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Abstract—In this paper, a new integral application named SUM transform is introduced and
some of its properties are studied. In addition, the application of the SUM integral transform are
nuclear physics, population growth, electric circuits, pharmacokinetic, beam deflection,
Newton’s law of cooling and other fields of mechanics.
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1 Introduction

Integral transforms have been applied in various fields such as automatic missile
control, mechanical engineering, population growth and decay, electrical engineering,
nuclear physics, pharmacokinetics, beam deflection, cryptography, etc. [1-6]. As
recently as 2022, a new integral transformation called the SUM integral transform was
introduced in [7] in the following equation:

1 poo _
Slf O} =5 f2,  fOa e = Fy(s),
1)
wheret = 0,n € Z,a > 0,n; <s < n,, ny,n, > 0and f(¢t) is sectionally continuous
and exponential order. Some properties of this integral transform such linearity, change
scale, first shifting and second shifting properties have also been established in

[7]

Lemmal. [7] If S {f(t)}s = F,(s), then
Sa{f™ ()},

29


mailto:dr.sameerqasim@uomustansiriyah.edu.iq
mailto:aliibrahimaltaay@uomustansiriyah.edu.iq
mailto:uabubakar@kustwudil.edu.ng

Wasit Journal for Pure Sciences Vol. (2) No. (3)

(m-1) (m-2)
= -0 [slog(@) -2 — - + [slog(@]"Fu(s). ()
The following SUM transform of some elementary function was also

givenin [7]:
Table 1: The SUM integral transform of some elementary functions
SIN f(@®) Sa{f ()}
1 k k
s™[slog(a)]
2 t",r €N, r!
s™[slog(a)]™+*
3 e% s is a constant 1
s*[slog(a) — §]
4 sinsin(st), & is a 4
constant s [Islog(@)? + 67|
5 coscos(6t), & is a [slog(a)]
constant s [[slo g@]2 + 52]
6 sinsinh(dt), & is a 4
constant s [Islog(@)? — 67|
7 coscos h(6t), & is a [slog(a)]
constant s [[slo g@]2 — 52]

2. Main result
Following the application of the SUM integral transforms above are
discussed

2.1 The SUM transform in nuclear physics

The relation representing radioactive decay is [8]

2O = —pN(t) with N(0) = No, ©

where N (t) denote the number of un-decayed atoms left in a sample of
radioactive isotope and p represent the decay constant.

Example 1. If a radioactive material is known to decay at a rate
proportional to the amount present. If initially there is 200 milligrams of
the radioactive material present and after 3 hours. It has been observed
that the radioactive material has lost 20 per cent of its original mass [3].
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The half-life of a radioactive substance can be estimated using the SUM
transform.
By applying the SUM transform to both sides of equation (3), we have

MO [slog(a)]F(s) + pF,(s) = 0.

sn

Simplification leads to the following:
Ny

Fa(s) = s"[slog(a)+p]
Taking the inverse of the SUM transform, gives
N(t) = Nye~Pt, 4)
Applying the condition t = 0, then N, = 100 to equation (4), implies
that

N(t) = 100e"¢, (5)
Att =3then N(t) = 100 — 20 = 80 and so equation (5), produce

80 = 100e 73",
Simplifying

1 4

p==7n(3) (6)
Since the time require when N(t) = % = 50, we have

50 = 100e ", (7)
Putting equation (6) into (7), we have

t 4

50 = 100e:G)] (8)
Simplifying for t from equation (8), give

t = 9.32 hours.

2.2 The SUM transform in solving population growth

In 1798, T.R. Malthusian proposed a model of exponential growth
assuming that rate of over time is proportional to the current population
[9]:

2O = up (o), with P(0) = P,, 9)

where P(t) denote the number of people living in a city at any time t
and u represent population growth rate.

Example 2. If the population of a city growth at a rate proportional to
the number of people currently living in the city. Assuming, after 2 years
the population has double, and after 3 years the population is 20 000, it
is possible to use the SUM transform to estimate the number of people
initially lived in the city [3].
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Applying the SUM transform to both sides of equation (9), we have

_NS(:) + [slog(a)]F,(s) — uF,(s) = 0.

Simplifying, lead to the following

Ny

Fa(s) = s"[slog(a)—p]

Taking the SUM inverse transform, gives
P(t) = Pyett. (10)

Att = 2 then P(2) = 2P,, so that from equation (10), we have

2P, = Pye?~.
Simplifying

u=>In(2). (11)
Using the condition at t = 3 then P(3) = 20 000 and so

Py = 20 000P,e 3~ (12)

Substituting equation (11) into (12), yields

3m(2)
Py = 20 000Py ez ™
=71 071.07 people.

2.3 The SUM transform in analyzing electric circuit

A simple electric circuit consists of a resistance R, an inductor L, a
capacitor with capacitance C and a power source with potential E are
connected in series as follows [10]:

— e [

-+
H(t)T o —
T [~
L

{550)
Fig. 1. simple electric circuit (adapted from [10])
Applying Kirchhoff’s law to the circuit gives us

LLyRI+2=E
dt dC
can be simplified by using I = d—f in the form

a’Q aQ , 9 _

Example 3. Suppose the inductance value is 2 Henrys, resistor value
is 16 Ohms, capacitor value 0.02 Farad and e.m.f. value is 300 volts. At
t = 0 the charge in the circuit’s capacitor and the current are zero, the
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charges and the current are charged accordingly at t > 0. Q is the prompt
charge and I is the current charge at the time ¢ [11].
From equation (13), We can obtain
ZF-I_ 16—+ 50Q = 300,
can be reduced
F + 8 + 25Q = 150. (14)
Applying the SUM transform to equation (14), give

_%_ [slog(a)] QS( ) + [slog(a)]?F,(s) + 8{ Q(O) n

150

[slog(a)]Fa(s)} + 25F,(s) = Tstog @]

Simplifying

150
Fa (S) ~ sn[slog(a)l{[slog(a)]2+8[slog(a)]+25} "
Applying partial fraction, yields
F ( ) _ 6[slog(a)+4] _ 24
s slog(a)] s”{[slog(a)+4]2+9} s™{[slog(a)+4]2+9}
Taking the inverse SUM transform, yields
Q(t) = 6 — 6e™*t cos cos (3t) — 8e~* sin sin (3t).

(15)
Differentiating equation (15) with respect to t, I is obtained as follows:
[ = = = 50e~* sin sin (3t).

dt

2.4 The SUM transform in pharmacokinetic

Pharmacokinetics is the study of the drug absorption, distribution,
metabolism, and excretion of drugs [12]. Such a problem can sometimes
be described by the following differential equation [13]:

dM(t) +yM(t) = ;, t > 0 with M(0) =0, (16)
where M(t) |s the medication concentration in the blood an any time
t, y is the p represent the propotion of the infusion in milligram per

minute and v denote the volume in which drug is distributed.
Applying the SUM transform to both sides equation (16), we obtain

M0
=+ [s10g @], () + YFo(s) = E o

Simplifying

1
F (S) ;s"[slog(a)][slog(a)ﬂ/]
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Considering partial fraction

B =L o=~ )

s[slog(a)] s"[slog(a)+y]
Taking the inverse SUM transform, gives

M@):%u—eﬁq

2.5 Analyzing beam deflection problems

Fig. 2. hanged beam under uniform load (adapted from [14])

The beam depletion problem hinged at its end x = 0 and x = L that
supports a uniform load w, (per unit length) in figure 2 can be expressed
using the following 4" order ordinary differential equation with
boundary conditions [14]:

aly _ o
= 0<x<1, (17)

with the conditions y(0) = y"'(0) = 0and y(L) = y"'(0) = 0, where
€ donate the Young modulus, I represent the normal bending plain
moment of inertia for a cross-section about an axis and €I is the beam’s
flexural rigidity.

Taking the SUM transform of equation (17), leads to

~ 220~ [slog(a)] 12 ~ [slog () 22 -
[slog (@22

mmmww—gﬂﬁﬁ
Considering the condition y(0) = y"'(0) =0, y'(0) =A4,y"'(0) =

B and simplifying

_ 1 1 wo 1
Fa(S) =4 s[slog(a)]? s[slog(a)]* €l s"[slog(a)]5 "’
Taking the inverse SUM transform
y(x) = Ax + B + %;—4 (18)
Using y(I) = 0and y''(l) = 0 we obtaln
A=2Lgngp = 2!
€l 24 &2’
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hence
wo 13
y(x) = e 24~
Which can be simplify to the form

y(x) = %x(l —x)(1% + Ix — x?).

(1)01 x3 (l)ox‘l-
€12 6 €1 24"

2.6 Solving the Newton law of cooling problems

The Newton’s law of cooling states that the temperature of an object
that is surrounded by a temperature different environment changes
relative to the temperature different between the object and the

temperature, which is expressed in the following equation [15][16]:

T = —olT(t) — To(®)), (19)

where T represent the body temperature at any time t, T, (t) donate
the surrounding environment temperature and o is the proportionality
constant (o > 0).

Example 4. [14] If the surrounding air temperature is 40° C and the
body temperature drops from 80° C to 60°C in 20 min.
(1) What would be the temperature of the body be after 40 min?
(i)  When the temperature of the body reaches 55° C?

From equation (19), we have

O 1 o7(6) = 40¢. (20)
On taking the inverse SUM transform gives
T(0) 400

-+ [slog(a)]F,(s) + oF,(s) = S slog(a)] "

By applying the condition T(0) = 80 and simplifying
E.(s) = 80 400
a s[slog(a)+e] = s™[slog(a)][slog(@)+e]
Applying partial fraction, gives
F (S) — 40 40
a s[slog(a)] = s™[slog(a)+e]
Taking inverse transform, leads to

T(t) = 40[1 + e~¢"]. (21)
Att = 20then T(20) = 60 and so
0= —%In G), (22)

and the fact that equation (21) can be re-expressed using (22) as
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7(0) = 401+ ex'C)]

= 40 [1 + (%)_l (23)
(i) Putting t = 20 into equation (23), then
T(t) = 40 [1 + (%)El

= 50°C.
(i) Setting T(t) = 55, then

55 = 40 [1 + (%)L"l

This can be rewritten as

= ali

= 28.30 min.

2.7 Other mechanical problems

Other problems that arise in mechanics such as oscillating mechanical
systems and the motion of particles are discussed in this section.

Example 5. [17] A particle with mass 2 gram, which moves on X-axis
and gets attracted towards the origin with a force aX. If q is initially at
rest at X = 10 then find its position at any time with an assumption

(i) No other external force acts on it.

(i) A damping forces equal to 8 times the instantaneous velocity
act.

This problem can be solved by using the SUM transform

(1) The equation of motion of the particle from the Newton’s law
is
X _ _gyx.
dt?
This can also be express by
2
‘;Tf +4X =0 with X(0) =10 and X'(0) = 0. (24)
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Applying the SUM transform to equation (24), we have
— XD [slog(@)] X2 + [slog (@) Fy(s) + 4F(s) = 0.

Simplifylng
10[slog(a)]
F ( ) s{[ slog(i)]2+4}
By taking the inverse SUM transform, we get the solution of equation
(24)
X(t) =10 cos cos (2t).
(i)  The equation of the particle is given by

2LX _ _gx—g¥
dt? dt
This can also be express by
ﬁ + 4— + 4X = 0 with X(0) = 10 and X'(0) = 0. (25)
Applylng the SUM transform to equation (24), we have
£O _ [s10g(@)] 22 + [slog(a)]2Fu(s)

+4 {— X + [slog(a)]Fa(s)} + 4F,(s) = 0.
Applying the conditions X(0) = 10 and X'(0) = 0 gives
F ( ) 10[slog(a)] 40
sM{[slog(a)]+2}2 = s™{[slog(a)]+2}2 "
Using partial fraction, leads to
F (S) — 10 20 .
a s {[slog(a)]+2} = s™{[slog(a)]+2}>
Taking the inverse SUM transform the solution of equation (25) is
obtained as

X(t) = 10e72t 4+ 20te ™2t

Example 6. [17] A body of mass M moves along the X-axis, it is under
the influence of a force which is directly proportional to its instantaneous
speed and in a direction opposite of motion. Assuming that at t = 0 the
particle is located at x = A and moving to the right with a speed 9,, find
the position where the mass comes to rest.

Mﬁz —a)% x(0) = A and x'(0) =
Rewritten this equatlon results in the following equation:
Mﬁ+ ——OWIth x(0) =Aand x'(0) =9,. (26)

M{=Z2 — [slog(@)]) =2 + [slog ()] Fy(s)}
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+w {— % + [slog(a)]Fa(s)} = 0.
Applying the conditions x(0) = A and x'(0) = 9,, gives
a - s[slog(a)l{M[slog(a)]+w}
AM|[slog(a)]

s™[slog(a)l{M[slog(a)]+w} "
Applying partial fraction gives
— (MY L —
Fa(S) - ( w T A) s"[slog(a)]
(100) !
w / sn[stog(@)]{[stog()]+(5)}
Taking the inverse of the SUM transform leads to the following
solution of equation (26):
(MY M9\ —(2)¢
x(0) = (5 4) = () @)
If x'(t) = 0 we can obtain
x'®) = ﬁoe_(%)t = 0.
Therefore, equation (27) can now be written as
x(t) ="+ A

Hence, the mass M come to rest at a distance MT‘% + A from the centre

0Oo.

Example 7. Find the solution of suspended spring vibration that is free
and un-dumped [17].

Suspended spring is used to indicate that the spring is hanging
vertically with the upper end fixed and the lower end acting on an object
of mass M, which is initially the spring is stretched by moving the mass
at A, some positive distance below the equilibrium position. It is the
released from rest, the initial condition are

x(0) = A and 9(0) = x'(0) = 0. (28)

Free vibration spring refers to the fact that there is no external F(t),
un-damped indicate that there is on air or any medium resistance force,
that is, the only force acting on the system is the force of the spring which
by the Hooke’s law is given by kx.

Using the Newton’s second law of motion, the differentiation equation
in consideration is

d%x

oz = kX
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This can be express as

d?x K
ﬁ + (M) x=0. (29)
Applying the SUM transform to equation (29), gives

- xs_(nO) — [slog(a)] % + [slog(a)]*F,(s) + (%) F,(s) = 0.

Using the initial conditions in equation (28), yields
_ [slog(a)]
fa(s) =4 [stog(@)]2+(55)
Taking inverse of the SUM transform the solution of equation (29) is

give by
x(t) = Acos l\/@ tl,

where A is the amplitude of the motion, (%) is the circular frequency,

1

. . 1 K . .
the natural frequency is given by f = pom /(E) and the period isT = ;=
M
2 (%)

3. Conclusion

The SUM integral transform has been successfully applied to number
scientific and technological problems such as physics, population
growth, electrical circuits, pharmacokinetics, beam deflection, Newton’s
law of cooling and mechanics. The SUM integral is useful for finding
differential equations in science and engineering.
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