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ABSTRACT: The objective of this search, is to introduce some important new results for generalized type of metric
space which is soft b —metric space up on non-empty soft set. Furthermore, several theorems for this concept have
been submitted such as soft b — convergent sequence and soft b — Cauchy sequence in this space. Moreover, we will
make a comparison of this results with theorems appear in sequence of just elements.
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1. INTRODUCTION

More researcher recently works in the field of fuzzy soft mathematics such as in 1999 Molodtsov, [1] discovered the
concept of soft set theory was introduced at first one at that time, such that he was study some properties of this concept
with shows the operations on this kind of set-in mathematics. Moreover than, in 2003 P.K.Maji, R. Biswas and A.R. Roy
[6], studied the theory of soft sets initiated by Molodtsov, where they gave the relations between soft sets like equality
of two soft sets, subset and introduce the concept of super set of a soft set as well as, the complement of a soft set, null
soft set, and absolute soft have been given, and continue this works on soft set, such that in 2014 Onyeozili, I. A., Gwary
T., [4] submitted some fundamental of set theory, with some operations on soft set in addition invested some functions
among these sets and give the representations matrix of soft points, also in 2018, Shamshad Husain, Km. Shivani [7],
studied the theory of soft set and introduced some properties of such as intersection ,union, symmetric difference and
another distinctions of soft set like or, and, and showing De Morgan’s law with some difference on this sets, moreover
in 2016 O. A. Tantawy , R. M. Hassan, [3], submitted the article deals with soft metric space up on soft set, where define
soft metric function on it, he was encourage the other's to study soft compactness, soft continuous,..., in soft metric space
also can gave more future works. In addition, in 2017 B. R. Wadkar, R. Bhardwaj, V. N. Mishra, B. Singh,[7] discovered
at first one the definition of soft b — metric space with some fundamentals of this concepts, finally in 2021 P. G. Patill
and Nagashree N. Bhat,[5] introduced the sequence of soft points in soft metric space and generalized in to soft A-metric
spaces with several theorems’ bout its.

The main aim of this article, is to study deeply the soft b — metric space and introduce soft b — convergent sequence,
soft b — bounded sequence, and soft b — Cauchy sequence, in order to define soft b — complete metric space, with
several theorems relating on these concepts as well as generalization the proofs for theorems of numerical sequence on
this subject.

2. BASIC CONCEPTS FOR SOFT b — METRIC SPACE

at first, we will recall some basic definition of softest with important fundamental operations such as its clearly difference
form crisp sets
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Definition 2.1 [2] Let P(X") be a collection of all subset of universal set X and U be a set of parameters, B € U and
G is a mapping from B into P(X) such that,Gz = {G(e) € P(X) : e € B}, is the soft set on X with the set of
parameters B, and denoted by and (G, B) or Gg.

To illustrate, the definition has more applications for our lives, like the set of cars with some properties about these cars

Notations 2.2 [2] Let (G, D) be a soft set on universal set X, then

i) (G,U) which is namely empty soft set, whenever U = @ , and written as (@, @).

ii) (G,U) is called Null soft set, whenever G(e) = @, forall e € U, with shortly written as ®.

iii)(G, V) is called Absolute soft set, if G(e) = X, for all e € U, and written as A.

its important here, recalling the definition of soft point and give the compression for smallest and largest of these points

Definition 2.3 [6] the element follows as a pair %, = (e, G(e)) , where e € U such that (G, U) be a soft set over X, is
non-null soft element of (G,V).and (e, @) is called a null soft element of (G, V), certainly the element %, is a soft
element of (G, U)

And two soft points %, = (e;,G(e;)) and 7, = (ej,g(ej)) if e, =¢; and G(e;) = G(e;) are said to be soft equal
denoted by X, = ¥, . Otherwise, is called not soft equal denoted by %, # ¥,

Now, its important we recall the definition deals with comparison between soft real numbers

Definition 2.4 [8] let @ and b be any two soft real numbers then one can have

i) if a(e) < b(e) forall e € Uthena < b.

ii) if @(e) < b(e) forall e € U thena < b.

iii) if a(e) > b(e) forall e €U thena S b.

iv) if a(e) > b(e) forall e €U thenaS b.

The following definition appear in [8], presented the concepts of soft metric space up on soft set

Definition 2.5 [8] let X be a nonempty universal set and X be a soft set over X with a nonempty set of parameter U,
then the function 5 : SO(X) x SO(X) - R(A) which iscalled be soft metric space on X satisfying the following
soft metric conditions for all , %,,¥,,2, € X

(1) pE.,3.) 20

(2) p(x.,¥.) =0 ifand only if X, ¥,

(3) P(Fe,3e) = DX, Te) _ _

@) px,,9,) 2 p(%,,2,) + p(Z,,7, ) , them the soft set X' with j is said to be soft metric space with shortly (X, 5) or
sometime (X, §, E), where X = (G, E).

Now, we generalized this definition in order get another class of soft metric space which is soft b — metric space.

Definition 2.5 [1] let X be a nonempty universal set and X be a soft set over X with a nonempty set of parameter U,
then the function 9 : SO(X) x SO(X) - R (U)* issaid be soft metric space on X satisfying the following soft
metric conditions for all , %,,7,,2, € X

i) (X, 9.) = 0forall %,,7, € X.

i) 9(%,,¥,) = 0 ifand only if %, = ¥,.

iid(%,,y) =9@,,%,) forall %,,y, € X.

iv) (%, .) < s[0(&,,2,) + (2., 7.)] forall %,,7,,2, € X,s = 1and (X,9) is said to be metric space.

3. MAIN RESULTS FOR SOFT b — SEQUENCE IN SOFT b — METRIC SPACE

In this section we are showing some types of soft b — sequence in soft b — metric space, with the relation between them,
at first, we give the definition of soft b —convegent sequence in soft b — metric space.

Definition 3.1 assume (X, 9) be a soft b —metric space, then the sequence {%, } of soft elements in (X', 9) which is
called soft b —converge to soft point %, , if for any € S 0 there is with a positive integer N = N(€) such that
I(%,,, %,) L &, forall n> N Sometime written as lim %,,, = %o,

The following proposition, its generation for theorem appear in [8], and here we introduce the details of its proof.
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Proposition 3.2 assumption {%,, } is a sequence of soft element in soft b —metric space (X,d) if {%, }, is a soft
convergent to X, and ., then X, = ¥,
Proof. a assume that {%,, } is convergent to {%, }, then for every £ S 0 there exists and a positive integer N; = N; (€)

such that 9(%,,, %,,) < % forall n,m > Ny, and {%,,}isconvergentto {7, }, then forevery € S 0 there exists and
a positive integer N, = N,(€) such that S(fen,fleo 2%, for all nm= N,, let N =max{N;,N,}, let
Gln o~ N> rdf~ o~ N 8~ o~ T . a2 Fre =& S N R e ==
ﬁ(xeo,yeo) < s[ﬁ(xen,xe()) + ﬁ(xen,yeo)] = s[; + Z] = &, then ﬁ(er,yeo) < &, thus; ﬁ(xec,ye()) = 0, since (X,19)
is a soft metric space therefore; X, = 7,.

Some properties of soft b —converge sequence of soft point we will give by the following

Definition 3.3 Let (X, 9) be a soft b —metric space, the sequence {%, } of soft element in (X, 9) which is called soft
b —cauchy sequence , if for every £ S 0 there is and a positive integer N = N(€) with satisfy 9(%,,,%,, ) < &, forall
n,mz= N.

It’s known that form previous section, in a soft metric space every soft convergent sequence is soft Cauchy, this fact is

also true in a soft b —metric space, but has different details of proof.

Theorem 3.4 Let (X, 9) be a soft b —metric space, if the sequence {,, } of soft elementin (X, 9) is a soft b —converget
sequence, then {%,, } is a soft b —cuachy sequence.
Proof. a assume that {¥,_} is soft b —convergent to {%, }, then for every € S 0 there exists and a positive integer N =

N(&) with satisfy 9(%,,,%,,) < % forall n> N,

Now, forall n,m > N, one can have 9(%,,, %, ) < s[0(%,,, %) + (%, , %, )] £ s [% + %] = &, therefore; {%,, }

is soft b —cauchy sequence in
We will know in soft metric space (soft b — metric space) the converse of a bove theorem it's not true in general, the
following theorem gives the grantee condition to make the converse is true

Theorem 3.5 Let (X', 9) be a soft b —metric space, if the sequence {%,, } of soft element in (X,d) is a soft b —cauchy
sequence and has b-convergent subsequence {fenk} then {ien} is a soft b —convergent sequence in (555)
Proof. a assume that {Zen} is soft b —cauchy sequence in (X,9) , then for every £ S 0 there exists and a positive

integer N; = N, (€) such that 9(%,,, %,,,) < 5 foralln,m > N; also {%, } hasasoftb — convergent subsequence
{%.,,} t0 %, there exists and a positive integer N, = N,(€), such that 9(%,,, %, ) < % for all n > N,, now choose
N = max {N;,N,}, then for all n S N, one can have 9(Z,, %e,) < s[9(Fe, Zepy) + 9 (Fey X )| S 5o+ =&,

therefore; {%,_} is soft b — convergent sequence in (X, 9).
Other kinds of soft b —sequence of soft elements has been given in the following defintion.

Definition 3.6 Let (X, ) be a soft b —metric space, then the sequence {%,, } of soft element in (X, 9) is said to be soft
b —bounde sequence, if there exist S 0 and %, such that 9(%, ,%,, ) < €, forall n € N.

Now, the following theorem gives the relation between soft b —Cauchy sequence and soft b —bonnded sequence in soft
b — metric space.

Theorem 3.7 let {%, } be soft b —Cauchy sequence in (X,d) soft b —metric space, then {%, } be soft b —bounded
sequence.

Proof choosing £ =1, and since {fen} is a soft b —Cauchy sequence then there exists a positive integer N = N (&)
with satisfy 9(%,,,%,, ) < 1, forall n,m> N,

Also, (%, %,,) L s[0(%e,, Xe,,) + 9(%e,,, %o, )

s[1+9(%,,,, %,)]

S[T+9(%ey,, %, )], puttingm = N + 1

Let M = max (9(%,,, %, ), 0(%e,, Xey ) ooor O (Ko Xep ) 1+ 0 (e, 10 Xey)

n N
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Then for all n € N, one can haved(%, ,%,,) < sM, so the {%, } is a soft b —bounded sequence
The following theorem gives more important properties of soft b —Cauchy sequence in (X,9)

Theorem 3.8 et {fen} be a sequence of soft elements in soft b —metric space (X,9) soft b —metric space, with
condition lim 9(%,,, %, ,,) =0, if {%, }is not b —Cauchy sequence then for all £ S 0 there exist two sequence of
n—

soft elements {%,  }and {%,_ }, such that
€2 lim supd(%,, . %,,) < s€

k—oo

~ . . 5 - &
< lim sup ’9(xemk'xenk+1) < s“&

k—o0

~ . . 5 - &
< lim sup ’9(xemk+1'xenk) < s“&

k—o0

N|m'w|mm|mz

~ . . - ~ 3&
S = lglﬁi Supﬁ(xemk+1’xenk+1) s s°E

Proof. when {fen} is not a Cauchy sequence, then there is £ = 0, and sequences {x,,;} and {x,,} of positive integers
such that {x,,;,} S {x,,} > k, has one
19(femk'fenk_1) 2 €

é(femk’ fenk) 2 g’

Thus, we can have the following inequality
&< ﬁ(femk’ienk) <s ﬁ(femk’ienk—1) + ﬁ(ienk—l‘ fenk) <sé+ Sﬁ(ienk—l’ fenk)

Taking the lim sup one can have the following inequality
n—-oo
£ limsupd(%,, % ) < sE

n—-oo

And since (X, ) is a soft b — metric space, one can get, the following condition of soft b — metric space.
ﬁ(femk’ Jzenk) < S[ 19('72‘3mk’ fenk+1) + l9(f€nk+1’ fenk)]

Taking the lim sup one can have the following inequality

n—-oo

£ < lim sup9(%,, ., % )
S noow p emk’ ” enk+1

Otherwise, has one
ﬁ(femk’ fenk+1) 2 S[ ﬁ(femk’ fenk) + 19(fenk+1’ fenk)]

Taking the lim sup one can have the following inequality
n—oo
~ 24

lim supd(%e, . Xep,) < %€

n—oo

Then lim sup 5(iemk, Zenkﬂ) < s%¢, We can use this outline one can have the other conditions

n-oo
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