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Abstract: In opposite to differentiation and integration of integer order, an important type of
differentiation and integration is the so - called Fractional Calculus (FC) in which the differentiation
and integration is of non-integer order. The idea of this work is to use a transformation known as the
Extension AL-Zughair Transform (EZT) for fractional calculus, so it reviewed some basic properties
and definitions of (FC) such as differentiation and integration with Riemann-Liouvial operator. This
transformation for fractional differentiation and integration reinforced with some application
examples at the end of the article for simplicity the Fractional Integrals and Fractional Derivatives
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1. Introduction

Fractional calculus [1] has an important role in many applied sciences, especially applied
mathematics[2]-[4]. It is known that calculus means integration and differentiation. Fractional
calculus, as it is name suggests, refer to fractional integration and fractional differentiation[5].

The proposed transformation, which is an Extension AL-Zughair Transform (EZT)[6]-[9], has an
important role in solving fractional differential equations[10], Therefore, in this work, This
transformation have been applied to the fractional integrals and fractional derivatives [11], [12][13].
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2. Fractional calculus
2.1 fractional integrals

Definition (2.1.1): let € R . then the operator [1]

I2f () = — [ f(O(x — )™ 1 d,

)
For a < x < b, is called the Riemann-liouville fractional integral operator of order a.
For =0, set* = 1, the identity operator. i.e., it mean I°f(x) = f(x).
Theorem (2.1.2): Leta, B = 0, and f € Ly[a, b] then,

IEEFG) = 157 £ (),
which is the defining property for a non-local operator of fractional type.

Corollary (2.1.3):
1815 () = IRIEf ().
2.2 The power function x? (by Riemann-liouville fractional integral)

The function fractional degree which considers in this subsection is the important function f =
xP, where p is initially arbitrary. It shall see, however, that p must exceed —1 for integration to have

the properties it demands of the operator.
From classical calculus, the first encounter with non-integer a will be restricted to negative «

so that it may exploit the Riemann-Liouvial definition, thus:

I“f(x)—]“xp=ﬁf tP(x —t)*1dt, a >0and p > -1

Therefore,

'p+1) a+p

I“f(x) = [*xP me

2.3 Fractional Derivative
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Definition (2.3.1): Let « € R and m € N, the Riemann-Liouville fractional differential
operator defined as following that [10]

m

Daf — DmDa—mf — dxm Im—af — Dmlm—af

Definition (2.3.2): The inverted sequence of operators
D*f = D& MDMf = [MEDME  meN

Lead to an alternative decomposition of fractional derivative into an ordinary standard derivative
followed by a fractional integral.

2.4 The power function x? (by Riemann-liouville fractional derivative)
Let f(x) = xP, for somep > —1and a > 0, then

1 X
Def(x) =1""*D™f(x) = I™"*“D™(xP) = mf D™(tP)(x — )™ 1 dt
0

'p+1)

=——xP"* p>-1,0<a<lm=1.
F(p+1—a)x p ¢ m

3. Expansion of Al-zughair transform

Definition (3.1): the al-zughair transform of a given function £ (x) is defined as [7]

e (Inx)®

ZIf()] = [, —f()dx, 1<x<e.
Where P is positive constant
Definition (3.2):

From definition (3.1) and by transforming the limits of integration, will have

1

F(P) = S[f(0)] = f X f(x) dx.

0

This is called expansion of al-zughair transform (EZT).

property (3.3): EZT is distinguished by the linear property, which is
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S[Af(x) + Bg(x)] = AS[f (x)] + BS[g(x)].

Where A and B are constants, 0 < x < 1.

3.1 EZT for some selected function:

Expansion of Al-Zughair transformation for Some basic functions are given by [9]:

ID fx) S[f(x)]
1
1
1 . . —, P>-1
(Unit function) P+1
k
k
2 : —, P>-1
( k is constant) P+1
1
3 x®, neR P+D+n’ P>—-(n+1)
(-D"n!
4 (Inx)*,n €z @+ o P2l
— P>—landai
5 sin(alnx) P+ 1)2 +a?’ > —1and ais constant
P+1 _
6 cos(alnx) P+’ + a2 P > —1and ais constant

Theorem (3.1.1): S[x*"f(x)] = F(P £ ) if ris constant and S[f (x)] = F(P).

Definition (3.1.2): The original function f(x) in definition 5 can be restored from F () with the
help of the inverse EZT

fl) =STHF @]
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Property (3.1.3): Let f; (x), fo(x), ..., f, (x) defined when 0 < x < 1, then $~1 has the linear
property, i.e.

cS‘_1[7'17:'1(51)) T nF(P) - £nF(P)] = 7’15_1[7:1(?)] + Tzs_l[j:'z(?)] W Tns_l[Tn(SD)]
=11f1(x) £ 1o f5(%) .. £ 15 fr (%)

where 14,15, ..., I, are constants.

Theorem (3.1.4): If S [f(x)] = F(P). Then

STUF(P + )] = xT"f(x) , where r is constant.

4. EZT for fractional calculus
This paper present two important properties that will be useful in obtaining the EZT of

fractional integral and derivative operators.
Property (4.1): this property states that the EZT of the convolution

g d
(96 = [ rangdHS

is given as

SI(f * g) ()] = S[f(x)]S[g(x)]
Where S[f(x)] and S[g(x)] are EZT of f(x) and g(x) respectively.
Property (4.2): this property states that the EZT of (x™f ™ (x)) is given by:

S[xnf™] = V(1) + (~)FHD(P + n) F =2 (1)
+ (D@ +n)(P+ (- 1)) + -
+ (1) P +n)(P+ (n—1))..(P+2)f(1)
+(DP+n)(P+(—1)).(P+2)(P + DS[f]

Where f (x) is defined for 0 < x < 1 and its derivatives f ™ (x), f @ (x), ..., f™(x) are exit.

Property (4.3): this property states that the EZT of (f ™ (x)) is given by:
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S[F™] = FED) + (~DEHI@) D) + (—DEHIP)P — DD -

4.1

4.2

+ (D)3 YP)(P-1D)..(P—-n+2)f(D)+(D"P)(P—-1)..(P—n+2)(P
—n+ 1DS[xf]

Where S[x™"f] = F[P —n], f(x) isdefined for 0 < x < 1 and its derivatives
FO®), fFP), ..., f™(x) are exit.

EZT for fractional integration
Let’s start with Expansion Al-zughair transform (EZT) of fractional integral. According to

the following proposition.
Proposition (4.1.1): let f(x) = x™
'n+1
SU* )] = nt 1

p+a+Dr(a+n+1)

S[f ()]

Proof:
leta > 0 and g(x) = x“. Then the fractional integral 1% f(x) in definition (2.1.1) and the
convolution in Property (4.1) can be rewritten as:

_ jagn — LoD _ I
Iaf(x) = %" = F(a+n+1)g(x)f(x) T r(a+n+1) “at
It is calculated using the definition (3.2)
1
G(P) = S[g)] = S[x*] = 5y
And
F(P) = S[f)] = S[x"] = ——.
Hence
rn+1) 1
I“ =
SUTF el pta+Dl(a+n+1)P+n+1
_ r(n+1)
S[Iaf(x)] - (p+a+1)1‘(a+n+1)5[f(x)]

EZT for fractional differentiation
In this subsection, let’s turn to Expansion Al-zughair transform (EZT) of Riemann-
liouville fractional derivative operator with a , according to the following proposition.

Proposition (4.2.1):

56



Wasit Journal for Pure Science Vol. (2) No. (2)

Leta >0, m—1<a<m,f(x)=x"and m € N, then:

S[D(x)] = fnt1) S[f
DMl = T o —a g 1y S HX]

Proof:

Using definition (2.3.2), will have
S[D*H(x)] = S[Im~*f (M (x)]

by Proposition (4.1.1) will get:
S[Def (x)] = S[Im-*fM(x)] =

1 n
(P+1-a)f(n—a+1) S[X ]

1
(P+1-a)r(n—-a+1) S[f(x)]

S[D*f(x0)] =

5. Examples

5.1 The Unit Function of Fractional Order:
Considering first the integration to order a of the function f = 1, for which it is
convenient to reserve the special notion, It shall refer to this function as the unit function.

In order to find a Compute S[I%f (x)], where f(x) is unit function and 0 < a < 1, using
Proposition (4.1.1) , then

1
SU*FO) = Gratoras s @1 =

1 1
T Pta+t D@+ )P+

P+a+Dl(a+ 1)5[1]

5.2 The Constant Function:

From a function f = k, where k is any constant and 0 < ¢ < 1, one has

1 1
S @I = s = a T ra+ D VO = Grarore+r ¥
1 k

T Pra+ D@+ D P+ 1)
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If k any constant including zero and S[I1*f (x)] is finite for x > 0, It may conclude that by
setting k = 0, will get:
S[I*f(x)] =S[I*(0)] =0, foralla.

The power function x4 :

The function fractional degree that considering in this subsection is the important function
f = x%, where q is initially arbitrary.

Then to find EZT for fractional integration for this function, by using Proposition (4.1.1),
will have

«  etraedl rg+1)
SIHE] = SIS = T D r e g v Do
r'm+1) 1

pta+Dl(a+q+1)P+q+1

While, the EZT for fractional differentiationfor f = x4, 0 <a<1,m=1 , by
Proposition (4.2.1), it gets
1
o4 — Aeq] — /
SIDFGI] = S0 = st — e SIF )
_ 1 q
T (P+1-F(1—a) (P +q)

Power Natural logarithm function (Inx)™:

With k arbitrary constant, the EZT of fractional integration for the power natural
logarithm function f(x) = (Inx)™ by using Proposition (4.1.1), as following:
STF ()] = ST (In)™] = =t D s[(imayn+e]
'a+n+1)
=D+ )T (n+ 1)
CT'(a+n+ 1D)(P + 1)atn+l’
As well as for EZT of fractional differentiation of the power natural logarithm function
f(x) = (Inx)™ by using Proposition (4.2.1), as following:
rn+1) (1) **"(—a+n)!
'm—a+1) (P +1)-atntl
If 0<a<1,thenm =1andn = 1will have:

S[D*f(x)] = S[D*(Inx)"] =
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(—D(a + 1)!

S = s @ + pee

and
1 (=)~ % (—a + 1)!
r—-a) (P+1)-a+2

S[D*(Inx) ] =

6. Conclusion
The subject of fractional calculus is extremely challenging and has many illdefined concepts
to deal with. In any case, the requirement for new methods of solving differential equations
when fractional order is necessary in physical and engineering applications. Therefore, it used
a new transformation which is the Expansion Al-Zughair transformation of fractional
calculus, to be able to get the fractional derivatives and fractional integrals that are an
extension of solving fractional differential equations.
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