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Abstract 

 

In this paper, new type of functions with strongly closed graph called strongly 

semi-pre closed graph based on semi-pre closed sets. If the codomain of an 

almost semi pre continuous (or semi pre continuous or semi pre irresolute) 

function 𝑓 is semi-pre 𝑇2. Then the graph 𝐺(𝑓) is strongly semi-pre closed. 
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1.  Introduction    

Mashhour [2] and Levine [7] et al.  presented the notion of pre - open, semi - open, 

semi – pre “open sets and semi-pre continuity in a topological space and studied 

their” different properties. Recently the authors [4] studied with the assist of pre- open 

sets, the concept of The functions with pre- closed graph utilizing preopen sets of 

Mashhour. In that paper, functions having pre closed graph have been studied in some 

detail. In 1996, Paul and Bhattacharyya [9] introduced the notion of functions with 

strongly pre closed graph in a different context. They did not carry their investigation 

concerning this new concept except one result. In this paper we study this notion in 

some detail and establish that functions with strongly semi-pre closed graph is a 

stronger notion than that of pre closed graph but weaker than strongly closed graph 

defined by Long and Herrington [8]. Some basic properties of functions with strongly 

semi- pre closed graph have been obtained. 
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2.Preliminaries 

 

Definition 2.1 

 

1. Let  X is a topological space and 𝐴 ⊆ 𝑋. The letter 𝐴∘ denotes the interior of 𝐴 is 

defined by:- 

𝐴∘ =∪ {𝐺 ⊆ 𝑋: 𝐺 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑎𝑛𝑑 𝐺 ⊆ 𝐴}. 

2. “Assume (𝑋, 𝜏 ) be a topological space , and  let 𝐴 ⊂  𝑋 then it is called semi-open  

(briefly 𝑠𝑜) if  𝐴 ⊆ (𝐴◦). The family of 𝑠𝑜 sets is written as 𝑆𝑂, while the family of 

all 𝑠𝑜 sets containing 𝑥 is denoted” as 𝑆𝑂 (𝑋, 𝑥).   

And the complement of 𝐴 in 𝑋 is a semi-closed set (briefly 𝑠𝑐). The family of 𝑠𝑐 sets 

is written as 𝑆𝐶, while the family of all 𝑠𝑐 sets containing 𝑥 is denoted” as  𝑆𝐶 (𝑋, 𝑥).  

[7]. 

3. Assume (𝑋, 𝜏 ) “be a topological space, and let 𝐴 ⊂  𝑋 then it is called pre-open” 

(briefly 𝑝𝑜) if 𝐴 ⊂  (𝐴)
◦

. The family of 𝑝𝑜 sets is written as 𝑃𝑂, while the family of 

all 𝑝𝑜 sets containing 𝑥 is denoted as 𝑃𝑂 (𝑋, 𝑥).   

And the complement of 𝐴 in 𝑋 is a pre-closed set (briefly 𝑝𝑐). “The family of 𝑝𝑐 sets 

is written as 𝑃𝐶 , while “the family of all 𝑝𝑐  sets containing 𝑥  is denoted”” as 

𝑃𝐶 (𝑋, 𝑥). [2]. 

4. Assume that X is “a topological space, and let 𝐴 ⊆ 𝑋. The letter 𝐴
𝑝
 denotes the 

pre- closure” of a set  𝐴  [5] is defined by 

𝐴
𝑝

=∩ {𝐹 ⊆ 𝑋 ; 𝐹 is pre-closed set and 𝐴 ⊆ 𝐹} 

5. Let  𝐴 ⊂  𝑋. Then 𝐴 is  regular open set (briefly 𝑟𝑜 ) iff 𝐴 =  (𝐴)
◦

 [10]. 

 

Example 2.1 

 

Assume (𝑋, 𝜏 ) be a topological space such that 𝑋 =  {1, 2, 3, 4}   and 

𝜏 =   {𝑋, ∅, {1}, {2}, {1, 2} }. 

Assume  𝐴 =  {1, 2, 3}, then 𝐴◦  =  {1, 2} and (𝐴◦)  =  {1, 2, 3, 4}. 

Since 𝐴 ⊂  (𝐴◦). Then 𝐴 is a semi-open set. 𝐴𝑐 = {3, 4} is a semi-closed set. 
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Example 2.2 

 

Assume that (𝑋, 𝜏 )  be a topological space. 𝑋 =  {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} , 𝜏 =  {𝑥, ∅,

{𝑎}, {𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}}. 

And let 𝐴, 𝐵 are a subsets of  𝑋 such that 𝐴 =  {𝑏, 𝑒} and  𝐵 =  {𝑐, 𝑑}. 

The closure of these sets are 𝐴  =  {𝑏, 𝑒},   𝐵  =  {𝑏, 𝑐, 𝑑, 𝑒}.  

𝐴 is not a pre-open set since (𝐴)
◦

 =  ∅, 𝐴 ⊈  (𝐴)
◦

. 

𝐵 is a pre-open set since (𝐵)
◦

= {c, d},  𝐵 ⊆  (𝐵)
◦

. 

𝐵 𝑐 =  {𝑎, 𝑏, 𝑒} is a pre-closed set. 

 

Proposition 2.1 [7] 

   

Let 𝐴 ⊆  𝑋.Then 𝐴 is 𝑠𝑜 set if there is an open set  𝑈 such that 𝑈 ⊂ 𝐴 ⊂ 𝑈. 

 

Proposition 2.2 [6] 

 

A set 𝐵 ⊆  𝑋 is 𝑠𝑐 set if there is a closed set 𝐹 such that 𝐹◦ ⊂ 𝐵 ⊂ 𝐹. 

 

Definition 2.2 [1] 

  

Assume that (𝑋, 𝜏 ) is be a topological space, then the set 𝐴 ⊂  𝑋  is called semi-pre-

open (briefly 𝑠𝑝𝑜) if 𝐴 ⊂  (𝐴)
◦

." The family of 𝑠𝑝𝑜 sets is written as 𝑆𝑃𝑂, “while 

the family of all 𝑠𝑝𝑜 sets containing 𝑥 is denoted” as 𝑆𝑃𝑂 (𝑋, 𝑥). 

And the complement of 𝐴 in 𝑋 is a semi-pre-closed set (briefly 𝑠𝑝𝑐). The family of 

𝑠𝑝𝑐 sets is written as 𝑆𝑃𝐶, while the family of all 𝑠𝑝𝑐 sets containing 𝑥 is denoted as  

𝑆𝑃𝐶 (𝑋, 𝑥). 

 

Example 2.3 

 

Let (𝑋, 𝜏) be a topological space. 𝑋 = { 𝑥 , 𝑦 , 𝑧},  𝜏 = {𝑋, ∅, {𝑥}, {𝑧}, {𝑥, 𝑦}, {𝑥, 𝑧}}  

𝑆𝑃𝑂(𝑋, 𝑥)  = {𝑋, ∅, {𝑥}, {𝑧}, {𝑥, 𝑦}, {𝑥, 𝑧}, {𝑦 , 𝑧}},   

 𝑆𝑃𝐶(𝑋, 𝑥)  = {𝑋, ∅, {𝑥}, {𝑧}, {𝑥, 𝑦}, {𝑦}, {𝑦, 𝑧}} 

 

Definition 2.3 
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Assume that 𝑋 be a topological space and let 𝐴 ⊆ 𝑋. The letter 𝐴
𝑠𝑝 

 denotes the semi- 

pre closure of  𝐴  and it is defined as follows: 

 𝐴
𝑠𝑝 

=∩ {𝐹 ⊆ 𝑋 ; 𝐹 is semi- pre closed set and 𝐴 ⊆ 𝐹} 

 

Definition 2.4 

 

1. Assume that 𝑋  and 𝑌  are be a “topological spaces, the function 𝑓 ∶  𝑋 →  𝑌 is 

called pre- closed” function (pre-open) [3] if each pre-closed (pre-open) set 𝑂 ⊆  𝑋  

then 𝑓(𝑂)  be a pre-closed (pre-open) set in 𝑌.  

2. Assume that 𝑋  and 𝑌  are be a “topological spaces, the function 𝑓 ∶  𝑋 →  𝑌  is 

called semi-pre closed” function (semi-pre open) if each semi-pre closed (semi-pre 

open) set 𝑂 ⊆  𝑋 then 𝑓(𝑂) be a semi-pre closed (semi-pre open)  set in  𝑌.  

3. A function 𝑓 ∶  (𝑋, 𝜏 )  →  (𝑌, 𝛿) is called pre-continuous (briefly 𝑝𝑐𝑜)  [2] “if and 

only if for each 𝑥 ∈  𝑋 and each  𝑉 ∈  ∑(𝑓(𝑥)) there exists a 𝑈 ∈  𝑃𝑂(𝑋, 𝑥) such 

that” 𝑓[𝑈]  ⊂  𝑉. 

4. A function 𝑓 ∶  (𝑋, 𝜏 )  →  (𝑌, 𝛿) is called semi – pre continuous (briefly 𝑠𝑝𝑐𝑜) “if 

and only if for each 𝑥 ∈  𝑋 and each 𝑉 ∈  ∑(𝑓(𝑥)) there exists a 𝑈 ∈  𝑆𝑃𝑂(𝑋, 𝑥) 

such that” 𝑓[𝑈]  ⊂  𝑉. 

5. A function 𝑓 ∶  (𝑋, 𝜏 ) →  (𝑌, 𝛿)is called semi-pre irresolute (briefly 𝑠𝑝𝑖) “if for 

each 𝑥 ∈  𝑋  and for each 𝑉 ∈  𝑃𝑂(𝑌, 𝑓(𝑥)) there exists 𝑈 ∈ 𝑃𝑂(𝑋, 𝑥)  such that” 

𝑓[𝑈] ⊂  𝑉. 

 

Definition 2.5 [11] 

 

Assume 𝑓 ∶  (𝑋, 𝜏 )  →  (𝑌, 𝛿) be a function . "Then the subset" 𝐺(𝑓)  =  {(𝑥, 𝑓(𝑥)) ∶

 𝑥 ∈  𝑋}  "of the product space " (𝑋 ×  𝑌, 𝜏 ×  𝛿) "is called the graph of "  𝑓.  

 

Definition 2.6 [11] 

" 

Take any topological space for 𝑋 and 𝑌. If the graph of a function 𝑓 in the product 

space 𝑋 ×  𝑌 is closed, then the function 𝑓 is said to have a closed graph. 

" 

Lemma 2.1 [11]" 
 

Assume that 𝑓 ∶  𝑋 →  𝑌 be assumed . Then 𝐺(𝑓)  "is closed if and only if for each" 

(𝑥, 𝑦)  ∈  (𝑋 ×  𝑌 ) − 𝐺(𝑓)  There are  𝑈 ∈  ∑(𝑥)  in 𝑋  and 𝑉 ∈  ∑(𝑦)  in 𝑌  "such 

that" 

 𝑓[𝑈] ∩ 𝐺(𝑓)  =  ∅. 
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3.Strongly semi pre-closed graph 

Theorem 3.1 

 

If 𝑓 ∶  𝑋 →  𝑌 is a function with strongly semi-pre closed graph, then for each 𝑥 ∈  𝑋,

𝑓(𝑥) = ∩ {(𝑓(𝑈))
𝑠𝑝

∶  𝑈 ∈  𝑆𝑃𝑂(𝑋, 𝑥)}.  

Proof. Let's say the theorem is incorrect. There is a point then. 𝑦 ∈  𝑌 such that 𝑦 ≠

 𝑓(𝑥)  and  𝑦 ∈ ∩ {(𝑓(𝑈))
𝑠𝑝

∶  𝑈 ∈  𝑆𝑃𝑂(𝑋, 𝑥)}. This means that 𝑦 ∈  (𝑓(𝑈))
𝑠𝑝

 for 

every  𝑈 ∈  𝑆𝑃𝑂(𝑋, 𝑥).  So 𝑉 ∩  𝑓(𝑈) ≠  ∅  for every 𝑉 ∈  𝑆𝑃𝑂(𝑌, 𝑦). This, in its 

turn, indicates that 𝑉
𝑠𝑝 

 ∩  𝑓(𝑈)  ⊃  𝑉 ∩  𝑓(𝑈) ≠  ∅ This is in opposition to the as-

sertion that 𝑓 is a function with a strongly semi-pre closed graph. 

 

Definition 3.1" 

 
Let 𝑓 ∶  𝑋 →  𝑌, then “the graph 𝐺(𝑓) is said to be strongly semi-pre closed if for 

each” 

(𝑥, 𝑦)  ∈  (𝑋 ×  𝑌 )  −  𝐺(𝑓)  there are  𝑈 ∈  𝑆𝑃𝑂( 𝑋 , 𝑥) ,  𝑉 ∈  𝑆𝑃𝑂(𝑌, 𝑦) ,  such 

that[𝑈 ×  𝑉
𝑠𝑝 

]  ∩  𝐺(𝑓)  =  ∅. 

 

Lemma 3.1 

 

The function 𝑓 ∶  𝑋 →  𝑌 "has a strongly semi-pre closed graph if and only if for 

each" (𝑥, 𝑦)  ∈  (𝑋 ×  𝑌 )  −  𝐺(𝑓) there are  𝑈 ∈  𝑆𝑃𝑂(𝑋, 𝑥), 𝑉 ∈  𝑆𝑃𝑂(𝑌, 𝑦),  such 

that 𝑓[𝑈]  ∩  𝑉
𝑠𝑝 

=  ∅.  

 

Definition 3.2 

 

A space (𝑋, 𝜏 ) is called semi-pre 𝑇1 if and only if for 𝑥, 𝑦 ∈  𝑋 such that 𝑥 ≠  𝑦 there 

exists 𝑎 𝑠𝑝𝑜  "set containing 𝑥 but not 𝑦 "and a 𝑠𝑝𝑜 set containing 𝑦 but 𝑛𝑜𝑡 𝑥.  

 

 

Definition 3.3  
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A space (𝑋, 𝜏 ) is called semi-pre 𝑇2 "if and only if for" 𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦 there exists 

 𝑈 ∈  𝑆𝑃𝑂(𝑋, 𝑥),  𝑉 ∈  𝑆𝑃𝑂(𝑌, 𝑦) such that 𝑈 ∩  𝑉 =  ∅. 

 

Remark 3.1 

 

Every semi-pre 𝑇2-space is semi-pre 𝑇1-space. 

 

Lemma 3.2 

 

For any 𝐴 ⊂  𝑋, 𝐴
𝑠𝑝 

⊂  𝐴.  

 

Definition 3.4  

 

Let (𝑋, 𝜏 ) be a topological space and 𝐴 ⊂ 𝑋, the set 𝐴 is called semi-pre neighbor-

hood of a point 𝑥 in 𝑋, if there exists semi-pre open set 𝑈 in 𝑋 such that 𝑥 ∈ 𝑈 ⊂  𝐴. 

 

Theorem 3.2" 

 

 Assume that 𝑓 ∶  𝑋 →  𝑌  be 𝑎𝑠𝑝𝑐  and let 𝑌  is semi-pre 𝑇2 . Then 𝐺(𝑓)  is strongly 

semi-pre closed.  

 

Proof.  Let (𝑥, 𝑦) ∈ (𝑋 × 𝑌) − 𝐺(𝑓),  𝑦 ≠  𝑓(𝑥).  Since 𝑌 is semi-pre 𝑇2  there exists 

a set 𝑉 ∈  𝑆𝑃𝑂(𝑦) in 𝑌 such that 𝑓(𝑥)  ∉  𝑉
𝑠𝑝 

.  Now 𝑉
𝑠𝑝 

 is a regular closed set in 𝑌.  

So, 𝑌 − 𝑉
𝑠𝑝 

 ∈  𝑅𝑂(𝑌, 𝑓(𝑥)) . Therefore, by the almost semi-pre continuity of 𝑓 

there exists 𝑈 ∈ 𝑆𝑃𝑂(𝑋, 𝑥)  such that 𝑓[𝑈] ⊂ 𝑌 − 𝑉
𝑠𝑝 

whence 𝑓[𝑈] ∩ 𝑉 = ∅ . By 

Lemma 3.2,  one obtains 𝑓[𝑈] ∩  𝑉
𝑠𝑝 

= ∅. 

 

Corollary 3.1  

 

If 𝑓 ∶  𝑋 →  𝑌  is 𝑠𝑝𝑐 and 𝑌 is semi-pre 𝑇2," then" 𝐺(𝑓) is strongly semi-pre closed. 

 

Proof. Since semi-pre continuity implies almost semi-pre continuity, "the result fol-

lows". 

 

 

Remark 3.2  
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As seen by the following example, the inverse of the aforementioned conclusion is 

often false.  

 

Example 3.1 

 

Let 𝑋 =  {1, 2, 3, 4} be equipped with topologies 𝜏1 =  {∅, 𝑋, {3, 4}}  and 𝜏𝑑  is the 

discrete topology.  Then (𝑋, 𝜏𝑑) is 𝑇2  and the graph of the identity function 𝑖 ∶

 (𝑋, 𝜏1 )  →  (𝑋, 𝜏𝑑) is strongly semi-pre closed but 𝑖 is not 𝑎𝑠𝑝𝑐. 

 

Theorem 3.3 

 

Let 𝑓 ∶  𝑋 →  𝑌  be 𝑠𝑝𝑖  and let 𝑌  is “semi-pre 𝑇2 . Then 𝐺(𝑓)  is strongly semi-pre 

closed”.  

 

Proof.  Assume (𝑥, 𝑦)  ∈  (𝑋 ×  𝑌 )  −  𝐺(𝑓),  𝑓(𝑥)  ≠  𝑦 . Since 𝑌  is semi-pre 𝑇2 , 

∃ 𝑈 ∈  𝑆𝑃𝑂(𝑌, 𝑓(𝑥)),  𝑉 ∈  𝑆𝑃𝑂(𝑌, 𝑦) such that 𝑈 ∩ 𝑉 =  ∅ since 𝑉 ∈  𝑆𝑃𝑂(𝑌, 𝑦) 

we have 𝑓(𝑥)  ∉  𝑉
𝑠𝑝 

 . Then 𝑌 −  𝑉
𝑠𝑝 

∈  𝑆𝑃𝑂(𝑌, 𝑓(𝑥)) since 𝑓 have 𝑠𝑝𝑖. Then 𝑈 ∈

 𝑆𝑃𝑂(𝑋, 𝑥) such that [𝑈]  ⊂  𝑌 −  𝑉
𝑠𝑝 

. Hence 𝑓[𝑈]  ∩  𝑉
𝑠𝑝 

=  ∅.  That mane 𝐺(𝑓) is 

a strongly semi-pre closed graph.  

 

Theorem 3.4 

 

If 𝑓 ∶  𝑋 →  𝑌 is 𝑠𝑝𝑖 and 𝑌 is semi-pre 𝑇2. Then 𝐺(𝑓) is strongly semi-pre closed.  

 

Proof.  Let (𝑥, 𝑦)  ∈  (𝑋 ×  𝑌 )  −  𝐺(𝑓). since 𝑌  is semi-pre𝑇2 . Then there exists 

𝑉 ∈  𝑆𝑃𝑂(𝑌, 𝑦)  such that 𝑓(𝑥)  ∉  𝑉
𝑠𝑝 

.  Then (𝑌 −  𝑉
𝑠𝑝 

)  ∈  𝑆𝑃𝑂(𝑌, 𝑓(𝑥)).   The 

𝑠𝑝𝑖 of 𝑓 gives a 𝑈 ∈  𝑆𝑃𝑂(𝑋, 𝑥) such that 𝑓[𝑈]  ⊂  (𝑌 −  𝑉
𝑠𝑝 

).  

Consequently, 𝑓[𝑈]  ∩  𝑉
𝑠𝑝 

 =  ∅. Then 𝐺(𝑓) is strongly semi-pre closed.  

 

Remark 3.3 

 

In general, the opposite of Theorem 3.1 is untrue. Example 3.1 makes this plain. 

 

 

Definition 3.5  
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A function 𝑓 ∶  𝑋 →  𝑌 is almost semi-pre irresolute (briefly 𝑎𝑠𝑝𝑖) if and only if for 

each 𝑥 ∈  𝑋  and for each semi- pre nbd 𝑉 of 𝑓(𝑥),  𝑓−1 [𝑉 ]
𝑠𝑝 

 is a semi-pre nbd of 

𝑥. 

 

Remark 3.4 

 

Obviously every 𝑠𝑝𝑖 function is 𝑎𝑠𝑝𝑖 but the converse is not true.  

 

Remark 3.5 

 

An 𝑎𝑠𝑝𝑖 function may fail to have a strongly semi-pre closed graph as the following 

example shows. 

 

Example 3.2 

 

Assume that 𝑋 = 𝑌 =  {1, 2}  be equipped with the topologies 𝜏𝑑  and 𝜏 where 𝜏𝑑  is 

the discrete topology and 𝜏 =  {∅, 𝑋, {1}}. Let 𝑖 ∶  (𝑋, 𝜏𝑑)  →  (𝑌, 𝜏 ) be the identity 

function.  

Then 𝑖 is 𝑎𝑠𝑝𝑖 but 𝐺(𝑖) is not strongly semi-pre closed.  

 

Remark 3.6 

 

In a view of Example 3.1, a function having a strongly semi-pre closed graph need not 

be 𝑠𝑝𝑖. 

 

 

 

4.Conclusion 

 

1. Let 𝑓 ∶  𝑋 →  𝑌 be 𝑎𝑠𝑝𝑐 and let 𝑌 is semi-pre 𝑇2. Then 𝐺(𝑓) is strongly semi-pre 

closed. 

2. If 𝑓 ∶  𝑋 →  𝑌  is 𝑠𝑝𝑐  and 𝑌  is “semi-pre 𝑇2 ,  then 𝐺(𝑓)  is strongly semi-pre 

closed”. 

3. Let 𝑓 ∶  𝑋 →  𝑌 be 𝑠𝑝𝑖  and let 𝑌 is semi-pre 𝑇2 . Then 𝐺(𝑓) is strongly semi-pre 

closed. 
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