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Abstract: In opposite to differentiation and integration of integer order, an important type of 

differentiation and integration is the so - called Fractional Calculus (FC) in which the differentiation 

and integration is of non-integer order. The idea of this work is to use a transformation known as the 

Extension AL-Zughair Transform (EZT) for fractional calculus, so it reviewed some basic properties 

and definitions of (FC) such as differentiation and integration with Riemann-Liouvial operator. This 

transformation for fractional differentiation and integration reinforced with some application 

examples at the end of the article for simplicity the Fractional Integrals and Fractional Derivatives  

Key word: Fractional calculus; Extension AL-Zughair Transform; fractional integral, fractional 
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1. Introduction 

Fractional calculus [1] has an important role in many applied sciences, especially applied 

mathematics[2]–[4]. It is known that calculus means integration and differentiation. Fractional 

calculus, as it is name suggests, refer to fractional integration and fractional differentiation[5]. 

The proposed transformation, which is an Extension AL-Zughair Transform (EZT)[6]–[9], has an 

important role in solving fractional differential equations[10], Therefore, in this work, This 

transformation  have  been applied  to the fractional integrals and fractional derivatives [11], [12][13]. 
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2. Fractional calculus 

2.1 fractional integrals 

Definition (2.1.1): let ∈ 𝑅 . then the operator [1] 

         𝐼𝑎
𝛼𝑓(𝑥) =

1

𝛤(𝛼)
∫ 𝑓(𝑡)(𝑥 − 𝑡)𝛼−1𝑥

𝑎
𝑑𝑡, 

For 𝑎 ≤ 𝑥 ≤ 𝑏, is called the Riemann-liouville fractional integral operator of order 𝛼. 

For = 0 ,  set 𝐼 
𝛼 = 1, the identity operator. i.e., it mean 𝐼 

0𝑓(𝑥) = 𝑓(𝑥). 

Theorem (2.1.2): Let 𝛼, 𝛽 ≥ 0, and 𝑓 ∈ 𝐿1[𝑎, 𝑏] then, 

𝐼𝑎
𝛼𝐼𝑎

𝛽
𝑓(𝑥) = 𝐼𝑎

𝛼+𝛽
𝑓(𝑥), 

which is the defining property for a non-local operator of fractional type. 

Corollary (2.1.3): 

𝐼𝑎
𝛼𝐼𝑎

𝛽
𝑓(𝑥) = 𝐼𝑎

𝛽
𝐼𝑎

𝛼𝑓(𝑥) . 

2.2 The power function 𝒙𝒑(by Riemann-liouville fractional integral) 

The function fractional degree which considers in this subsection is the important function 𝑓 =

𝑥𝑝, where 𝑝 is initially arbitrary. It shall see, however, that 𝑝 must exceed –1 for integration to have 

the properties it demands of the operator. 

From classical calculus, the first encounter with non-integer 𝛼 will be restricted to negative 𝛼 

so that it may exploit the Riemann-Liouvial definition, thus: 

𝐼 
𝛼𝑓(𝑥) = 𝐼 

𝛼𝑥𝑝 =
1

𝛤(𝛼)
∫ 𝑡𝑝(𝑥 − 𝑡)𝛼−1𝑥

0
𝑑𝑡,  𝛼 > 0 𝑎𝑛𝑑  𝑝 > −1 

Therefore, 

𝐼 
𝛼𝑓(𝑥) = 𝐼 

𝛼𝑥𝑝 =
𝛤(𝑝 + 1)

𝛤(𝛼 + 𝑝 + 1)
𝑥𝛼+𝑝 

2.3 Fractional Derivative 
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Definition (2.3.1): Let 𝛼 ∈ 𝑅 and 𝑚 ∈ 𝑁, the Riemann-Liouville fractional differential   

operator defined as following that [10] 

𝐷𝛼𝑓 = 𝐷𝑚𝐷𝛼−𝑚𝑓 =  
𝑑𝑚

𝑑𝑥𝑚
𝐼𝑚−𝛼𝑓 = 𝐷𝑚𝐼𝑚−𝛼𝑓 

Definition (2.3.2): The inverted sequence of operators 

𝐷𝛼𝑓 = 𝐷𝛼−𝑚𝐷𝑚𝑓 = 𝐼𝑚−𝛼𝐷𝑚𝑓   , 𝑚𝜖𝑁 

Lead to an alternative decomposition of fractional derivative into an ordinary standard derivative 

followed by a fractional integral. 

2.4 The power function 𝒙𝒑(by Riemann-liouville fractional derivative) 

Let 𝑓(𝑥) = 𝑥𝑝, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑝 > −1 𝑎𝑛𝑑 𝛼 > 0, 𝑡ℎ𝑒𝑛 

𝐷𝛼𝑓(𝑥) = 𝐼𝑚−𝛼𝐷𝑚𝑓(𝑥) = 𝐼𝑚−𝛼𝐷𝑚(𝑥𝑝) =
1

𝛤(𝑚 − 𝛼)
∫ 𝐷𝑚(𝑡𝑝)(𝑥 − 𝑡)𝑚−𝛼−1

𝑥

0

𝑑𝑡

=
𝛤(𝑝 + 1)

𝛤(𝑝 + 1 − 𝛼)
𝑥𝑝−𝛼 , 𝑝 > −1, 0 < 𝛼 < 1, 𝑚 = 1.   

 

3. Expansion of Al-zughair transform 

Definition (3.1): the al-zughair transform of a given function 𝑓(𝑥) is defined as [7] 

           𝒵[𝑓(𝑥)] = ∫
(ln 𝑥)𝒫

𝑥
𝑓(𝑥)

𝑒

1
𝑑𝑥,     1 ≤  𝑥 ≤ 𝑒. 

Where 𝒫 is positive constant 

Definition (3.2): 

From definition (3.1) and by transforming the limits of integration, will have  

ℱ(𝒫) = 𝒮[𝑓(𝑥)] = ∫ 𝑥𝒫𝑓(𝑥)

1

0

𝑑𝑥. 

This is called expansion of al-zughair transform (EZT). 

property (3.3): EZT is distinguished by the linear property, which is  
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𝒮[𝐴𝑓(𝑥) ∓ 𝐵𝑔(𝑥)] = 𝐴𝒮[𝑓(𝑥)] ∓ 𝐵𝒮[𝑔(𝑥)]. 

Where  𝐴  𝑎𝑛𝑑  𝐵   are constants,    0 < 𝑥 < 1. 

 

 

3.1 EZT for some selected function: 

Expansion of Al-Zughair transformation for Some basic functions are given by [9]: 

ID 𝒇(𝒙) 𝓢[𝒇(𝒙)] 

1 
1  

(Unit function) 

1

𝒫 + 1
  ,     𝒫 > −1 

2 
𝑘 

(  𝑘   is constant) 

𝑘

𝒫 + 1
  ,     𝒫 > −1 

3 𝑥𝑛 ,     𝑛 ∈ 𝑅 

1

(𝒫 + 1) + 𝑛
  ,     𝒫 > −(𝑛 + 1) 

4 (𝑙𝑛𝑥)𝑛 , 𝑛 ∈ 𝑍 

(−1)𝑛𝑛!

(𝒫 + 1)𝑛+1
        , 𝒫 > −1 

5 𝑠𝑖𝑛(𝑎𝑙𝑛𝑥) 

−𝑎

(𝒫 + 1)2 + 𝑎2
,      𝒫 > −1 𝑎𝑛𝑑 𝑎 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

6 𝑐𝑜𝑠(𝑎𝑙𝑛𝑥) 

𝒫 + 1

(𝒫 + 1)2 + 𝑎2
,      𝒫 > −1 𝑎𝑛𝑑 𝑎 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

 

Theorem (3.1.1): 𝒮[𝑥±𝑟𝑓(𝑥)] = ℱ(𝒫 ± 𝑟) if  𝑟 is constant and 𝒮[𝑓(𝑥)] = ℱ(𝒫).  

Definition (3.1.2): The original function f(x) in definition 5 can be restored from ℱ(𝒫) with the 

help of the inverse EZT 

                                𝑓(𝑥) = 𝒮−1[ℱ(𝒫)]. 
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Property (3.1.3): Let 𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑛(𝑥) defined when 0 ≤ 𝑥 ≤ 1 , then 𝒮−1 has the linear 

property, i.e. 

𝒮−1[𝑟1ℱ1(𝒫) ± 𝑟2ℱ2(𝒫) ± ⋯ ± 𝑟𝑛ℱ𝑛(𝒫)] = 𝑟1𝒮−1[ℱ1(𝒫)] ± 𝑟2𝒮−1[ℱ2(𝒫)] … ± 𝑟𝑛𝒮−1[ℱ𝑛(𝒫)]

= 𝑟1𝑓1(𝑥) ± 𝑟2𝑓2(𝑥) … ± 𝑟𝑛𝑓𝑛(𝑥) 

where 𝑟1, 𝑟2, … , 𝑟𝑛 are constants. 

 Theorem (3.1.4): If      𝒮−1[𝑓(𝑥)] = ℱ(𝒫).  Then  

     𝒮−1[ℱ(𝒫 ± 𝑟)] = 𝑥±𝑟𝑓(𝑥) , where 𝑟 is constant.  

 

4. EZT for fractional calculus 

This paper present two important properties that will be useful in obtaining the EZT of 

fractional integral and derivative operators. 

Property (4.1): this property states that the EZT of the convolution 

(𝑓 ∗ 𝑔)(𝑥) = ∫ 𝑓(𝑢)𝑔(
𝑥

𝑢
)

𝑑𝑢

𝑢

1

𝑥

 

is given as  

𝒮[(𝑓 ∗ 𝑔)(𝑥)] = 𝒮[𝑓(𝑥)]𝒮[𝑔(𝑥)] 

 

Where 𝒮[𝑓(𝑥)] 𝑎𝑛𝑑 𝒮[𝑔(𝑥)] are EZT of 𝑓(𝑥)  𝑎𝑛𝑑  𝑔(𝑥) respectively. 

Property (4.2): this property states that the EZT of (𝑥𝑛𝑓(𝑛)(𝑥)) is given by: 

𝒮[𝑥𝑛𝑓(𝑛)] = 𝑓(𝑛−1)(1) + (−1)(2𝑛+1)(𝒫 + 𝑛)𝑓(𝑛−2)(1)

+ (−1)(2𝑛+2)(𝒫 + 𝑛)(𝒫 + (𝑛 − 1))𝑓(𝑛−3) + ⋯

+ (−1)3𝑛−1(𝒫 + 𝑛)(𝒫 + (𝑛 − 1)) … (𝒫 + 2)𝑓(1)

+ (−1)3𝑛(𝒫 + 𝑛)(𝒫 + (𝑛 − 1)) … (𝒫 + 2)(𝒫 + 1)𝒮[𝑓] 

 

Where 𝑓(𝑥) is defined for 0 ≤ 𝑥 ≤ 1 and its derivatives 𝑓(1)(𝑥), 𝑓(2)(𝑥), … , 𝑓(𝑛)(𝑥)  are exit. 

Property (4.3): this property states that the EZT of (𝑓(𝑛)(𝑥)) is given by: 
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𝒮[𝑓(𝑛)] = 𝑓(𝑛−1)(1) + (−1)(2𝑛+1)(𝒫)𝑓(𝑛−2)(1) + (−1)(2𝑛+2)(𝒫)(𝒫 − 1)𝑓(𝑛−3) + ⋯

+ (−1)3𝑛−1(𝒫)(𝒫 − 1) … (𝒫 − 𝑛 + 2)𝑓(1) + (−1)3𝑛(𝒫)(𝒫 − 1) … (𝒫 − 𝑛 + 2)(𝒫

− 𝑛 + 1)𝒮[𝑥−𝑛𝑓] 

 

Where 𝒮[𝑥−𝑛𝑓] = 𝓕[𝓟 − 𝒏] ,  𝑓(𝑥) is defined for 0 ≤ 𝑥 ≤ 1 and its derivatives 

𝑓(1)(𝑥), 𝑓(2)(𝑥), … , 𝑓(𝑛)(𝑥)  are exit. 

 

4.1 EZT for fractional integration  

Let’s start with Expansion Al-zughair transform (EZT) of fractional integral. According to 

the following proposition.  

Proposition (4.1.1): let 𝑓(𝑥) = 𝑥𝑛 

𝒮[𝐼𝛼𝑓(𝑥)] =
𝛤(𝑛 + 1)

(𝑝 + 𝛼 + 1)𝛤(𝛼 + 𝑛 + 1)
𝒮[𝑓(𝑥)] 

Proof: 

let 𝛼 > 0  and  g(x) = 𝑥𝛼. Then the fractional integral 𝐼 
𝛼𝑓(𝑥) in definition (2.1.1) and the 

convolution in Property (4.1) can be rewritten as: 

 𝐼𝛼𝑓(𝑥) = 𝐼𝛼𝑥𝑛 =
𝛤(𝑛+1)

𝛤(𝛼+𝑛+1)
𝑔(𝑥)𝑓(𝑥) =

𝛤(𝑛+1)

𝛤(𝛼+𝑛+1)
𝑥𝛼𝑥𝑛 

It is calculated using the definition (3.2) 

             G(𝒫) = 𝒮[g(x)] = 𝒮[xα] =
1

𝒫+α+1
. 

And 

ℱ(𝒫) = 𝒮[f(x)] = 𝒮[xn] =
1

𝒫+n+1
. 

 

Hence 

𝒮[𝐼𝛼𝑓(𝑥)] =
𝛤(𝑛 + 1)

(𝑝 + 𝛼 + 1)𝛤(𝛼 + 𝑛 + 1)

1

𝒫 + n + 1
 

                      𝒮[𝐼𝛼𝑓(𝑥)] =
𝛤(𝑛+1)

(𝑝+𝛼+1)𝛤(𝛼+𝑛+1)
𝒮[𝑓(𝑥)] 

 

 

4.2 EZT for fractional differentiation 

 In this subsection, let’s turn to Expansion Al-zughair transform (EZT) of Riemann-

liouville fractional derivative operator with 𝛼 , according to the following proposition. 

 

Proposition (4.2.1): 
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Let 𝛼 ≥ 0, 𝑚 − 1 ≤ 𝛼 < 𝑚 , 𝑓(𝑥) = 𝑥𝑛 𝑎𝑛𝑑 𝑚 ∈ 𝑁, then: 

𝒮[Dαf(x)] =
Γ(n + 1)

(𝒫 + 1 − α)Γ(n − α + 1)
𝒮[f(x)] 

Proof: 

 

          Using definition (2.3.2), will have 

𝒮[Dαf(x)] = 𝒮[Im−αf (m)(x)] 

          by Proposition (4.1.1) will get: 

                          𝒮[𝐷𝛼𝑓(𝑥)] = 𝒮[Im−αf (m)(x)] =
1

(𝒫+1−𝛼)𝛤(𝑛−𝛼+1)
𝒮[𝑥𝑛] 

 

                            𝒮[𝐷𝛼𝑓(𝑥)] =
1

(𝒫+1−𝛼)𝛤(𝑛−𝛼+1)
𝒮[𝑓(𝑥)]. 

 

5. Examples  

5.1 The Unit Function of Fractional Order: 

Considering first the integration to order 𝛼 of the function 𝑓 ≡ 1, for which it is 

convenient to reserve the special notion, It shall refer to this function as the unit function.  

In order to find a Compute 𝒮[𝐼𝛼𝑓(𝑥)], where 𝑓(𝑥) is unit function and 0 < 𝛼 < 1,  using  

Proposition (4.1.1) , then  

 

𝒮[𝐼𝛼𝑓(𝑥)] =
1

(𝒫 + 𝛼 + 1)𝛤(𝛼 + 1)
𝒮[𝑓(𝑥)] =

1

(𝒫 + 𝛼 + 1)𝛤(𝛼 + 1)
𝒮[1]

=
1

(𝒫 + 𝛼 + 1)𝛤(𝛼 + 1)

1

(𝒫 + 1)
. 

 

 

 

 

 

 

5.2 The Constant Function: 

From a function 𝑓 = 𝑘, where k is any constant and 0 < 𝛼 < 1 , one has 

𝒮[𝐼𝛼𝑓(𝑥)] = 𝓢[𝑰𝜶(𝒌)] =
1

(𝒫 + 𝛼 + 1)𝛤(𝛼 + 1)
𝒮[𝑓(𝑥)] =

1

(𝒫 + 𝛼 + 1)𝛤(𝛼 + 1)
𝒮[𝑘]

=
1

(𝒫 + 𝛼 + 1)𝛤(𝛼 + 1)

𝑘

(𝒫 + 1)
. 
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If k any constant including zero and 𝒮[𝐼𝛼𝑓(𝑥)] is finite for 𝑥 > 0, It may conclude that by 

setting 𝑘 = 0, will get: 

 𝒮[𝐼𝛼𝑓(𝑥)] = 𝒮[𝐼𝛼(0)] = 0,   for all 𝛼. 

 

5.3 The power function 𝒙𝒒 : 

The function fractional degree that considering in this subsection is the important function 

𝑓 = 𝑥𝑞, where q is initially arbitrary.  

Then to find EZT for fractional integration for this function, by using Proposition (4.1.1), 

will have 

 

𝒮[Iαf(x)] = 𝒮[Iαxq] =
𝛤(𝑞 + 1)

(𝑝 + 𝛼 + 1)𝛤(𝛼 + 𝑞 + 1)
𝒮[xq] 

=
𝛤(𝑛 + 1)

(𝑝 + 𝛼 + 1)𝛤(𝛼 + 𝑞 + 1)

1

𝒫 + q + 1
 

  

While, the EZT for fractional differentiation for 𝑓 = 𝑥𝑞, 0 < 𝛼 < 1, 𝑚 = 1  , by 

Proposition (4.2.1), it gets 

𝒮[Dαf(x)] = 𝒮[Dαxq] =
1

(𝒫 + 1 − α)Γ(1 − α)
𝒮[f ′(x)] 

=
1

(𝒫 + 1 − α)Γ(1 − α)

𝑞

(𝒫 + 𝑞)
. 

 

 

5.4 Power Natural logarithm function (𝒍𝒏𝒙)𝒏: 

 

With k arbitrary constant, the EZT of fractional integration for the power natural 

logarithm function 𝑓(𝑥) = (𝑙𝑛𝑥)𝑛 by using Proposition (4.1.1), as following: 

𝒮[𝐼𝛼𝑓(𝑥)] = 𝒮[𝐼𝛼(𝑙𝑛𝑥)𝑛] =
𝛤(𝑛 + 1)

𝛤(𝛼 + 𝑛 + 1)
𝒮[(𝑙𝑛𝑥)𝑛+𝛼]  

=
(−1)𝑛+𝛼(𝑛 + 𝛼)! 𝛤(𝑛 + 1)

𝛤(𝛼 + 𝑛 + 1)(𝒫 + 1)𝛼+𝑛+1
. 

As well as for EZT of fractional differentiation of the power natural logarithm function 

𝑓(𝑥) = (𝑙𝑛𝑥)𝑛 by using Proposition (4.2.1), as following: 

𝒮[𝐷𝛼𝑓(𝑥)] = 𝒮[𝐷𝛼(𝑙𝑛𝑥)𝑛] =
𝛤(𝑛 + 1)

𝛤(𝑛 − 𝛼 + 1)

(−1)−𝛼+𝑛(−𝛼 + 𝑛)!

(𝒫 + 1)−𝛼+𝑛+1
 

If  0 < 𝛼 < 1 , 𝑡ℎ𝑒𝑛 𝑚 = 1 𝑎𝑛𝑑 𝑛 = 1 will have: 
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𝒮[𝐼𝛼(𝑙𝑛𝑥) ] =
(−1)𝛼+1(𝛼 + 1)!

𝛤(𝛼 + 2)(𝒫 + 1)𝛼+2
. 

and 

𝒮[𝐷𝛼(𝑙𝑛𝑥) ] =
1

𝛤(2 − 𝛼)

(−1)−𝛼+1(−𝛼 + 1)!

(𝒫 + 1)−𝛼+2
 

 

 

6. Conclusion  

The subject of fractional calculus is extremely challenging and has many illdefined concepts 

to deal with. In any case, the requirement for new methods of solving differential equations 

when fractional order is necessary in physical and engineering applications. Therefore, it used 

a new transformation which is the Expansion Al-Zughair transformation of fractional 

calculus, to be able to get the fractional derivatives and fractional integrals that are an 

extension of solving fractional differential equations. 
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