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1. INTRODUCTION AND PRELIMINARIES 

The field of fuzzy topology extends classical set theory and topology to accommodate degrees of membership and 

uncertainty. Fuzzy sets, introduced by Lotfi A. Zadeh in 1965, provide a mathematical framework to handle imprecision 

and vagueness in data representation. Fuzzy sets generalize classical sets by assigning membership values between 0 and 

1, allowing elements to belong to a set to varying degrees [1]. 

Building upon the notion of fuzzy sets, the concept of fuzzy covering spaces emerges as a natural extension of 

classical covering space theory. In traditional topology, covering spaces play a pivotal role in understanding the 

fundamental group and homotopy theory. Fuzzy covering spaces extend this framework to incorporate fuzzy sets, 

enabling a more flexible treatment of topological structures and mappings [2][3]. 

Central to the study of fuzzy covering spaces is the notion of fuzzy lifting, which generalizes the classical lifting 

property in covering space theory. A fuzzy lifting function assigns fuzzy sets to points in the base space, capturing the 

uncertainty inherent in the mapping between spaces. This concept serves as a cornerstone in defining the Fuzzy 

Homotopy Lifting Property (FHLP) [4]. 

The Fuzzy Homotopy Lifting Property, with respect to a fuzzy measure μx, extends the classical homotopy lifting 

property to fuzzy settings. In essence, FHLP ensures that homotopies between fuzzy maps lift to fuzzy maps in the 

covering space, preserving the fuzzy structures induced by the mappings. This property is essential for studying the 

behavior of fuzzy mappings under continuous deformations and holds significant implications for understanding the 

topology of fuzzy spaces [4].[13] 

In the context of fuzzy topology, fibrations play a crucial role in capturing the local and global structure of spaces. 

A fuzzy fibration generalizes the notion of a fibration to fuzzy settings, providing a framework to analyze the behavior 

of mappings between fuzzy spaces. Various propositions and theorems characterize the properties of fuzzy fibrations, 

shedding light on the interplay between fuzzy maps, fuzzy covering spaces, and fuzzy lifting functions [2]. 
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In summary, the concepts of fuzzy sets, fuzzy covering spaces, fuzzy lifting, FHLP, and fuzzy fibrations form the 

basis of fuzzy topology, offering a versatile framework to study topological spaces in the presence of uncertainty and 

imprecision. These concepts bridge the gap between classical topology and fuzzy mathematics, opening avenues for 

exploring the rich interplay between structure and fuzziness in mathematical modeling and analysis. 

 

Definition (1.1): [5][6][7] A fuzzy set in 𝑿 is a function with domain 𝑿 and the codomain is values in 𝑰 = [𝟎, 𝟏], that is 

an element of 𝑰𝑿 . The membership is denoted by: 𝑨̃ = {(𝒙, 𝝁𝑨̃(𝒙))|𝒙 ∈ 𝑿 } . 

 

Definition (1.2): [8][9] Let 𝝁𝑿 and 𝝁𝒀 be a fuzzy topological spaces and 𝑷: 𝝁𝑿 → 𝝁𝒀 be a fuzzy continuous mapping .A 

fuzzy set 𝑨 ⊂ 𝝁𝒀 is said to be evenly fuzzy covered by 𝑷 if 𝑨 is fuzzy connected and open fuzzy set ,and each fuzzy 

component of 𝑷−𝟏(𝑨) is an open set that is mapped fuzzy homeomorphically onto 𝑨 by 𝑷 . 

 

Definition (1.3): A fuzzy fiber structure is a triple ( 𝝁𝑿, 𝑷, 𝝁𝒀 )  consisting of two fuzzy topological spaces 𝝁𝑿 , 𝝁𝒀 and a 

fuzzy continuous surjection 𝑷: 𝝁𝑿 → 𝝁𝒀 . The space 𝝁𝑿 is called fuzzy total [or fuzzy fibered] space,𝑷 is termed the 

projection, and 𝝁𝒀 is a fuzzy base space for each ∈ 𝝁𝒀 . Then 𝑭 = 𝑷−𝟏(𝒚)and 𝑭 is called fuzzy fiber over 𝒚 .We refer to 

(𝝁𝑿, 𝑷, 𝝁𝒀) as a fuzzy fiber structure over 𝑷 .[10], [11], [12] 

 
FIGURE 1. Fuzzy Fiber Structure 

 

Definition (1.4): Let 𝑷: 𝝁𝑿 → 𝝁𝒀 be a fuzzy map. We say that 𝑷 has Fuzzy Homotopy Lifting Property (F.H.L.P) with 

respect to 𝝁𝒀 if and only if given a fuzzy map 𝒖: 𝝁𝒁 → 𝝁𝑿 and a fuzzy homotopy 𝒉𝒕: 𝝁𝒁 → 𝝁𝒀 such that 𝑷 ∘ 𝒖 = 𝒉𝟎 . 

Then there exists a fuzzy homotopy 𝒉𝒕
∗: 𝝁𝒁 → 𝝁𝑿 such that:  

ℎ0
∗ = 𝑢                                                                             (1) 

 

𝑃 ∘ ℎ0
∗ = ℎ𝑡          ∀𝑦 ∈ 𝜇𝑌       𝑎𝑛𝑑 𝑡 ∈ 𝐼                          (2) 

 

 
FIGURE 2. Fuzzy Homotopy Lifting Property 

 

Definition (1.5): Let 𝝁𝑿, 𝝁𝒀 be two fuzzy topological spaces. A fuzzy fiber structure ( 𝝁𝑿, 𝑷, 𝝁𝒀 ) is called fuzzy fiber 

space or "fuzzy fibration" for class 𝕽 of fuzzy spaces if 𝑷 has the "fuzzy homotopy lifting property" (F.H.L.P) for each 

𝝁𝒀 ∈ 𝕽 .  
Example (1.6): Let 𝑷: 𝝁𝒀 × 𝑭 → 𝝁𝒀  be a fuzzy projection. Then 𝑷 is a fuzzy fibration. Moreover for 𝒚 ∈ 𝝁𝒀 , the fuzzy 

fiber over 𝝁𝒀 is a fuzzy homeomorphic to 𝑭 .A fuzzy fibration can be used to fuzzy lift a fuzzy path in 𝝁𝒀 to a fuzzy in 

𝝁𝑿 as the following theorem shows.  

Theorem (1.7): Let 𝝁𝑿, 𝝁𝒀 be two fuzzy topological spaces. If 𝑷: 𝝁𝑿 → 𝝁𝒀 is a fuzzy fibration, then any fuzzy path 𝒖 in 

𝝁𝒀 with 𝒖(𝟎) ∈ 𝑷(𝝁𝑿) can be fuzzy lifted to a fuzzy path in 𝝁𝑿 .  
Proof: Suppose that 𝑝 is one fuzzy point space. We regard 𝑢 as a fuzzy homotopy.𝑢: 𝑝 × 𝐶 → 𝜇𝑌 where a fuzzy point 

𝑥 ∈ 𝜇𝑋 such that 𝑃(𝑥) = 𝑢(0) corresponds to a fuzzy map:𝑝 → 𝜇𝑋 such that 𝑝(𝑢(𝛼) = 𝑢(𝛼, 0)),where 𝛼 ∈ 𝑝 . 

Since 𝑃 is a fuzzy fibration, it has the fuzzy homotopy lifting property and so there exists a fuzzy path 𝑣 in 𝜇𝑋 such that 

𝑣(0) = 𝑥 and 𝑝𝑣 = 𝑢 .Hence ,𝑣 is a fuzzy lifting of 𝑢 .  
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2. THE CONCEPT OF UNIQUE FUZZY PATH LIFTING 

Definition (2.1): A fuzzy map 𝑷: 𝝁𝑿 → 𝝁𝒀 is said to have unique fuzzy path lifting if for a fuzzy paths 𝒖 and 𝒗 in 𝝁𝑿 such 

that 𝑷𝒖 = 𝑷𝒗 and 𝒖(𝟎) = 𝒗(𝟎),we have 𝒖 = 𝒗 .  

Lemma (2.2): A fuzzy covering map has unique fuzzy path lifting. This result was proven in the second chapter from 

lemma (2.6.3).  

Lemma (2.3): Suppose that 𝑷: 𝝁𝑿 → 𝝁𝒀 has unique fuzzy path lifting. Then 𝑷 has the unique fuzzy lifting property for 

fuzzy path connected spaces.  

Proof :Let 𝜇𝑍 be a fuzzy path connected .Let 𝑢, 𝑣: 𝜇𝑍 → 𝜇𝑋 be a fuzzy maps such that 𝑃𝑢 = 𝑃𝑣 .Let 𝑧0 ∈ 𝜇𝑍 such that 

𝑢(𝑧0) = 𝑣(𝑧0) .We have to show that 𝑢 = 𝑣 .Let 𝑧 be an arbitrary fuzzy element of 𝜇𝑍 and let ℎ be a fuzzy path in 

𝜇𝑍 beginning and ending at 𝑧0 and 𝑧 respectively .  

Consider the fuzzy paths 𝑢ℎ and 𝑣ℎ in 𝜇𝑋 .These are fuzzy lifting of the some fuzzy path in 𝜇𝑌 and have the some 

beginning. Since 𝑃 has unique fuzzy path lifting, we observe that 𝑢ℎ = 𝑣ℎ .Then 𝑢(𝑧) = (𝑢ℎ)(1) = (𝑣ℎ)(1) = 𝑣(𝑧).                                                                                           

Since 𝑧 ∈ 𝜇𝑍 is a fuzzy arbitrary,𝑢 = 𝑣 .  The following theorem shows certain connection between a fuzzy fibration and 

unique fuzzy path lifting. 

 
FIGURE 3. Unique Fuzzy Path Lifting 

 

Theorem (2.4): A fuzzy fibration has unique fuzzy path lifting if and only if every fuzzy fiber has no non-null fuzzy 

path.  

Proof :Let 𝜇𝑋 and 𝜇𝑌 be any fuzzy topological spaces .Let 𝑃: 𝜇𝑋 → 𝜇𝑌 be a fuzzy fibration with unique fuzzy path lifting 

.Let 𝑦 ∈ 𝜇𝑌 and assume that 𝑢 be a fuzzy path in the fuzzy fiber 𝑃−1(𝑦) .Let 𝑣 be a null fuzzy path in 𝑃−1(𝑦)such that 

𝑢(0) = 𝑣(0)  .Then 𝑃𝑢 = 𝑃𝑣 and this implies 𝑢 = 𝑣 and so 𝑢 is a null fuzzy path .                                                           

Conversely: Suppose that 𝑃: 𝜇𝑋 → 𝜇𝑌 is a fuzzy fibration such that every fuzzy fiber has no non-null fuzzy path. Let 

𝑢 and 𝑣 be a fuzzy path in 𝜇𝑋 such that 𝑃𝑢 = 𝑃𝑣 and 𝑢(0) = 𝑣(0) .For 𝑡 ∈ 𝐶 ,let ℎ𝑡  be the fuzzy path in 𝜇𝑋 defined by: 

 

ℎ𝑡 = {
𝑢((1 − 2𝑥)𝑡)        ,        0 ≤ 𝑥 ≤ ½

𝑣((2𝑥 − 1)𝑡)        ,         ½ ≤ 𝑥 ≤ 1
                              (3) 

 

In this way obtain a fuzzy path ℎ𝑡  in 𝜇𝑋 from 𝑢(𝑡)to 𝑣(𝑡)such that 𝑃ℎ𝑡  becomes a closed fuzzy path in 𝜇𝑌 which is 

fuzzy homotopic relative to 𝐶 to the null fuzzy path at 𝑃(𝑢(𝑡)) .From the fuzzy homotopy lifting property of 𝑃 ,we see 

that there is a fuzzy map 𝐹′: 𝐶 × 𝐶 → 𝜇𝑋 such that 𝐹′(𝑡′, 0) = ℎ𝑡(𝑡′) and such that 𝐹′fuzzy maps (0 × 𝐶) ∪ (𝐶 × 1) ∪

(1 × 𝐶) to the fuzzy fiber 𝑃−1 (𝑃(𝑢(𝑡))) .By hypotheses , 𝑃−1 (𝑃(𝑢(𝑡))) has no non-null fuzzy paths . Hence, 𝐹′ fuzzy 

maps 0 × 𝐶, 𝐶 × 1 and 1 × 𝐶  to a single fuzzy point and this implies that 𝐹′(0,0) = 𝐹′(1,0)  . Thus ℎ𝑡(0) = ℎ𝑡(1) and  

𝑢(𝑡) = 𝑣(𝑡) . This proves the theorem.  

Theorem (2.5): Let (𝝁𝑿, 𝑷, 𝝁𝒀)  and (𝝁𝑳, 𝒒, 𝝁𝑪)  be fuzzy fibration then (𝝁𝑿 × 𝝁𝑳, 𝑷 × 𝒒, 𝝁𝒀 × 𝝁𝑪)  is also fuzzy 

fibration.  

Proof: Let 𝜇𝑋 , 𝜇𝑌 , 𝜇𝑍, 𝜇𝐿 and 𝜇𝐶  are fuzzy topological spaces. Let 𝑢: 𝜇𝑍 → 𝜇𝑋 and 𝑢′: 𝜇𝑍 → 𝜇𝐿 be any fuzzy maps. 

Define 𝑢∗: 𝜇𝑍 → 𝜇𝑋 × 𝜇𝐿 be a fuzzy map by 𝑢∗(𝑧) = (𝑢(𝑧), 𝑢′(𝑧)) , and ℎ𝑡: 𝜇𝑍 → 𝜇𝑌 and ℎ𝑡
′ : 𝜇𝑍 → 𝜇𝐶  be any fuzzy 

maps. Define ℎ𝑡
∗: 𝜇𝑍 → 𝜇𝑌 × 𝜇𝐶  by ℎ𝑡

∗(𝑧) = (ℎ(𝑧) , ℎ′(𝑧)) and (𝑃 × 𝑞) ∘ 𝑢∗ = ℎ0
∗  . Since 𝑃 , 𝑞 are fuzzy fibrations, then 

there exists 𝑢𝑡: 𝜇𝑍 → 𝜇𝑋 such that 𝑃 ∘ 𝑢𝑡 = ℎ𝑡  , 𝑢0 = 𝑢  and 𝑢𝑡
′ : 𝜇𝑍 → 𝜇𝐿  such that 𝑞 ∘ 𝑢𝑡

′ = ℎ𝑡  , 𝑢0
′ = 𝑢′ . Now for 

ℎ𝑡
∗ there exists 𝑢𝑡

∗: 𝜇𝑍 → 𝜇𝑋 × 𝜇𝐿  define as 𝑢𝑡
∗(𝑧) = (𝑢𝑡  (𝑧), 𝑢𝑡

′ (𝑧)) such that:  

                                

(𝑃 × 𝑞) ∘ 𝑢𝑡
∗ = ℎ𝑡

∗                                                 (4) 

𝑢0
∗ = 𝑢∗                                                                  (5) 
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Then 𝑃 × 𝑞: 𝜇𝑋 × 𝜇𝐿 → 𝜇𝑌 × 𝜇𝐶   has fuzzy homotopy lifting property with respect to 𝜇𝑍 . Therefore 𝑃 × 𝑞  is a 

fuzzy fibration. 

 
FIGURE 4. The Product Fuzzy Fibretion 

 

Definition (2.6): Let (𝝁𝑿 , 𝑷 , 𝝁𝒀 ) be a fuzzy fiber structure , and let 𝝁𝒁: (𝜶: 𝑰 → 𝝁𝒀 )  , 𝜸𝒑 ⊂ 𝝁𝑿 × 𝝁𝒁  be a fuzzy 

subspace , 𝜸𝒑 = {(𝒙, 𝜶) ∈  𝝁𝑿 × 𝝁𝒁 |𝑷(𝒙) = 𝜶(𝟎)} of the Cartesian product . A fuzzy lifting function for (𝝁𝑿 , 𝑷, 𝝁𝒀 ) 

is a fuzzy continuous map 𝝀: 𝜸𝑷 → 𝝁𝑵 such that 𝝀(𝒙, 𝜶)(𝟎) = 𝒙  𝒂𝒏𝒅  𝑷 ∘ 𝝀(𝒙, 𝜶)(𝒕) = 𝜶(𝒕)  for each (𝒙, 𝜶) ∈
𝜸𝑷 𝒂𝒏𝒅 𝒕 ∈ 𝑰 , we say that 𝝀 is a fuzzy regular if 𝝀(𝒙, 𝜶) is a constant fuzzy path whenever 𝜶 is a constant fuzzy path .  

 
FIGURE 5. Fuzzy Lifting Function 

 

Thus, a fuzzy lifting function associated to each 𝑥 ∈ 𝜇𝑋 and a fuzzy path 𝛼 in 𝜇𝑌 starting at (𝑥) , fuzzy path 𝜆(𝑥, 𝛼)in 

𝜇𝑋 starting at 𝑥 , that is lift of 𝛼 . Since the c-fuzzy topology is used in 𝜇𝑁 , the fuzzy continuity of 𝜆 is fuzzy equivalence 

to that of fuzzy associated 𝜆: 𝛾𝑃 × 𝐼 → 𝜇𝑋 , by sampling : 𝜆(𝑥, 𝛼) ∈ 𝜇𝑁and 𝜆(𝑥, 𝛼): 𝐼 → 𝜇𝑋    𝜆(𝑥, 𝛼)(0) = 𝑥    ,     𝑃 ∘

𝜆(𝑥, 𝛼)(𝑡) = 𝛼(𝑡) . 𝑃∗(𝛼): 𝐼 → 𝜇𝑌  , 𝑃∗(𝛼)(𝑡) = 𝑃(𝛼(𝑡))  𝜆: 𝛾𝑃 × 𝐼 → 𝜇𝑋  such that (𝑥, 𝛼)(𝑡) = (𝜆(𝑥, 𝛼))(𝑡) .  

 

 
FIGURE 6. Fuzzy Path 

 

Remark (2.7): A fuzzy map 𝑷: 𝝁𝑿 → 𝝁𝒀 is a fuzzy fibration if and only if there exist a fuzzy lifting function for 𝑷 . 

Theorem (2.8): The fuzzy fiber structure (𝝁𝑿 , 𝑷, 𝝁𝒀) is a fuzzy fibration if and only if a fuzzy lifting function exists.  

Proof: If 𝑃 is a fuzzy fibration. Let 𝜇𝑍 = 𝛾𝑃  and 𝑢: 𝛾𝑃 → 𝜇𝑋 and ℎ𝑡: 𝛾𝑃 → 𝜇𝑌 , defined by 𝑢(𝑥, 𝛼) = 𝑥  𝑎𝑛𝑑  ℎ𝑡(𝑥, 𝛼) =
𝛼(𝑡) then ℎ0(𝑥, 𝛼) = 𝛼(0) = 𝑃(𝑥) = 𝑃 ∘ 𝑢(𝑥, 𝛼) .  
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FIGURE 7. Fuzzy Fibration 

 

There exist a fuzzy map ℎ𝑡
∗: 𝛾𝑃 → 𝜇𝑋  be a fuzzy homotopy lifting such that ℎ0

∗ (𝑥, 𝛼) = 𝑢(𝑥, 𝛼) = 𝑥  and 𝑃 ∘ ℎ𝑡
∗ =

ℎ𝑡  . ℎ𝑡
∗ defines a fuzzy lifting function 𝜆 for 𝑃 by 𝜆(𝑥, 𝛼)(𝑡) = ℎ𝑡

∗(𝑥, 𝛼). 𝜆 is a fuzzy lifting function which is whenever 

ℎ𝑡
∗ is stationary with ℎ𝑡  . 

Conversely: If 𝑃 has a fuzzy lifting function. Let 𝑢: 𝜇𝑍 → 𝜇𝑋 be given and ℎ𝑡: 𝜇𝑍 → 𝜇𝑌 be a fuzzy homotopy such that 

𝑃 ∘ 𝑢 = ℎ0 , 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑧 ∈ 𝜇𝑍 , let 𝛼𝑧: 𝐼 → 𝜇𝑌 be defined by 𝛼𝑧(𝑡) = ℎ𝑡(𝑧). Defined a fuzzy map ℎ𝑡
∗: 𝜇𝑍 → 𝜇𝑋 as follows: 

ℎ𝑡
∗(𝑧) = 𝜆(𝑢(𝑧), 𝛼𝑧)(𝑡) then: 

  

ℎ0
∗(𝑧) = 𝑢(𝑧)                                                                (6) 

𝑃 ∘ ℎ𝑡
∗ = ℎ𝑡                                                                     (7) 

Therefore 𝑃 has a fuzzy fibration. 

 

CONFLICTS OF INTEREST 

In this paper we have some result as shown below: We illustrated the concept of fuzzy set and fuzzy covering space 

in homotopy theory. Also, we gave a new definition of fuzzy homotopy lifting property and fuzzy fibration. In additions 

we proved a fuzzy fibration has unique fuzzy path lifting. And we have a new definition of fuzzy lifting function and 

prove the fuzzy fiber structure is a fuzzy fibration. 
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