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Abstract— in this study, the connection between the
fuzzy semi-T-ABSO module and the fuzzy socle is com-
pared. To address this query, we provide an idea known as
the fuzzy socle semi-TABSO modules. Several characteris-
tics were found in the research that supported the new theory.
Also, using simple algebraic methods, the connection be-
tween the fuzzy socle-semi T-ABSO module and the fuzzy
socle-T-ABSO module was found. Also, we looked into the
structure of the fuzzy socle semi-TABSO module for the
fuzzy direct sum. The connections between the fuzzy socle
semi-TABSO module and other fuzzy module types were
also discussed as a divisible module and a comultiplication
module. The definition of the new fuzzy system semi-TABS
concepts will benefit from the research's conclusions.

Keywords: Fuzzy Soc-T-ABSO modules; Fuzzy Soc—
Semi T-ABSO modules; Fuzzy Soc—-Semi T-ABSO ideal.

1 INTRODUCTION

A fuzzy subset A of X was described in 1965 by Zadeh [1]. Since
then, other fields get developed the theory of fuzzy sets. Historical
branches of pure mathematics and algebra presented the concept of fuzzy
sets. Rosenfeld [2] introduced fuzzy subgroups and the fuzzy sub-
groupoid in 1971. Negoita and Ralescu first introduce the ideas of fuzzy
modules and fuzzy submodules in 1975 [3]. Fuzzy quotient modules and
fuzzy finitely produced submodules [4]. Therefore, Saikia and Kalita [5]
constructed fuzzy essential submodules and investigated their properties.
Also looked into this In this article, all rings are unitary and commutative
with identity. Hadi [6] 2004 proposed the idea of a semiprime fuzzy sub-
module. Saad [7], discussed the fuzzy socle semiprime submodule
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In (2019), Wafaa [8] proposed the idea of a semi-TABSO fuzzy sub-
module (2019) In 2022, Saad [7] introduced the fuzzy Soc-T-ABSO sub-
module concept. Mustafa and Wafaa [9], presented the concept of socle
semi-T-ABSO submodule

In this article, the notion of semi T-ABSO fuzzy module is generalized
to a fuzzy Socle semi-T-Absorbing module. Two sections make up this
article. We give a few basic definitions and attributes that we will need
in the following section in section one. The fuzzy Socle semi-T-ABSO
module’'s many fundamental characteristics, outputs, and findings are ex-
amined in section two.

Note: o.w., F —set,F —submo , F —ideal , F — module, F —
singleton, and F — Socle T — ABSO submodule are abbreviations for
otherwise, fuzzy sets, submodules, ideals, modules, and singletons.

2 Basic concept

There are many fundamental ideas, and this part outlines them along
with any traits they require for the next section.
Definition 2.1. [1]: let x;: D — I be an F-setin D, wherex € D, t € |
defined by:

_(t ifx=y
xe (¥) _{0 ifx+y
Forall y € D. x; is said to be an F-singleton or F-point in D.

1 i =

If x =0 and v =1, then 0,(y) = {0 il][yyi :, [9]
Definition 2.2 [10]: let B be an F-setis D, forall t € I theset B, = {x €
D; B(X) = t} is said to be a level subset of B. Keep in mind that, B; is a
subset of D in the ordinary sense.
Definition 2.3. [11]: If C is an F-module of a W-module G, then the
submod Ct of M is called the level submod of G where t € [
Remark 2.4. [12]: Let A and B be two F sets in S, then:
A=Biff A(x) = B(x).
ACBiff A(x) < B(x).
A=Biff A, =B,
if A < B and there exist x € S such that A(x) < B(x),then Aisa
proper F-subset of B and writtenas A < B.
By part (2), we can deduce that x, S A iff A(x) > t
Definition 2.5. [12]: If G is a W-module. An F-set X of M is called an
F-module of a W-module G if:
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X (x —y) =2 min (X (x),X (y), forallx,y € G}.

X(rx) =X (x)forallx € Gandr € W.

X(0) =1.

Definition 2.6. [13]: Let X and A be two F-modules of W-module G. A
is said to be an F-submod of X if A € X.

Proposition 2.7. [10]: Let A be an F-set of a W-module G. Then the
level subset A;,t € I is a submod of G if A is an F-submod of X where
X is an F-module of a W-module G.

Definition 2.8. [12]: Let A and B be two F — submods of an F —
module X. The residual quotient of A and B denoted by (A : B) is
the F-subset of W defined by:
(A: B)(r) =sup{t € [0:1]:.B € A}, for allr €R.
That (A: B) = {r.:n:B € A;1:isa F — singletono fR}.If B =
< xp >, then (A :< x, >) = {rr xi

C A:ryisa F — singletono {R}.
Lemma 2.9. [14]: Let A be an F — submod of F — module X,
(A : X)) 2 (A X)¢, Forallt €.
It follows that if, X =A@ B, for A,B < XthenX, = (A@ B); =
A, ® B,.
Definition 2.10. [13]: An F — subset K of aring W is called an F —
ideal of W,ifVx,y ER:
1) K(x —y) = min {K(x), K(y)}.
2) K (xy) > max {K(x), K(»)} .
Proposition 2.11. [13]: Let A and B be two F-submods of an F-module
X of a W-module G. Then (4 : B) is an F-ideal of W.
Definition 2.12. [15]: Let X be an F — module of a W —
module M, X is called F-simple iff X has no proper F-submods (in fact
X is F-simple iff X has only itself and 0,).
Moreover, the F — Socle of X is sum of simple F — submod of X and
denoted by F — Soc(X). That is X is called Semi-simple if X = F —
Soc(X).
Lemma 2.13. [9]: (F — Soc(X)); = Soc(X;) for any F-module X for
each t € I with (F — Soc(X)); # X;
Definition 2.14. [16]: Let X be an F-module of a W-module G. X is
called a multiplication F-module iff for each F-submod
A of X, there exists an F-ideal K of W such that A = KX.
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Definition 2.15. [12]: An F — module X of a W-module G is called a
cyclic F-module if there exists x, S X such that y, S X written as
Yx = 11X, for some F-singletonr,of R, where k, [, v € L in this case,
write X =< x,, > to denote the cyclic F-module generated by x,,.
Definition 2.16 [17]: A fuzzy submodule A of fuzzy module X is called
a divisible fuzzy if for each F-singleton x,, € A there exists a fuzzy sin-
gleton y, € A and for each r € R, r # 0, x, = ry, where (ry), =
ryp, X is called a divisible fuzzy module if X is a fuzzy divisible sub-
module of itself
Proposition 2.17. [18]: Let X be an F — module of a W-module G and
P, H be a F — submod of X. Then P is F-Soc-semiT-ABSO submod
iff r2H € P for F-singleton ry of W, implies r¢H € P + F — Soc(X)
orr2 € (P + F — Soc(X): X)
Definition 2.18. [19]:

let X be a F-module of a W-module G. then X is called a semiprime
F-module if for each non-empty F-submod A of X, F-ann A is a semi-
prime F-ideal of W

3 F-Soc-Semi T-ABSO Modules

Definition 3.1: let X be an F — module of a W —
module G. Then X is called an F — Soc — T — ABSO (F-
Soc-prime) module if 0, isan F — Soc — T — ABSO (F-
Soc-prime) submod of X
Example 3.2: let X = Z, — I such that X(y) =
{1 if y€Z,

0 o.w
It’s clear that X is an F-module of a Z-module Z,.

1
— =0
0:(») =1{z T
1 0if y#0

1 _
F—Soc)(y) =12 TV €D
0if ye (2

1 _
01+ F —Soc(X)(y) = 2 ye@
4 0if ye(2)
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(0 + F = Soc(X): X)(y) = {3 ll]j:j;zzzzz

Xis an F-Soc-T-ABSO (F-Soc-prime) since 21 -

2
21 (il) = 01(41- (13) = 01, then 21 (Tl) =21C0:+
2 1

4 4 4 2 2 4 4 4

F — Soc(X), where 01 + F — Soc(X)(2) =5 > = (41 =
4 4

01 € 01+ F — Soc(X) where 01 + F — Soc(X)(4) ==->
4 4 4

N |-

%) and 21 - 21 = 41 € (04 + F — Soc(X): X), where
2

2 2

(0, + F — Soc(X): X)(4) = 1 > %

Definition 3.3: let X be an F — module of a W —
module G. Then X is called an F-Soc-quasi module if 0,
is an F-Soc-T-ABSO submod of X.
Remark and Example 3.4
1) Every F-semiprime module is an F-Soc-semi T-ABSO
module, but the converse is not true in general, for ex-
ample:
Let X: Z,o — I like that X(y) = {10 if'y EO_Z;*;

It’s clear that X is an F-module of a Z-module Z,q
1

ol(y)={5 Jr=9
3 0 if y#0

F—Soc(x)(y)z{% if ye@
0 o.w

S ifye
0 if ye(7)

(F = Soc00: 0000 = { i; ) 7

X is the F-Soc-semi T-ABSO module since 75 -

2

(il) C0:then71-11 =71 €01+ F —Soc(X),0: +
3 3

3 3 2 3 3

F — Soc(X)(7) = g > § or 72 € (F — Soc(X): X),

2

01+ F —Soc(x)(y) = {
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2)

3)

since F — Soc(X): X) (491) =1 > 1/2, but X is not
2

F-semiprime submod, since 7: - (13) =71 %0

2 2 2 3

where 01(7) =0 & %
3

Every (F-T-ABSO) F-Soc-T-ABSO module is an F-
Soc-semi T-ABSO module, but the converse is not
true in general, for instance:

Let X:Z,, - I such that X(y) = {(1) if y EOZﬁ

Itis clear that X is an F-module of a Z-module Z;,

_(5ify=0
Oé(y)_{g if y#0

F — Soc(X)(y) = {% if y € (6)
0 o.w

1 . -
01+ F — Soc(X)(y) = {5 ify€®
3 0if ye®

_ _(lifye12z

X is F — Soc — semi T — ABSO module since 47 -
2
(31) =01, then41-31 = 121 € 01 + F — Soc(X),
3 3 2 3

3 3

since <01 +F— Soc(X)) (12) = % > § , but X is not
3

an F-T-ABSO module since 21 - 21 - (?1) = 01, then
2 2 3 3

2133 = 61 % 03 where 01(6) = 0 & s and 21 - 23 =
3 3 2

2 3 3 2

41 & (04:X) where (0,:X)(4) = 0 & 5
2

Every F-quasi-prime module is an F-Soc-semi T-
ABSO module, but the counter wise not true see the
instance in part (1) where X = Z,4 as Z-module is an
F-Soc-semi T-ABSO module, but X is not F-quasi-
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prime module since 71 - 71 - (il) =0iand 71 -
3

2 2 3 2
(Tl> * 01.
4 3

4) Every F-prime module is an F — Soc —semi T —
ABSO module, but the converse is not true to see the
example in part (2) where X is an F — Soc —
semi T — ABSO module, but X is not an F-prime

module since 41 - (§l) = 01,then 31 # 01and 41 &
2 3 3 3 3 2
(Ol:X)

Proposition 3.5:

If an F-module X of a W-module G is an F — Soc —
semi T — ABSO module,then F —ann X isan F —
Soc —semi T — ABSO ideal of W.

Proof: let n2m, € F — ann X for F-singletons ng, m,. of
W, then n?m,.X € 04, so that n?(m,x,) € 0, forall x,, €
X, but X is the F-Soc-semi T-ABSO module, then we
have n,(m,x,) € 0, + F — Soc(X) orn? € (0, + F —
Soc(X):X), hence ngm,. € (0, + F — Soc(X): X) or

n2 € (0, + F — Soc(X): X) so that ngm, < (0,:X) +

F —Soc(W)orn2 € (0,:X) + F — Soc(W)

Thus, F-annX isan F — Soc — semi T — ABSO ideal
Proposition 3.6:

An F-multiplication module X of a W-module G is an
F-Soc-semi T-ABSO module iff F-annX is F-Soc-semi T-
ABSO ideal of W.

Proof: =) by proposition 3.5, we have the result.

&) let n?x, < 0, for ng F-singleton ng of W and x,, € X,
but X is an F-multiplication module, so that < x,, >= HX
for some F-ideal H of W, hence n2HX < 0,, so that

nZH < (0,:X) = F — annX, then either ngH € F —
annX + F — soc(W) orn? € F —annX + F — Soc(W)
since F-annX is an F-Soc-semi T-ABSO ideal.

So that either ngH € (0, + F — Soc(X):X) orn? c

(0, + F —Soc(X):X), hence ngHX <€ 0, + F — Soc(X)
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orn? € (0, + F — Soc(X): X), then either nyx,, € 0, +
F —Soc(X) orn? € (0, + F — Soc(X): X).

Thus, Xisan F — Soc — semi T — ABSO module
Proposition 3.7:

Let W be a ring that has no F-zero divisors and X # 0,
an F-divisible module of a W-module G such that F —
Soc(W) € F —ann(X). Then X isan F — Soc —
semi T — ABSO module iff X is an F-Soc-quasi prime
module.

Proof: =) let r,s,,x, € 04 for F-singletons

T Sm of W and x,, € X. If r;s,,, € 04, thenn, ©

0, or s,, € 0, so that ,,x < 0, or s,,x,, € 04, hence
7,X €0, + F —soc(X) or syx, €0, + F — Soc(X). If
7Sm € 04, thenr,, £ 0; or s,, € 04, since W that has no
F-zero divisors

If n,x, € 0; + F — Soc(X), then the proof is perfect.

If r,x, € 04,1, € 0, and X is an F — divisible module,
hence r,,X = X, then x,, = 1, h,, for F-singletons h,, € X,
thus 1,5 Xy, = TSmimhy = 2Smh, € 04, but 0, is an
F — Soc — semi T — ABSO submod, then either
TuSmhy €0, + F —Soc(X) orr € F —annX + F —
Soc(W), hence ;2 € F — annX since F — Soc(W) €

F — ann(X), butn,, € 04, thenr,2 & 04, so that ,2X =
Xco,

This is contradiction. Therefore 2 & F — ann(X), hence
12 & F —ann(X) + F — Soc(W), then only we have
TwSmhy € 04 + F — Soc(X), so that s,,,x, € 0, + F —
Soc(X). Thus, 0; isan F — Soc — quasi —

prime submod, that is X is an F-Soc-quasi-prime mod-
ule.

<) Itis obvious

Proposition 3.8:

AnF —module X of aW —module G isan F —
Soc — semi T — ABSO module iff either F — ann ryx,, +
F —Soc(W) = F —annrix, + F — Soc(W) for any F-
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singletons r; of W and x,, € X such that ryx,, € 0, +
F —Soc(X) orr2X € 0, + F — Soc(X)
Proof:
(=) lety, € F —annrx, + F — Soc(W),r.x, & 0,
then r2y,x, € 0, + F — Soc(X), but X is an F — Soc —
semi T — ABSO module and let > € (0, + F —
Soc(X):X) hence ryypx, € (0 + F — Soc(X): 1x,,),
¥y € (04 + F — Soc(X):15x,) = (01:15x,) + F —
Soc(W),y, € F — annryx,, + F — Soc(W).
(&) Itis obvious
Proposition 3.9:
Letan F — module X of a W — module G isan F —
Soc —semi T — ABSO module,then F — ann, ] is an
F — Soc — semi T — ABSO submod, for every F-ideal
Jof W with ] & F — annX;
Proof: since JX & 0, hence (0;:xJ) # X let s2x,, C
(04:x J) for F-singleton s, of R and x,, € X, then s2Jx,, S
0, since Xisan F — Soc —semi T — ABSO module and
by proposition (2.24), we get either s,x,, € 0; + F —
Soc(X) ors2 € (0, + F — Soc(X): X), hence s x,,
(0, + F —Soc(X):x ) ors2 < ((0, + F —
Soc(X):xJ: X). Thus F —ann,J isan F — Soc —
semi T — ABSO submod of X.
Proposition 3.10:

Let X be an F — module of a W — module G such
that (F — Soc(X): X) isan F — Soc — semiprime
ideal of W.Then Xisan F — Soc —semi T —
ABSO module iff X an F-Soc-semiprime module.
Proof: (=) let r2x, < 0, for F-single-
tonsry of W and x,, € X since X isan F — Soc —
semi T — ABSO module, then r;x,, € 0; + F — Soc(X)
orr? € (0, + F — Soc(X):, X). Hence ;x, S0+ F —
Soc(X) or r2x, € F — Soc(X): X) , since (F —
Soc(X): X) is an F-Soc-semiprime ideal of W. Thus
TeXy € 04 + F — Soc(X),Vx, € X.
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Then 0, is an F-Soc-semiprime submod, so that X is an F-
Soc-semiprime module.

(&)It’s evident
Proposition 3.11:

let X be an F — module of a W — module G. if X is
an F — Soc — semi T — ABSO module, then F — annK
isan F — Soc — semi T — ABSO ideal for each non-
empty F-submod K of X.

Proof: let K be a non-empty F-submodule of X and F —
ann, K # A,, where 1,,(r) = 1 Vr € W because if F —
ann,, K = A,, then K = 0; which is discrepancy. Now,
assume that r?b,, € F — ann,, K for F-singletons

15, by of W.Hence r?b,K < 0. Since X isan F — Soc —
semi T — ABSO module, then either r;b, K € 0, + F —
Soc(X)orr? € (0, + F — Soc(X):,, X) by proposition
(2.24). Hence r;by, € (01:K) + F — Soc(W) orr <
(01:X)+ F —Soc(W) € (0,:K) + F — Soc(W) . Thus,
F — annK is an F-Soc-semi T-ABSO ideal.

Proposition 3.12:

LetX = X; @ X, bean F —module of a W —
module G = G; @ G, then Xisan F — Soc —semi T —
ABSO module iff X; and X, are F-Soc-semi T-ABSO
modules

Proof: (=) let ,2x,, € 0, and 2y, < 0, for F-singleton
1, of W and x,, € X4, v, € X5, hence r,2(x,,yn) S

(04, 0,) but X is an F-Soc-semi T-ABSO module, then ei-
ther 1, (x,,, v,) € (04,0,) + F — Soc(X) = X; @ X,) or
2CF—amX+F—Soc(W)=F —ann(X;,)NF —
ann(X,) + F — Soc(W) so that r,,x, € 0, + F —
Soc(Xy) orr? € F —ann(X,) + F — Soc(W) and

Twyn €0, +F —Soc(Xy)orr2 € F —ann(X,) + F —
Soc(W). Thus X; and X, are F-Soc-semi T-ABSO mod-
ules.

<) let n,2(x,, yn) € (04,0,) for F-singleton 1, of W and
(xp, Vr) € X = X; ® X,, hence r,2x,, € 0, and r,2y;, C
0, but X; and X, are F-Soc-semi T-ABSO modules, then
either r,,x, € 0, + F — Soc(X,) or ;> € F — ann(X,) +
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F —Soc(W)and r,y, €0, + F —Soc(X,)orr? € F —
ann(X,) + F — Soc(W), so that r;,(x,, yp) € (0, + F —

Soc(X;),0, + F — Soc(X,)orr2 € F —ann(X;) + F —
Soc(W)NF —ann(X;) + F — Soc(W), hence

T (xp, yr) € (04,01) + F — Soc(X; @ X;) = (04,0,) +

F—Soc(X)orr2 € F —ann(X;) NF —ann(X,) + F —
Soc(W) =F —annX + F — Soc(W).

Thus Xisan F — Soc — semi T — ABSO module.
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