝑘
𝛽
|𝑔̂(𝑡𝑘

+) − ℎ̂(𝑡𝑘
+)|

𝛽
 

  ≤ 𝐿𝑔𝑘
𝛽
(𝐶2

1
𝛽
𝜓)

𝛽

 

     ≤ 𝐿𝑔𝑘
𝛽
𝐶2𝜓

𝛽   

Case 3. For t ∈ (𝑠𝑘 ‚𝑡𝑘+1],|(𝛤𝑔̂)(𝑡) − (𝛤ℎ̂)(𝑡)|
𝛽
= |𝑔𝑘(𝑠𝑘‚𝑔̂(𝑡𝑘

+)) − ∫ 𝑘(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

𝑠𝑘
𝑑𝑠 −

∫ ∫ 𝑘𝑡(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎
𝑡

𝑠𝑘

𝑡

𝑠𝑘
+ ∫ 𝑓(𝑡‚𝑔̂(𝑡)) 𝑑𝑠 + ∫ ∫ 𝑘1(𝑡‚𝑔̂(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠

𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜏

𝑡

𝑠𝑘
−𝑔𝑘 (𝑠𝑘 ‚ℎ̂(𝑡𝑘

+)) +

∫ 𝑘 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

𝑠𝑘
𝑑𝑠 + ∫ ∫ 𝑘𝑡 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎 − ∫ 𝑓 (𝑡‚ℎ̂(𝑡)) 𝑑𝑠

𝑡

𝑠𝑘
𝑑𝑠

𝑡

𝑠𝑘

𝑡

𝑠𝑘
−

∫ ∫ 𝑘1 (𝑡‚ℎ̂(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜏|

𝛽

 

≤ (|𝑔𝑘(𝑠𝑘 ‚𝑔(𝑡𝑘
+))−𝑔𝑘 (𝑠𝑘 ‚ℎ̂(𝑡𝑘

+))| + |∫ (𝑘 (𝑡‚ℎ̂(𝑠)) − 𝑘(𝑡‚𝑔̂(𝑠))) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

𝑠𝑘

|

+ |∫ ∫ (𝑘𝑡 (𝑡‚ℎ̂(𝑠)) − 𝑘𝑡(𝑡‚𝑔̂(𝑠)))
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎| + |∫ (𝑓(𝑡‚𝑔̂(𝑡)) − 𝑓 (𝑡‚ℎ̂(𝑡)))
𝑡

𝑠𝑘

𝑑𝑠|

+ |∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

| |∫ ∫ (𝑘1(𝑡‚𝑔̂(𝑠)) − 𝑘1 (𝑡‚ℎ̂(𝑠))) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜏|)

𝛽
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≤ (𝐿𝑔𝑘|𝑔̂(𝑡𝑘
+) − ℎ̂(𝑡𝑘

+)| + (𝑡1𝛭)𝐿𝑘∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

𝑠𝑘

𝑑𝑠 + (𝑡1
2𝛭)𝐿𝑘𝑡 ∫ ∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|

𝑡

𝑠𝑘

𝑑𝑠 + 𝐿𝑓∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

𝑠𝑘

𝑑𝑠
𝑡

𝑠𝑘

+ (𝑡1𝛭)𝐿𝑘1 ∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

𝑠𝑘

𝑑𝑠 𝑑𝜏
𝑡

𝑠𝑘

)

𝛽

 

≤ 𝐿𝑔𝑘
𝛽
|𝑔̂(𝑡𝑘

+) − ℎ̂(𝑡𝑘
+)|

𝛽
+ 𝐿𝑘

𝛽(𝑡1𝛭)
𝛽 [∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|

𝑡

𝑠𝑘
𝑑𝑠]

𝛽

+ 𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

𝑠𝑘
𝑑𝑠

𝑡

𝑠𝑘
]
𝛽

+𝐿𝑓
𝛽
[∫ |𝑔̂(𝑠) −

𝑡

𝑠𝑘

ℎ̂(𝑠)| 𝑑𝑠]
𝛽

+ 𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

𝑠𝑘
𝑑𝑠 𝑑𝜏

𝑡

𝑠𝑘
]
𝛽

 

≤ 𝐿𝑔𝑘
𝛽
(𝐶2

1
𝛽
𝜓)

𝛽

+ 𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 [𝐶1

1
𝛽
∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏

𝑡

𝑠𝑘
)

𝑡

𝑠𝑘
𝑑𝑠]

𝛽

+

𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

𝑠𝑘
) 𝑑𝜏𝑑𝜎

𝑡

𝑠𝑘

𝑡

𝑠𝑘
]

𝛽

+𝐿𝑓
𝛽
[𝐶1

1
𝛽
∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏

𝑡

𝑠𝑘
)

𝑡

𝑠𝑘
𝑑𝑠]

𝛽

+

𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

𝑠𝑘
) 𝑑𝜏𝑑𝜎

𝑡

𝑠𝑘

𝑡

𝑠𝑘
]

𝛽

 

≤ 𝐿𝑔𝑘
𝛽
𝐶2𝜓

𝛽 + 𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐̂𝜑

𝛽
𝜑̂(𝑚(𝑡, 𝑡)) + 𝐿𝑓

𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡))

+ 𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽𝐶1𝑐̂𝜑
𝛽
𝜑̂(𝑚(𝑡, 𝑡)) 

≤ 𝐿𝑔𝑘
𝛽
𝐶2𝜓

𝛽 + 𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) +

𝐿𝑓
𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡))+𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) 

≤ (𝐿𝑔𝑘
𝛽
+ (𝐿𝑘

𝛽(𝑡1𝛭)
𝛽 + 𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽 + 𝐿𝑓

𝛽
+ 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽)𝑐𝜑

𝛽
)(𝐶1 + 𝐶2)(𝜑

𝛽(𝑚(𝑡)) + 𝜓𝛽). 

we have that, 

|(𝛤𝑔̂)(𝑡) − (𝛤ℎ̂)(𝑡)|
𝛽
≤ 𝑚𝑎𝑥 {𝐿𝑔𝑘

𝛽
+ (𝐿𝑘

𝛽(𝑡1𝛭)
𝛽 + 𝐿𝑘𝑘

𝛽 (𝑡1
2𝛭)𝛽 + 𝐿𝑓

𝛽
+ 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽) 𝑐𝜑

𝛽
|𝑘 = 1‚. . . ‚𝑚} (𝐶1 +

𝐶2)(𝜑
𝛽(𝑚(𝑡)) + 𝜓𝛽)  For t ∈ 𝐼 . we know that, 

d(𝛤𝑔̂‚𝛤ℎ̂) ≤ 𝜌(𝐶1 + 𝐶2)(𝜑
𝛽(𝑚(𝑡)) + 𝜓𝛽)   

Hence ‚we derive     𝑔(𝛤𝑔̂‚𝛤ℎ̂) ≤ 𝜌𝑑(𝑔̂‚ℎ̂)  

 from condition (11) and 𝑔̂‚ℎ̂ ∈ 𝑋 and from continuous property of  𝑔0 and ∧ 𝑔0 we get for 0 < 𝐺1 < ∞ as the 

following:  

follows that there exists a constant  0 < 𝐺̂1 < ∞ such that  

𝑦´ = −𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) − ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏 +
𝑡

0

 𝑓(𝑡‚𝑥(𝑡)) 

+ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠 
𝑡

0

𝑡

0
 

∫ 𝑦´(𝑠) 𝑑𝑠 = −∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡)
𝑡

0

𝑑𝑠 − ∫ ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏 +
𝑡

0

𝑡

0

𝑡

0

+∫ 𝑓(𝑡‚𝑥(𝑡))
𝑡

0

𝑑𝑠

+ ∫ ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜎 

= |∫ (𝑦´(𝑠) + 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) + ∫ 𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

− 𝑓(𝑡‚𝑥(𝑡)) + ∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

)𝑑𝑠
𝑡

0

|

𝛽

≤ |∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏
𝑡

0

)
𝑡

0

|

𝛽

𝑑𝑠 ≤ 𝐺̂1𝜑
𝛽(𝑚(𝑡)) ≤ 𝐺̂1 (𝜑

𝛽(𝑚(𝑡) + 𝜓𝛽)) 

then 

|(𝛤𝑔̂˳)(𝑡) − 𝑔̂˳(𝑡)|𝛽 = 

|𝑥(0) − ∫ 𝑘(𝑡‚𝑔̂˳(𝑠))𝑓1(𝑠‚𝑡)
𝑡

0

𝑑𝑠 − ∫ ∫ 𝑘𝑡(𝑡‚𝑔̂˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0

+∫ 𝑓(𝑡‚𝑔̂˳(𝑡))
𝑡

0

𝑑𝑠

+ ∫ ∫ 𝑘1(𝑡‚𝑔̂˳(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜎 − 𝑔̂˳(𝑡)|

𝛽

 

≤ 𝐺̂1𝜑
𝛽(𝑚(𝑡)) ≤ 𝐺̂1 (𝜑

𝛽(𝑚(𝑡) + 𝜓𝛽)) 

There exists a constant 0 < 𝐺̂2 < ∞ such that  

|(𝛤𝑔̂˳)(𝑡) − 𝑔̂˳(𝑡)|𝛽 = |𝑔𝑘(𝑡‚𝑔̂˳(𝑡𝑘
+)) − 𝑔̂˳(𝑡)|

𝛽
 

≤ 𝐺̂2𝜓
𝛽 ≤ 𝐺̂2(𝜑

𝛽(𝑚(𝑡)) + 𝜓𝛽)‚ t ∈ (𝑡𝑘‚𝑠𝑘]‚ k =1‚…‚m. 

There exists a constant  0 < 𝐺̂3 < ∞ such that  
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|(𝛤𝑔̂˳)(𝑡) − 𝑔̂˳(𝑡)|𝛽

= |𝑔𝑘(𝑡‚𝑔̂˳(𝑡𝑘
+)) − ∫ 𝑘(𝑡‚𝑔̂˳(𝑠))𝑓1(𝑠‚𝑡)

𝑡

𝑠𝑘

𝑑𝑠 − ∫ ∫ 𝑘𝑡(𝑡‚𝑔̂˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

𝑠𝑘

𝑡

𝑠𝑘

+∫ 𝑓(𝑡‚𝑔̂˳(𝑡))
𝑡

𝑠𝑘

𝑑𝑠

+ ∫ ∫ 𝑘1(𝑡‚𝑔̂˳(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜎 − 𝑔̂˳(𝑡)|

𝛽

 

≤ 𝐺̂3(𝜑
𝛽(𝑚(𝑡)) + 𝜓𝛽)‚ t ∈ (𝑠𝑘 ‚𝑡𝑘+1]‚ k =1‚…‚m. 

from continuous function y˳:I⟶ℝ such that 𝛤𝑛𝑔˳ ⟶ 𝑦˳ , 𝛤 y˳ =y˳ then y˳ satisfies equation (9) for t ∈ I . 
from equation (4) and condition (4) and (9) is the property have been needed in this prove, we have a unique 

continuous function as follows: 

d(𝑦‚𝛤𝑦) ≤ 1 + 𝑐𝜑
𝛽
.                                                                                               (15) 

Thus‚ we derive  

d(𝑦‚𝑦˳) ≤
𝑑(𝛤𝑦‚𝑦)

1−𝜌
≤

1+𝑐𝜑
𝛽

1−𝜌
‚that means (10) is true for t ∈ I. 

Example 3.7. 

Consider the following impulsive multi-integro- differential perturbed with integral function nonlinear equation 

{
 
 

 
 𝑑

𝑑𝑡
(𝑥(𝑡) + ∫

|𝑥(𝑠)|

35 + 𝑒𝑡
(𝑠 + 𝜏) 𝑑𝜏

𝑡

0

) =
|𝑥(𝑡)|

24 + 𝑒𝑡
∫ (

|𝑥(𝑠)|

37 + 𝑒𝑡
)

𝑡

0

∫ (𝑡𝑠) 𝑑𝑠
𝑡

0

‚ 𝑡 ∈ (0‚1]

𝑥(𝑡) =
|𝑥(1+)|

(34 + 𝑒𝑡−1)(1 + |𝑥(1+)|)
                       ‚ 𝑡 ∈ (1‚2]  ‚              

 

and 

{
 
 

 
 |
𝑑

𝑑𝑡
(𝑦(𝑡) + ∫

|𝑦(𝑠)|

35 + 𝑒𝑡
(𝑠 + 𝜏) 𝑑𝜏

𝑡

0

) −
|𝑦(𝑡)|

24 + 𝑒𝑡
∫ (

|𝑦(𝑠)|

37 + 𝑒𝑡
)

𝑡

0

∫ (𝑡𝑠) 𝑑𝑠
𝑡

0

| ≤ ∫ 𝑒𝑡
𝑡

0

𝑑𝑡

‚ 𝑡 ∈ (0‚1]

|𝑦(𝑡) −
|𝑦(1+)|

(34 + 𝑒𝑡−1)(1 + |𝑦(1+)|)
  | ≤ 1                     ‚ 𝑡 ∈ (1‚2]  ‚              

 

Let 𝛽 =
1

2
 , T=2, J=[0,2] and 0=𝑡0=𝑠0 < 𝑡1 = 1 ≤ 𝑠1 = 2 ,also  

𝑘(𝑡‚𝑥(𝑠)) =
|𝑥(𝑠)|

35+𝑒𝑡
 , 𝑓1(𝑠‚𝜏) = 𝑠 + 𝜏  

𝑓(𝑡‚𝑥(𝑡)) =
|𝑥(𝑡)|

24+𝑒𝑡
 , 𝑘1(𝑡‚𝑥(𝑠)) =

|𝑥(𝑠)|

37+𝑒𝑡
 , 𝑘2(𝑡‚𝑠) = 𝑡𝑠  

and 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+)) =

|𝑥(1+)|

(34+𝑒𝑡−1)(1+|𝑥(1+)|)
 

also  𝐿𝑘 =
1

36
 , 𝐿𝑓 =

1

25
 and 𝐿𝑔𝑘 =

1

35
 , 𝐿𝑘1 =

1

38
 

let 𝜑(𝑡) = 𝜑 (∫ 𝑚(𝜏)
𝑡

0
𝑑𝜏)=∫ 𝑒𝜏

𝑡

0
𝑑𝜏 and 𝜓 = 1.  

Then ∫ (∫ 𝑒𝜏
𝑡

0
𝑑𝜏)

𝑡

0
𝑑𝑡 = ∫ (𝑒𝑡 − 1)

𝑡

0
𝑑𝑠  

                                    ≤ ∫ 𝑒𝑡
𝑡

0
𝑑𝑡 = 𝑐𝜑𝜑(𝑚(𝑡))  

Therefore 𝑐𝜑 = 1 

𝜌:= 𝑚𝑎𝑥{𝐿𝑔𝑘
𝛽
+ (𝐿𝑘

𝛽(𝑡1𝛭)
𝛽 + 𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽 + 𝐿𝑓

𝛽
+ 𝐿𝑘1

𝛽 (𝑡1𝛭)
𝛽)𝑐𝜑

𝛽
|𝑘 = 1‚… ‚𝑚} 

    = 𝑚𝑎𝑥 {(
1

35
)

1

2
+ ((

1

38
)

1

2 (𝑡1
+𝛭)

1

2 +
1

36
(𝑡1
+2𝛭)

𝛽
+

1

25
)} = 0.3375 

|𝑦(𝑡) − 𝑦∘(𝑡)|
𝛽 ≤ 

(1+𝑐𝜑
𝛽
)(𝜑𝛽(𝑚(𝑡))+𝜓𝛽)

1−𝜌
 

≤
2((𝑒𝑡−1)

1
2+1)

1−0.3375
      , for t∈ [0,2] 
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4. EXTEENSION PROBLEM FORMULATION 
 

{
 
 

 
 

𝑑

𝑑𝑡
(𝑥(𝑡) + ∫ 𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0
) = 𝑎𝑥(𝑡) + 𝑓(𝑡‚𝑥(𝑡))

+∫ 𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0
‚ 𝑡 ∈ (𝑡𝑘 ‚𝘴𝑘+1]  ‚𝑘 = 0‚1‚. . . ‚𝑚‚ 

          

𝑥(𝑡) = 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))                                     ‚  𝑡 ∈ (𝑡𝑘‚𝘴𝑘]  ‚𝑘 = 1‚. . . ‚𝑚‚  

𝑥(0) = 𝑥˳  ∈ ℝ.                                                                                                  

                                       (16) 

The classical solution x ∈ PC(I‚ℝ)⋂ C1m
k=0 ((sk‚tk+1]‚ℝ)defined in (16) satisfies 

 If 𝑥 satisfies 𝑥(0) = 𝑥˳   

𝑥(𝑡) = 𝑔𝑘(𝑡‚𝑥(𝑡𝑘
+))‚ 𝑡 ∈ (𝑡𝑘‚𝘴𝑘]  ‚𝑘 = 1‚. . . ‚𝑚‚                    

𝑥(𝑡) = 𝑒𝑎𝑡  𝑥(0) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠 −∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0

𝑑𝜎
𝑡

0

+∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑥(𝑡))
𝑡

0

𝑑𝑠

+ ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜎 

t ∈ [0‚𝑡1]‚ 

𝑥(𝑡)  = 𝑒𝑎(𝑡−𝑠𝑘)𝑔𝑘(𝑠𝑘 ‚𝑥(𝑠𝑘
+)) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

0
−∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑥(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0
𝑑𝜎 +

∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑥(𝑡))
𝑡

0
𝑑𝑠 + ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑥(𝑠)) 𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠

𝑡

0

𝑡

0

𝑡

0
𝑑𝜎,(𝑠𝑘 ‚𝑡𝑘+1]‚ 𝑘 = 1‚. . . ‚𝑚‚ 

 

THEOREM 4.8. 
From condition (1)‚(4) and equation (6) .Then the unique solution y̥: I ⟶ℝ  such that  

   𝑦˳(𝑡) =

{
 
 
 
 

 
 
 
 𝑒𝑎𝑡𝑥(0) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

0
  − ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏

𝑡

0

𝑡

0
𝑑𝜎

+∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑦˳(𝑡))
𝑡

0
𝑑𝑠 + ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑦˳(𝑠))𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠𝑑𝜏

𝑡

0

𝑡

0

𝑡

0
, 𝑡 ∈ [0‚𝑡1]

𝑔𝑘(𝑡‚𝑦˳(𝑡𝑘
+))                                    ‚   𝑡 ∈ (𝑡𝑘‚𝑠𝑘] 

𝑒𝑎(𝑡−𝑠𝑘)𝑔𝑘(𝑠𝑘 ‚𝑦˳(𝑡𝑘
+)) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝑡)

𝑡

𝑠𝑘
𝑑𝑠

−∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜎 + ∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑦˳(𝑡))

𝑡

𝑠𝑘
𝑑𝑠

+∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑦˳(𝑠))𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜏      

𝑡

𝑠𝑘
‚𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1]‚𝑘 = 1‚. . . ‚𝑚,

            

                                                   

(17) 

and     |𝑦(𝑡) − 𝑦˳(𝑡)|𝛽 ≤
𝑒𝑎𝛽𝑇(1+𝑐𝜑

𝛽
)(𝜑𝛽(𝑚(𝑡))+𝜓𝛽)

1−𝜌
 ‚t ∈ 𝐼‚                                   (18) 

provided that 

ρa = e
aβTmax {(Lgk

β
+ (Lk

β(t1Μ)
β + Lkk

β (t1
2Μ)β + Lf

β
+ Lk1

β (t1
2Μ)β) cφ

β
) |k = 1‚. . . ‚m} < 1.                                     (19) 

Proof.  

We define an operator 𝛤𝑎: 𝑥 ⟶ 𝑥  by  

(𝛤𝑎𝑥)(𝑡) =

{
 
 
 
 

 
 
 
 𝑒

𝑎𝑡𝑥(0) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝑡)𝑑𝑠 −∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

0

𝑡

0
𝑑𝜎

𝑡

0

+∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑦˳(𝑡))
𝑡

0
𝑑𝑠 + ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑦˳(𝑠))𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠𝑑𝜏

𝑡

0

𝑡

0

𝑡

0
𝑡 ∈ [0‚𝑡1]

 

𝑔𝑘(𝑡‚𝑦˳(𝑡𝑘
+))                       ‚      𝑡 ∈ (𝑡𝑘 ‚𝑠𝑘], 𝑘 = 1‚. . . ‚𝑚‚   

𝑒𝑎(𝑡−𝑠𝑘)𝑔𝑘(𝑠𝑘 ‚𝑦˳(𝑡𝑘
+)) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝑡)

𝑡

𝑠𝑘
𝑑𝑠

−∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑦˳(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏
𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜎 + ∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑦˳(𝑡))

𝑡

𝑠𝑘
𝑑𝑠

+∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑦˳(𝑠))𝑑𝑠 ∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘
𝑑𝜏      

𝑡

𝑠𝑘
‚𝑡 ∈ (𝑠𝑘 ‚𝑡𝑘+1], 𝑘 = 1‚. . . ‚𝑚.

         

(20) 

From (1) , 𝛤𝑎 is a well-defined to show that 𝛤𝑎 is strictly contractive on X. 

Case 1. For t  ∈ [0‚𝑡1] ‚  
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|(𝛤𝑔̂)(𝑡) − (𝛤ℎ̂)(𝑡)|
𝛽

= |𝑒𝑎𝑡𝑥(0) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0

−∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎
𝑡

0

𝑡

0

+∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑔̂(𝑡)) 𝑑𝑠 + ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑔̂(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜏
𝑡

0

− 𝑒𝑎𝑡𝑥(0)

+ ∫ 𝑒𝑎(𝑡−𝑠)𝑘 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0

+∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎
𝑡

0

𝑡

0

−∫ 𝑒𝑎(𝑡−𝑠)𝑓 (𝑡‚ℎ̂(𝑡)) 𝑑𝑠 − ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1 (𝑡‚ℎ̂(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

𝑡

0

𝑡

0

𝑑𝜏
𝑡

0

|

𝛽

 

≤ (|∫ 𝑒𝑎(𝑡−𝑠) (𝑘 (𝑡‚ℎ̂(𝑠)) − 𝑘(𝑡‚𝑔̂(𝑠))) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

0

| + |∫ ∫ 𝑒𝑎(𝑡−𝑠) (𝑘𝑡 (𝑡‚ℎ̂(𝑠)) − 𝑘𝑡(𝑡‚𝑔̂(𝑠)))
𝑡

0

𝑡

0

𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎|

+ |∫ 𝑒𝑎(𝑡−𝑠) (𝑓(𝑡‚𝑔̂(𝑡)) − 𝑓 (𝑡‚ℎ̂(𝑡)))
𝑡

0

𝑑𝑠|

+ |∫ 𝑒𝑎(𝑡−𝑠)𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

0

| |∫ ∫ (𝑘1(𝑡‚𝑔̂(𝑠)) − 𝑘1 (𝑡‚ℎ̂(𝑠))) 𝑑𝑠
𝑡

0

𝑡

0

𝑑𝜏|)

𝛽

 

≤ (𝑒𝑎(𝑡−𝑠)(𝑡1𝛭)𝐿𝑘∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

0

𝑑𝑠 + 𝑒𝑎(𝑡−𝑠) (𝑡1
2𝛭)𝐿𝑘𝑡∫ ∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|

𝑡

0

𝑑𝑠 + 𝑒𝑎(𝑡−𝑠)𝐿𝑓 ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

0

𝑑𝑠
𝑡

0

+ 𝑒𝑎(𝑡−𝑠)(𝑡1𝛭)𝐿𝑘1 ∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

0

𝑑𝑠 𝑑𝜏
𝑡

0

)

𝛽

 

≤ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 [∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

0
𝑑𝑠]

𝛽

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|
𝑡

0
𝑑𝑠

𝑡

0
]
𝛽

+𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓
𝛽
[∫ |𝑔̂(𝑠) −
𝑡

0

ℎ̂(𝑠)| 𝑑𝑠]
𝛽

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

0
𝑑𝑠 𝑑𝜏

𝑡

0
]
𝛽

 

≤ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 [𝐶1

1
𝛽
∫ 𝜑(∫ 𝑚(𝜏) 𝑑𝜏

𝑡

0

)
𝑡

0

𝑑𝑠]

𝛽

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

0

)𝑑𝜏𝑑𝜎
𝑡

0

𝑡

0

]

𝛽

𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓
𝛽
[𝐶1

1
𝛽
∫ 𝜑(∫ 𝑚(𝜏) 𝑑𝜏

𝑡

0

)
𝑡

0

𝑑𝑠]

𝛽

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

0

)𝑑𝜏𝑑𝜎
𝑡

0

𝑡

0

]

𝛽

 

≤ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐̂𝜑

𝛽
𝜑̂(𝑚(𝑡, 𝑡)) + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓

𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡))

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽𝐶1𝑐̂𝜑
𝛽
𝜑̂(𝑚(𝑡, 𝑡)) 

≤ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝑒𝑎𝛽(𝑡−𝑠)(𝑡1

2𝛭)𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓

𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡))

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) 

≤ 𝑒𝑎𝛽(𝑡−𝑠)(𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 + 𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 + 𝐿𝑓
𝛽
+ 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽)𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) 

Case 2. For t  ∈ (𝑡𝑘‚𝑠𝑘]‚  

|(𝛤𝑔̂)(𝑡) − (𝛤ℎ̂)(𝑡)|
𝛽
= |𝑔𝑘(𝑡‚𝑔̂(𝑡𝑘

+)) − 𝑔𝑘 (𝑡‚ℎ̂(𝑡𝑘
+))|

𝛽

 

≤ (𝐿𝑔𝑘|𝑔̂(𝑡𝑘
+) − ℎ̂(𝑡𝑘

+)|)
𝛽

 

≤ 𝐿𝑔𝑘
𝛽
|𝑔̂(𝑡𝑖

+) − ℎ̂(𝑡𝑖
+)|

𝛽
 

≤ 𝐿𝑔𝑘
𝛽
(𝐶2

1
𝛽
𝜓)

𝛽

 

≤ 𝐿𝑔𝑘
𝛽
𝐶2𝜓

𝛽   
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Case 3. For t ∈ (𝑠𝑘 ‚𝑡𝑘+1] 

|(𝛤𝑔̂)(𝑡) − (𝛤ℎ̂)(𝑡)|
𝛽

= |𝑒𝑎(𝑡−𝑠𝑘)𝑔𝑘(𝑠𝑘 ‚𝑔̂(𝑡𝑘
+)) − ∫ 𝑒𝑎(𝑡−𝑠)𝑘(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝑡) 𝑑𝑠

𝑡

𝑠𝑘

𝑑𝑠 − ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡(𝑡‚𝑔̂(𝑠))𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎
𝑡

𝑠𝑘

𝑡

𝑠𝑘

+∫ 𝑒𝑎(𝑡−𝑠)𝑓(𝑡‚𝑔̂(𝑡)) 𝑑𝑠 + ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1(𝑡‚𝑔̂(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜏
𝑡

𝑠𝑘

−𝑒𝑎(𝑡−𝑠𝑘)𝑔𝑘 (𝑠𝑘 ‚ℎ̂(𝑡𝑘
+))

+ ∫ 𝑒𝑎(𝑡−𝑠)𝑘 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

𝑠𝑘

𝑑𝑠

+ ∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘𝑡 (𝑡‚ℎ̂(𝑠)) 𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎 −∫ 𝑒𝑎(𝑡−𝑠)𝑓 (𝑡‚ℎ̂(𝑡)) 𝑑𝑠
𝑡

𝑠𝑘

𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

−∫ ∫ 𝑒𝑎(𝑡−𝑠)𝑘1 (𝑡‚ℎ̂(𝑠)) 𝑑𝑠∫ 𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜏|

𝛽

 

≤ (𝑒𝑎(𝑡−𝑠𝑘) |𝑔𝑘(𝑠𝑘 ‚𝑔̂(𝑡𝑘
+))−𝑔𝑘 (𝑠𝑘 ‚ℎ̂(𝑡𝑘

+))| + |∫ 𝑒𝑎(𝑡−𝑠) (𝑘 (𝑡‚ℎ̂(𝑠)) − 𝑘(𝑡‚𝑔̂(𝑠))) 𝑓1(𝑠‚𝑡) 𝑑𝑠
𝑡

𝑠𝑘

|

+ |∫ ∫ 𝑒𝑎(𝑡−𝑠) (𝑘𝑡 (𝑡‚ℎ̂(𝑠)) − 𝑘𝑡(𝑡‚𝑔̂(𝑠)))
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑓1(𝑠‚𝜏) 𝑑𝜏 𝑑𝜎|

+ |∫ 𝑒𝑎(𝑡−𝑠) (𝑓(𝑡‚𝑔̂(𝑡)) − 𝑓 (𝑡‚ℎ̂(𝑡)))
𝑡

𝑠𝑘

𝑑𝑠|

+ |∫ 𝑒𝑎(𝑡−𝑠)𝑘2(𝑡‚𝑠) 𝑑𝑠
𝑡

𝑠𝑘

| |∫ ∫ (𝑘1(𝑡‚𝑔̂(𝑠)) − 𝑘1 (𝑡‚ℎ̂(𝑠))) 𝑑𝑠
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑑𝜏|)

𝛽

  

≤ (𝑒𝑎(𝑡−𝑠𝑘)𝐿𝑔𝑘|𝑔̂(𝑡𝑘
+) − ℎ̂(𝑡𝑘

+)| + 𝑒𝑎(𝑡−𝑠)(𝑡1𝛭)𝐿𝑘∫ |ℎ̂(𝑠) − 𝑔(𝑠)|
𝑡

𝑠𝑘

𝑑𝑠

+ 𝑒𝑎(𝑡−𝑠) (𝑡1
2𝛭)𝐿𝑘𝑡∫ ∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|

𝑡

𝑠𝑘

𝑑𝑠 + 𝑒𝑎(𝑡−𝑠)𝐿𝑓∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

𝑠𝑘

𝑑𝑠
𝑡

𝑠𝑘

+ 𝑒𝑎(𝑡−𝑠)(𝑡1𝛭)𝐿𝑘1 ∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

𝑠𝑘

𝑑𝑠 𝑑𝜏
𝑡

𝑠𝑘

)

𝛽

 

≤ 𝑒𝑎𝛽(𝑡−𝑠𝑘)𝐿𝑔𝑘
𝛽
|𝑔̂(𝑡𝑘

+) − ℎ̂(𝑡𝑘
+)|

𝛽
+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘

𝛽(𝑡1𝛭)
𝛽 [∫ |ℎ̂(𝑠) − 𝑔̂(𝑠)|

𝑡

𝑠𝑘
𝑑𝑠]

𝛽

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |ℎ̂(𝑠) −
𝑡

𝑠𝑘

𝑡

𝑠𝑘

𝑔(𝑠)| 𝑑𝑠]
𝛽

+𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓
𝛽
[∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|

𝑡

𝑠𝑘
𝑑𝑠]

𝛽

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [∫ ∫ |𝑔̂(𝑠) − ℎ̂(𝑠)|
𝑡

𝑠𝑘
𝑑𝑠 𝑑𝜏

𝑡

𝑠𝑘
]
𝛽

 

≤ 𝑒𝑎𝛽(𝑡−𝑠𝑘)𝐿𝑔𝑘
𝛽
(𝐶2

1
𝛽
𝜓)

𝛽

+

𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘
𝛽(𝑡1𝛭)

𝛽 [𝐶1

1
𝛽
∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏

𝑡

𝑠𝑘
)

𝑡

𝑠𝑘
𝑑𝑠]

𝛽

++𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘𝑡
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

𝑠𝑘
) 𝑑𝜏𝑑𝜎

𝑡

𝑠𝑘

𝑡

𝑠𝑘
]

𝛽

+

𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓
𝛽
[𝐶1

1
𝛽
∫ 𝜑 (∫ 𝑚(𝜏) 𝑑𝜏

𝑡

0
)

𝑡

𝑠𝑘
𝑑𝑠]

𝛽

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1
𝛽 (𝑡1

2𝛭)𝛽 [𝐶1

1
𝛽
∫ ∫ 𝜑̂ (∫ 𝑚(𝑠, 𝜏) 𝑑𝑠

𝑡

𝑠𝑘
) 𝑑𝜏𝑑𝜎

𝑡

𝑠𝑘

𝑡

𝑠𝑘
]

𝛽

 

≤ 𝑒𝑎𝛽(𝑡−𝑠𝑘)𝐿𝑔𝑘
𝛽
𝐶2𝜓

𝛽 + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐̂𝜑

𝛽
𝜑̂(𝑚(𝑡, 𝑡))

+ 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓
𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐̂𝜑

𝛽
𝜑̂(𝑚(𝑡, 𝑡)) 

≤ 𝑒𝑎𝛽(𝑡−𝑠𝑘)𝐿𝑔𝑘
𝛽
𝐶2𝜓

𝛽 + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘
𝛽(𝑡1𝛭)

𝛽𝐶1𝑐𝜑
𝛽
𝜑𝛽(𝑚(𝑡)) + 𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) +

𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑓
𝛽
𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡))+𝑒𝑎𝛽(𝑡−𝑠)𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽𝐶1𝑐𝜑

𝛽
𝜑𝛽(𝑚(𝑡)) 

≤ (𝑒𝑎𝛽(𝑡−𝑠𝑘)𝐿𝑔𝑘
𝛽
+ 𝑒𝑎𝛽(𝑡−𝑠)(𝐿𝑘

𝛽(𝑡1𝛭)
𝛽 + 𝐿𝑘𝑡

𝛽 (𝑡1
2𝛭)𝛽 + 𝐿𝑓

𝛽
+ 𝐿𝑘1

𝛽 (𝑡1
2𝛭)𝛽)𝑐𝜑

𝛽
)(𝐶1 + 𝐶2)(𝜑

𝛽(𝑚(𝑡)) + 𝜓𝛽) 

From condition (19) is strictly continuous and d(Γaĝ‚Γaĥ) ≤ ρad(ĝ‚ĥ)From B- fixed point theorem, therefore y˳:I⟶ℝ 

such that ∧n g˳ ⟶ y˳ and ∧ y˳ =y˳ the from condition (4) and equations (7) , (17) we get  

d(𝑦‚𝛤𝑦) ≤ 𝑒𝑎𝛽𝑇(1 + 𝑐𝜑
𝛽
).                                                 

hence, d(𝑦‚𝑦˳) ≤
𝑒𝑎𝛽𝑇(1+𝑐𝜑

𝛽
)

1−𝜌𝑎
‚that means (18) is true for t ∈ I. 
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5. CONCLUSION  

 
1. The interesting results determined and computed on impulsive multi-nonlinear integral equation which coming 

from impulsive differential equation. 

2. The results depended on special function and constant as estimation of       inequalities of solutions for the 

impulsive multi-nonlinear integral equation. 

3. The Lipchitz conditions for components of impulsive integral equation with  

delay function is very interesting for prove the existence and uniqueness as well as stability. 

4. The fixed-point theorem and their conditions are used for existence and uniqueness a stability depended on 

estimators for each proposal equation.  

5. The extension problem of proposal problem is under the same conditions of main results. 

6.  The difficulty of examples coming from the formulation of the problem and the necessary and sufficient 

conditions of the results. 

7. The multiplication between integral equation and nonlinear equation needs a particular analytic.  
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